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Introduction 


Representation theory is a beautiful subject which has numerous applications in 
mathematics and beyond. Roughly speaking, representation theory investigates how 
algebraic systems can act on vector spaces. When the vector spaces are finite- 
dimensional this allows one to explicitly express the elements of the algebraic 
system by matrices, and hence one can exploit basic linear algebra to study abstract 
algebraic systems. For example, one can study symmetry via group actions, but 
more generally one can also study processes which cannot be reversed. Algebras 
and their representations provide a natural framework for this. The idea of letting 
algebraic systems act on vector spaces is so general that there are many variations. 
A large part of these fall under the heading of representation theory of associative 
algebras, and this is the main focus of this text. 

Examples of associative algebras which already appear in basic linear algebra 
are the spaces of m x n-matrices with coefficients in some field K, with the usual 
matrix operations. Another example is provided by polynomials over some field, 
but there are many more. In general, roughly speaking, an associative algebra A is 
a ring which also is a vector space over some field K such that scalars commute 
with all elements of A. We start by introducing algebras and basic concepts, and 
describe many examples. In particular, we discuss group algebras, division algebras, 
and path algebras of quivers. Next, we introduce modules and representations of 
algebras and study standard concepts, such as submodules, factor modules and 
module homomorphisms. 

A module is simple (or irreducible) if it does not have any submodules, except 
zero and the whole space. The first part of the text is motivated by simple modules. 
They can be seen as building blocks for arbitrary modules, this is made precise by 
the Jordan—H6lder theorem. It is therefore a fundamental problem to understand all 
simple modules of an algebra. The next question is then how the simple modules 
can be combined to form new modules. For some algebras, every module is a direct 
sum of simple modules, and in this case, the algebra is called semisimple. We study 
these in detail. In addition, we introduce the Jacobson radical of an algebra, which, 
roughly speaking, measures how far an algebra is away from being semisimple. 
The Artin—Wedderburn theorem completely classifies semisimple algebras. Given 
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an arbitrary algebra, in general it is difficult to decide whether or not it is semisimple. 
However, when the algebra is the group algebra of a finite group G, Maschke’s 
theorem answers this, namely the group algebra K G is semisimple if and only the 
characteristic of the field K does not divide the order of the group. We give a proof, 
and we discuss some applications. 

If an algebra is not semisimple, one has to understand indecomposable modules 
instead of just simple modules. The second half of the text focusses on these. 
Any finite-dimensional module is a direct sum of indecomposable modules. Even 
more, such a direct sum decomposition is essentially unique, this is known as the 
Krull—Schmidt theorem. It shows that it is enough to understand indecomposable 
modules of an algebra. This suggests the definition of the representation type of an 
algebra. This is said to be finite if the algebra has only finitely many indecomposable 
modules, and is infinite otherwise. In general it is difficult to determine which 
algebras have finite representation type. However for group algebras of finite groups, 
there is a nice answer which we present. 

The rest of the book studies quivers and path algebras of quivers. The main goal 
is to classify quivers whose path algebras have finite representation type. This is 
Gabriel’s theorem, proved in the 1970s, which has led to a wide range of new 
directions, in algebra and also in geometry and other parts of mathematics. Gabriel 
proved that a path algebra K Q of a quiver Q has finite representation type if and 
only if the underlying graph of Q is the disjoint union of Dynkin diagrams of types 
A, D or E. In particular, this theorem shows that the representation type of K Q is 
independent of the field K and is determined entirely by the underlying graph of 
Q. Our aim is to give an elementary account of Gabriel’s theorem, and this is done 
in several chapters. We introduce representations of quivers; they are the same as 
modules for the path algebra of the quiver, but working with representations has 
additional combinatorial information. We devote one chapter to the description of 
the graphs relevant for the proof of Gabriel’s theorem, and to the development of 
further tools related to these graphs. Returning to representations, we introduce 
reflections of quivers and of representations, which are crucial to show that the 
representation type does not depend on the orientation of arrows. Combining the 
various tools allows us to prove Gabriel’s Theorem, for arbitrary fields. 

This text is an extended version of third year undergraduate courses which we 
gave at Oxford, and at Hannover. The aim is to give an elementary introduction, we 
assume knowledge of results from linear algebra, and on basic properties of rings 
and groups. Apart from this, we have tried to make the text self-contained. We have 
included a large number of examples, and also exercises. We are convinced that they 
are essential for the understanding of new mathematical concepts. In each section, 
we give sample solutions for some of the exercises, which can be found in the 
appendix. We hope that this will help to make the text also suitable for independent 
self-study. 


Oxford, UK Karin Erdmann 
Hannover, Germany Thorsten Holm 
2018 
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Chapter 1 ® 
Algebras ce 


We begin by defining associative algebras over fields, and we give a collection of 
typical examples. Roughly speaking, an algebra is a ring which is also a vector space 
such that scalars commute with everything. One example is given by the n x n- 
matrices over some field, with the usual matrix addition and multiplication. We will 
introduce many more examples of algebras in this section. 


1.1 Definition and Examples 


We start by recalling the definition of a ring: A ring is a non-empty set R together 
with an addition+ : Rx R > R, (r,s) +» r+s anda multiplication: : Rx R > R, 
(r, S) +» r-s such that the following axioms are satisfied for allr,s,t € R: 


(R1) (Associativity of +) r+(s+t)=(r+s)+t. 

(R2) (Zeroelement) There exists anelementOr € R such thatr+Or =r = Or+*r. 

(R3) (Additive inverses) For every r € R there is an element —r € R such that 
r+(-r) = Or. 

(R4) (Commutativity of +) r+s=s5+,7. 

(R5) (Distributivity) r-(s+f)=r-s+r-tand(vy+s)-t=r-t+s-t. 

(R6) (Associativity of -) r-(s-t) =(r-s)-t. 

(R7) (Identity element) There is an element le ¢€ R \ {0} such that 
lr-r=r=r-lp. 


Moreover, a ring R is called commutative ifr-s =s-rforallr,s € R. 

As usual, the multiplication in a ring is often just written as rs instead of r - s; 
we will follow this convention from now on. 
Note that axioms (R1)-(R4) say that (R,+) is an abelian group. We assume by 
Axiom (R7) that all rings have an identity element; usually we will just write | for 
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1p. Axiom (R7) also implies that 1p is not the zero element. In particular, a ring has 
at least two elements. 
We list some common examples of rings. 


(1) The integers Z form a ring. Every field is also a ring, such as the rational 
numbers @, the real numbers R, the complex numbers C, or the residue classes 
Zp of integers modulo p where p is a prime number. 

(2) Then x n-matrices M,,(K), with entries in a field K, form a ring with respect 
to matrix addition and matrix multiplication. 

(3) The ring K[X] of polynomials over a field K where X is a variable. Similarly, 
the ring of polynomials in two or more variables, such as K[X, Y]. 


Examples (2) and (3) are not just rings but also vector spaces. There are many more 
rings which are vector spaces, and this has led to the definition of an algebra. 


Definition 1.1. 


(i) An algebra A over a field K (or a K-algebra) is a ring, with addition and 
multiplication 


(a,b) a+band (a,b) abfora,be A 


which is also a vector space over K, with the above addition and with scalar 
multiplication 


Q,a)ter-aforke K,aeA, 
and satisfying the following axiom 
Xd: (ab) = (A-a)b=a(d-b) forallA €e K,a,beA. (Alg) 


(ii) The dimension of a K-algebra A is the dimension of A as a K-vector space. 
The K-algebra A is finite-dimensional if A is finite-dimensional as a K -vector 
space. 

(iii) The algebra is commutative if it is commutative as a ring. 


Remark 1.2. 


(1) The condition (Alg) relating scalar multiplication and ring multiplication 
roughly says that scalars commute with everything. 

(2) Spelling out the various axioms, we have already listed above the axioms for 
a ring. To say that A is a vector space over K means that for all a, b € A and 
2, W © K we have 


Gi) A-(a+b)=A-at+id-b; 
ii) Atp)-a=A-a+p-a; 
(ili) Aw)-a=A-(K-a); 

(iv) le-a=a. 
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(3) Strictly speaking, in Definition 1.1 we should say that A is an associative 
algebra, as the underlying multiplication in the ring is associative. There are 
other types of algebras, which we discuss at the end of Chap. 2. 

(4) Since A is a vector space, and 1, is a non-zero vector, it follows that the map 
AX +> i-1,4 from K to A is injective. We use this map to identify K as a subset 
of A. Similar to the convention for ring multiplication, for scalar multiplication 
we will usually also just write Aa instead of A - a. 


We describe now some important algebras which will appear again later. 
Example 1.3. 


(1) The field K is a commutative K -algebra, of dimension 1. 

(2) The field C is also an algebra over R, of dimension 2, with R-vector space basis 
{1, i}, where i? = —1. More generally, if K is a subfield of a larger field L, then 
L is an algebra over K where addition and (scalar) multiplication are given by 
the addition and multiplication in the field L. 

The space of n x n-matrices M,,(K) with matrix addition and matrix multiplica- 
tion form a K -algebra. It has dimension n?; the matrix units E;; for| <i, j <n 
form a K-basis. Here E;; is the matrix which has entry | at position (i, j), and 
all other entries are 0. This algebra is not commutative for n > 2. For example 
we have £1; Ej2 = Ej2 but E,2E\,; = 0. 

Polynomial rings K[X], or K[X, Y], are commutative K -algebras. They are not 
finite-dimensional. 

Let V be a K-vector space, and consider the K -linear maps on V 


(3 


wm 


(4 


wm 


(5 


wm 


Endx(V) := {a: V > V |a is K-linear}. 


This is a K -algebra, if one takes as multiplication the composition of maps, and 
where the addition and scalar multiplication are pointwise, that is 


(a + B)(v) = a(v) + B(v) and (Aa)(v) = A(a(v)) 


for alla, 6 € Endx(V),A € K andve V. 


Exercise 1.1. For the n x n-matrices M,(K) in Example 1.3(3) check that the 
axioms for a K-algebra from Definition |.1 are satisfied. 


Remark 1.4. In order to perform computations in a K-algebra A, very often one 
fixes a K-vector space basis, say {b;, b2,...}. It then suffices to know the products 


bybs (r,s = 1). (*) 


Then one expresses arbitrary elements a and a’ in A as finite linear combinations 
of elements in this basis, and uses the distributive laws to compute the product of a 
and a’. We refer to (*) as ‘multiplication rules’. 
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In Example 1.3 where A = C and K = R, taking the basis {1¢, i} one gets the 
usual multiplication rules for complex numbers. 

For the n x n-matrices M;,(K) in Example 1.3, it is convenient to take the basis 
of matrix units {E;; | 1 < i, 7 < n} since products of two such matrices are either 
zero, or some other matrix of the same form, see Exercise 1.10. 


Given some algebras, there are several general methods to construct new ones. We 
describe two such methods. 


Definition 1.5. If A;,..., A, are K-algebras, their direct product is defined to be 
the algebra with underlying space 


Ai X...X An := {(41,...,4n)| qi € Aj fori = 1,...,n} 


and where addition and multiplication are componentwise. It is a straightforward 
exercise to check that the axioms of Definition 1.1 are satisfied. 


Definition 1.6. If A is any K-algebra, then the opposite algebra A°? of A has the 
same underlying K-vector space as A, and the multiplication in A°’?, which we 
denote by x, is given by reversing the order of the factors, that is 


axb:=ba fora,be A. 


This is again a K -algebra, and (A°)°? = A. 


There are three types of algebras which will play a special role in the following, 
namely division algebras, group algebras, and path algebras of quivers. We will 
study these now in more detail. 


1.1.1 Division Algebras 


A commutative ring is a field precisely when every non-zero element has an inverse 
with respect to multiplication. More generally, there are algebras in which every 
non-zero element has an inverse, and they need not be commutative. 


Definition 1.7. An algebra A (over a field K) is called a division algebra if every 
non-zero element a € A is invertible, that is, there exists an element b € A such 
that ab = 14 = ba. If so, we write b = a~!. Note that if A is finite-dimensional 
and ab = 1, then it follows that ba = 1,; see Exercise 1.8. 


Division algebras occur naturally, we will see this later. Clearly, every field is a 
division algebra. There is a famous example of a division algebra which is not a 
field, this was discovered by Hamilton. 
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Example 1.8. The algebra H of quaternions is the 4-dimensional algebra over R 
with basis elements 1, i, j, k and with multiplication defined by 


and 
ij=k, ji=—k, jk =i, kj =—i, ki = j, ik=—-j 


and extending to linear combinations. That is, an arbitrary element of H has the 
forma + bi + cj + dk with a, b,c,d € R, and the product of two elements in H is 
given by 


(a, +byite.j + dk) -(a.+ boi + coj + dok) = 
(ayaz — bbz — cyc2 — di dz) + (ay b2 + by az + ci dz — dyc2)i 
+ (aic2 — bydz + cja2 + dj b2)j + (ayd2 + bic2 — c1b2z + dyaz)k. 


It might be useful to check this formula, see Exercise 1.11. 

One can check directly that the multiplication in H is associative, and that it 
satisfies the distributive law. But this will follow more easily later from a different 
construction of H, see Example 1.27. 

This 4-dimensional R-algebra H is a division algebra. Indeed, take a general 
element of H, of the form u = a+ bi+ cj + dk with a,b,c,d € R. Let 


u:=a—bi—cj —dk €H, then we compute wu, using the above formula, and get 
iu = (a* +b? +c? 4+d’)-l=ui. 


This is non-zero for any u ¥ 0, and from this, one can write down the inverse of any 
non-zero element u. 


Remark 1.9. We use the notation i, and this is justified: The subspace 
{a + bi|a,b € R} of H really is C, indeed from the multiplication rules in H 
we get 


(a1 + byt) + (az + bai) = ayaz — bbz + (ay b2 + byaz)i. 
So the multiplication in H agrees with the one in C. 


However, H is not a C-algebra, since axiom (Alg) from Definition 1.1 is not 
satisfied, for example we have 


ij) =ij =k #—k = ji = j@D. 


— 


The subset {1, +7, +j, +k} of H forms a group under multiplication, this is known 
as the quaternion group. 
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1.1.2 Group Algebras 


Let G be a group and K a field. We define a vector space over K which has basis 
the set {g | g © G}, and we call this vector space KG. This space becomes a 
K-algebra if one defines the product on the basis by taking the group multiplication, 
and extends it to linear combinations. We call this algebra K G the group algebra. 

Thus an arbitrary element of KG is a finite linear combination of the form 
Bcc eg with ag € K. We can write down a formula for the product of 
two elements, following the recipe in Remark 1.4. Leta = )° eeG %eS and 
B = Yeneg Buh be two elements in K G; then their product has the form 


p= ¥ 0). aebim 


xeG gh=x 


Since the multiplication in the group is associative, it follows that the multiplication 
in KG is associative. Furthermore, one checks that the multiplication in KG is 
distributive. The identity element of the group algebra KG is given by the identity 
element of G. 

Note that the group algebra KG is finite-dimensional if and only if the group G 
is finite, in which case the dimension of KG is equal to the order of the group G. 
The group algebra K G is commutative if and only if the group G is abelian. 


Example 1.10. Let G be the cyclic group of order 3, generated by y, so that 
G={la,y, grt and a = 1g. Then we have 
(anlg + a1y + ary’) (bol + biy + bay”) = cole tery + ery”, 


with 


co = aobo + aib2 +. a2b1, c1 = aob1 + aibo + anb2, cz = agb2 + ab) + arbo. 


1.1.3 Path Algebras of Quivers 


Path algebras of quivers are a class of algebras with an easy multiplication formula, 
and they are extremely useful for calculating examples. They also have connections 
to other parts of mathematics. The underlying basis of a path algebra is the set of 
paths in a finite directed graph. It is customary in representation theory to call such 
a graph a quiver. We assume throughout that a quiver has finitely many vertices and 
finitely many arrows. 


Definition 1.11. A quiver Q is a finite directed graph. We sometimes write 
Q = (Qo, Qi), where Qo is the set of vertices and Q is the set of arrows. 
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We assume that Qo and Q are finite sets. For any arrow a € Q we denote by 
s(a) € Qo its starting point and by t(@) € Qo its end point. 

A non-trivial path in Q is a sequence p = a; ...a2a1 of arrows aj € Q, such 
that t(@;) = s(aj+1) for alli = 1,...,r — 1. Note that our convention is to read 
paths from right to left. The number r of arrows is called the length of p, and we 
denote by s(p) = s(a1) the starting point, and by t(p) = t(a@,) the end point of p. 

For each vertex i € Qo we also need to have a trivial path of length 0, which we 
call e;, and we set s(e;) =i = t(e;). 

We call a path p in Q an oriented cycle if p has positive length and s(p) = t(p). 


Definition 1.12. Let K be a field and Q a quiver. The path algebra K Q of the 
quiver Q over the field K has underlying vector space with basis given by all paths 
inQ. 

The multiplication in K Q is defined on the basis by concatenation of paths (if 
possible), and extended linearly to linear combinations. More precisely, for two 
paths p =a;...a, andg = f,... 6) in Q we set 


oe eee wae if t(Bs) = s(n), 


0 otherwise. 


Note that for the trivial paths e;, where i is a vertex in Q, we have that p- e; = p 
fori = s(p) and p-e; = 0 fori ¥ s(p); similarly e; - p = p fori = t(p) and0 
otherwise. In particular we have e; - e; = e;. 


The multiplication in K Q is associative since the concatenation of paths is 
associative, and it is distributive, by definition of products for arbitrary linear 
combinations. We claim that the identity element of K Q is given by the sum of 
trivial paths, that is 


lko= ye ej. 
i€Qo 
In fact, for every path p in Q we have 
p(>) ej) = Pear em =Peege n=O, €i)- P, 
i€Qo i€Qo i€Qo 


and by distributivity it follows that a - Oe: éj)=a= (Miedo e;) - a for every 
aeK@Q. 


Example 1.13. 


(1) We consider the quiver Q of the form 1 <— 2. The path algebra K Q has 
dimension 3, the basis consisting of paths is {e1, e2, a}. The multiplication table 
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for K Q is given by 


(2) Let Q be the one-loop quiver with one vertex v and one arrow a with 


s(a) =v = t(q), that is 
) 


Then the path algebra K Q has as basis the set {1, a, a, a, ...}, and it is not 
finite-dimensional. 

(3) A quiver can have multiple arrows between two vertices. This is the case for the 
Kronecker quiver 


—sI 
a 


(4) Examples of quivers where more than two arrows start or end at a vertex are the 
three-subspace quiver 


or similarly with a different orientation of the arrows 


_—— 


(5) Quivers can have oriented cycles, for example 


1.2. Subalgebras, Ideals and Factor Algebras 9 


Exercise 1.2. Let K be a field. 


(a) Show that the path algebra KQ in part (5) of Example 1.13 is not finite- 
dimensional. 

(b) Show that the path algebra K Q of a quiver Q is finite-dimensional if and only 
if Q does not contain any oriented cycles. 


1.2 Subalgebras, Ideals and Factor Algebras 


In analogy to the ‘subspaces’ of vector spaces, and ‘subgroups’ of groups, we 
should define the notion of a ‘subalgebra’. Suppose A is a K-algebra, then, roughly 
speaking, a subalgebra B of A is a subset of A which is itself an algebra with respect 
to the operations in A. This is made precise in the following definition. 


Definition 1.14. Let K be a field and A a K-algebra. A subset B of A is called a 
K-subalgebra (or just subalgebra) of A if the following holds: 


(i) B is a K-subspace of A, that is, for every A, u € K and bj, b2 € B we have 
Ab, + bo € B. 
(ii) B is closed under multiplication, that is, for all b}, by € B, the product bj b2 
belongs to B. 
(iii) The identity element 1, of A belongs to B. 


Exercise 1.3. Let A be a K-algebra and B C A a subset. Show that B is a 
K-subalgebra of A if and only if B itself is a K-algebra with the operations induced 
from A. 


Remark 1.15. Suppose B is given as a subset of some algebra A, with the same 
addition, scalar multiplication, and multiplication. To decide whether or not B is 
an algebra, there is no need to check all the axioms of Definition 1.1. Instead, it is 
enough to verify conditions (i) to (iii) of Definition 1.14. 


We consider several examples. 
Example 1.16. Let K bea field. 


(1) The K-algebra M,,(K) of n x n-matrices over K has many important subalge- 
bras. 


(i) The upper triangular matrices 
Ti (K) = {a = (aij) € Mn(K) | aij =O fori > j} 


form a subalgebra of M,(K). Similarly, one can define lower triangular 
matrices and they also form a subalgebra of M,(K). 
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(ii) The diagonal matrices 
Dy (K) := {a = (aij) € Mn(K) | aij = Ofori F j} 


form a subalgebra of M,(K). 
(iii) The three-subspace algebra is the subalgebra of M4(K) given by 


ay by bo b3 
0 a2 0 0 
00 a3 0 
00 0 a4 


|ai,b; EK 


(iv) There are also subalgebras such as 


ab0do 
cd00 
00x y 
00zu 


|a,b,c,d,x,y,z,uEeK Cc M4(K). 


(2) Then xn-matrices M,(Z) C M;,(R) over the integers are closed under addition 
and multiplication, but M,,(Z) is not an R-subalgebra of M,,(R) since it is not 
an R-subspace. 


(3) The subset 


wm 


ioe) be x} C T)(K) 


is not a K-subalgebra of 7)(K) since it does not contain the identity element. 
Let A be a K-algebra. For any element a € A define A, to be the K-span of 
{14,a,a7,.. .}. That is, Ag is the space of polynomial expressions in a. This 
is a K-subalgebra of A, and it is always commutative. Note that if A is finite- 
dimensional then so is Ag. 

Let A = A, x Az, the direct product of two algebras. Then A; x {0} is not a 
subalgebra of A since it does not contain the identity element of A. 

Let H be a subgroup of a group G. Then the group algebra K H is a subalgebra 
of the group algebra KG. 


(4 


Sa 


(5 


wm 


(6 


wm 


(7) Let K Q be the path algebra of the quiver | ae) pa 3. We can consider the 


NS 


‘subquiver’,Q’ given by | <~— 2. The path algebra K Q’ is not a subalgebra of 
K Q since it does not contain the identity element 1x g = e} + e2 + e3 of KQ. 


Exercise 1.4. Verify that the three-subspace algebra from Example 1.16 is a 
subalgebra of M4(K ), hence is a K -algebra. 


In addition to subalgebras, there are also ideals, and they are needed when one 
wants to define factor algebras. 
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Definition 1.17. If A is a K-algebra then a subset / is a left ideal of A provided 
(7, +) is a subgroup of (A, +) such that ax € I forall x € J anda € A. Similarly, 
T is a right ideal of A if (I, +) is a subgroup such that xa ¢€ J for all x € J and 
a € A.A subset J of A is a two-sided ideal (or just ideal) of A if it is both a left 
ideal and a right ideal. 


Remark 1.18. 


(1) The above definition works verbatim for rings instead of algebras. 

(2) For commutative algebras A the notions of left ideal, right ideal and two-sided 
ideal clearly coincide. However, for non-commutative algebras, a left ideal 
might not be a right ideal, and vice versa; see the examples below. 

An ideal J (left or right or two-sided) of an algebra A is by definition closed 
under multiplication, and also a subspace, see Lemma 1.20 below. However, an 
ideal is in general not a subalgebra, since the identity element need not be in J. 
Actually, a (left or right or two-sided) ideal J C A contains 1, if and only if 
I = A. In addition, a subalgebra is in general not an ideal. 


(3 


wa 


Exercise 1.5. Assume B is a subalgebra of A. Show that B is a left ideal (or right 
ideal) if and only if B = A. 


Example 1.19. 


(1) Every K-algebra A has the trivial two-sided ideals {0} and A. In the sequel, we 
will usually just write 0 for the ideal {0}. 
(2) Let A be a K-algebra. For every z € A the subset Az = {az | a € A} isa left 
ideal of A. Similarly, zA = {za | a € A} is a right ideal of A for every z € A. 
These are called the principal (left or right) ideals generated by z. As a notation 
for principal ideals in commutative algebras we often use Az = (z). 
For non-commutative algebras, Az need not be a two-sided ideal. For instance, 
let A = M,,(K) for some n > 2 and consider the matrix unit z = E;; for some 
i € {1,...,n}. Then the left ideal Az consists of the matrices with non-zero 
entries only in column i, whereas the right ideal zA consists of those matrices 
with non-zero entries in row 7. In particular, Az # zA, and both are not two- 
sided ideals of M,(K). 
The only two-sided ideals in M,,(K) are the trivial ideals. In fact, suppose that 
I # Ois a two-sided ideal in M,(K), and let a = (ajj) € I \ {O}, say axe 4 0. 
Then for every r,s € {l,...,} we have that E,,aE,z, € I since I is a two- 
sided ideal. On the other hand, 


(3 


wm 


(4 


ww 


n n 


E, pak es = Erg > aij Eij Evs = Ye any E;; Ees = agers. 
i,j=l 71 


Since axe # 0 we conclude that FE, € J for all r,s and hence J = M,(K). 

Consider the K-algebra T,,(K) of upper triangular matrices. The K-subspace 
of strict upper triangular matrices J; := span{E£ijj|1 < i < j < n} 
forms a two-sided ideal. More generally, for any d ¢€ N the subspace 


(5 


wm 
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Iq := span{E;;|d < j — i} is a two-sided ideal of T,,(K). Note that by 
definition, Jj = O ford >n. 

(6) Let Q be a quiver and A = K@Q be its path algebra over a field K. Take the 
trivial path e; for a vertex i € Qo. Then by Example (2) above we have the left 
ideal Ae;. This is spanned by all paths in Q with starting vertex i. Similarly, the 
right ideal e; A is spanned by all paths in Q ending at vertex i. 

A two-sided ideal of K Q is for instance given by the subspace (K Q)=! 
spanned by all paths in Q of non-zero length (that is, by all paths in Q except 
the trivial paths). More generally, for every d € N the linear combinations of 
all paths in Q of length at least d form a two-sided ideal (K Q)=7. 


Exercise 1.6. Let Q be a quiver, i a vertex in Q and A = K Q the path algebra (over 
some field K). Find a condition on Q so that the left ideal Ae; is a two-sided ideal. 


Let A be a K-algebra and let J C A be a proper two-sided ideal. Recall from basic 
algebra that the cosets A/I := {a+ I|a € A} form a ring, the factor ring, with 
addition and multiplication defined by 


(a+1I+64+D:=at+b4l, (a+ Ib4+]):=ab+!1 


for a,b e€ A. Note that these operations are well-defined, that is, they are 
independent of the choice of the representatives of the cosets, because I is a two- 
sided ideal. Moreover, the assumption J # A is needed to ensure that the factor ring 
has an identity element; see Axiom (R7) in Sect. 1.1. 

For K -algebras we have some extra structure on the factor rings. 


Lemma 1.20. Let A be a K-algebra. Then the following holds. 


(a) Every left (or right) ideal I of A is a K-subspace of A. 
(b) If I is a proper two-sided ideal of A then the factor ring A/I is a K-algebra, 
the factor algebra of A with respect to I. 


Proof. (a) Let I be a left ideal. By definition, (7, +) is an abelian group. We need 
to show that if A € K and x € J then Ax € J. But Aly, € A, and we obtain 


Ax = 4x) = (Ala)x € J, 


since I is a left ideal. The same argument works if J is a right ideal, by axiom (Alg) 
in Definition 1.1. 

(b) We have already recalled above that the cosets A/J form a ring. Moreover, by 
part (a), J is a K-subspace and hence A/J is also a K-vector space with (well- 
defined) scalar multiplication A(a+/) = A4a+I forall’ € K anda ¢€ A. According 
to Definition 1.1 it only remains to show that axiom (Alg) holds. But this property 
is inherited from A; explicitly, let? ¢ K anda, b € A, then 


Mla t+ DI(b+1)) = dMab+ 1) =A(ab) +1 = (ajb+1 
=Qat+NDb6+N=AG+DO+D. 


1.3. Algebra Homomorphisms 13 


Similarly, using that A(ab) = a(Ab) by axiom (Alg), one shows that 
M(a+ 1I)(b+1)) = (a+ NAG+ 1). Oo 


Example 1.21. Consider the algebra K[X] of polynomials in one variable over 
a field K. Recall from a course on basic algebra that every non-zero ideal J of 
K[X] is of the form K[X]f = (jf) for some non-zero polynomial f € K[X] 
(that is, K[X] is a principal ideal domain). The factor algebra A/I = K[X]/(f) 
is finite-dimensional. More precisely, we claim that it has dimension equal to the 
degree d of the polynomial f and that a K-basis of K[X]/(f) is given by the 
cosets 1+ (f),X +(f),..., X4~! + (f). In fact, if g € K[X] then division with 
remainder in K[X] (polynomial long division) yields g = gf +r with polynomials 
q,r € K[X] andr has degree less than d, the degree of f. Hence 


g+(f)=r+(f) € span{l+(f),X+(f),..., X71! + (fh. 


On the other hand, considering degrees one checks that this spanning set of 
K[X]/(f) is also linearly independent. 


1.3 Algebra Homomorphisms 


As with any algebraic structure (like vector spaces, groups, rings) one needs to 
define and study maps between algebras which ‘preserve the structure’. 


Definition 1.22. Let A and B be K-algebras. A map ¢ : A > B isa K-algebra 
homomorphism (or homomorphism of K -algebras) if 


(i) @ is a K-linear map of vector spaces, 
(ii) d(ab) = ¢(a)g(b) for alla, b € A, 
(iit) (4) = Lp. 


The map ¢ : A — B is a K-algebra isomorphism if it is a K-algebra 
homomorphism and is in addition bijective. If so, then the K-algebras A and B 
are said to be isomorphic, and one writes A = B. Note that the inverse of an algebra 
isomorphism is also an algebra isomorphism, see Exercise 1.14. 


Remark 1.23. 


(1) To check condition (ii) of Definition 1.22, it suffices to take for a, b any two 
elements in some fixed basis. Then it follows for arbitrary elements of A as 
long as ¢ is K-linear. 

(2) Note that the definition of an algebra homomorphism requires more than just 
being a homomorphism of the underlying rings. Indeed, a ring homomorphism 
between K -algebras is in general not a K-algebra homomorphism. 

For instance, consider the complex numbers C as a C-algebra. Let 
¢:C€— C, d(z) = Z be the complex conjugation map. By the usual rules 
for complex conjugation ¢@ satisfies axioms (11) and (iii) from Definition 1.22, 
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that is, @ is a ring homomorphism. But ¢ does not satisfy axiom (i), since for 
example 


oii) =$@) = o(-1l) =-141=i(-i) = id. 


So ¢ is not a C-algebra homomorphism. However, if one considers C as an 
algebra over R, then complex conjugation is an R-algebra homomorphism. In 
fact, forr € R and z € C we have 


p(rz) =7Z =rzZ =rzZ =rG(z). 


We list a few examples, some of which will occur frequently. For each of these, 


we recommend checking that the axioms of Definition 1.22 are indeed satisfied. 


Example 1.24. Let K be a field. 


(1) 


(2) 


3 


YN 


(4) 


Let Q be the one-loop quiver with one vertex v and one arrow a@ such 
that s(~) = v = t(q@). As pointed out in Example 1.13, the path algebra 
KQ has a basis consisting of 1,a,a7,.... The multiplication is given by 
a' -a/ = a'*/, From this we can see that the polynomial algebra K[X] and 
K Q are isomorphic, via the homomorphism defined by sending }>; A; X ‘ to 
>"; Aia’. That is, we substitute a into the polynomial )>; 4; X’. 

Let A be a K-algebra. For every element a € A we consider the ‘evaluation 


> 


map 
Ya: KIX] >A, DoaiX' os aa’. 
i i 


This is ahomomorphism of K -algebras. 

Let A be a K-algebra and J C A a proper two-sided ideal, with factor algebra 
A/I. Then the canonical map z : A > A/I,a t+ a+ is a surjective 
K-algebra homomorphism. 

Let A = A, x... X A, be a direct product of K-algebras. Then for each 
i € {1,...,} the projection map 


mj: A— Aj, (a1,...,dn) > aj 
is a surjective K-algebra homomorphism. However, note that the embeddings 
ji: Aj > A, aj he (0,...,0,a;,0,...,0) 


are not K-algebra homomorphisms when n > 2 since the identity element 1 4, 
is not mapped to the identity element 14 = (14,,..., 1a,). 
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(5) Let A = T,,(K) be the algebra of upper triangular matrices. Denote by 


(6 


(7 


(8 


wm 


) 


wm 


B= Kx...x K the direct product of n copies of K. Defined? : A > B 
by setting 


a . 
v) = (411,.-.-, nn). 


ann 


Then ¢ is ahomomorphism of K -algebras. 

Consider the matrix algebra M,(K) where n > 1. Then the opposite algebra 
M,,(K)°? (as defined in Definition 1.6) is isomorphic to the algebra M,,(K). In 
fact, consider the map given by transposition of matrices 


Tt: Mn(K) > My(K)? , mem. 


Clearly, this is a K-linear map, and it is bijective (since t* is the identity). 
Moreover, for all matrices m,, m2 € M,(K) we have (mjm2)' = m4m\ by a 
standard result from linear algebra, that is, 


T(mjmz) = (mymz)' = mhm‘\, = (m1) * T(m2). 


Finally, t maps the identity matrix to itself, hence t is an algebra homomor- 
phism. 
When writing linear transformations of a finite-dimensional vector space as 
matrices with respect to a fixed basis, one basically proves that the algebra of 
linear transformations is isomorphic to the algebra of square matrices. We recall 
the proof, partly as a reminder, but also since we will later need a generalization. 
Suppose V is an n-dimensional vector space over the field K. Then the 
K-algebras Endx (V) and M,,(K) are isomorphic. 
In fact, we fix a K-basis of V. Suppose a is a linear transformation of V, let 
M (qa) be the matrix of w with respect to the fixed basis. Then define a map 


yw: Endxk(V) > Mn(K), W(@) = M(@). 


From linear algebra it is known that y is K-linear and that it preserves the 
multiplication, that is, M(6)M(a) = M(6 oa). The map vy is also injective. 
Suppose M(a) = 0, then by definition a maps the fixed basis to zero, but then 
a = 0. The map 7 is surjective, because every n x n-matrix defines a linear 
transformation of V. 

We consider the algebra 7>(K) of upper triangular 2 x 2-matrices. This 
algebra is of dimension 3 and has a basis of matrix units F);, Ej2 and E22. 
Their products can easily be computed (for instance using the formula in 
Exercise 1.10), and they are collected in the multiplication table below. Let 
us now compare the algebra 7>(K) with the path algebra K Q for the quiver 
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1 <~ 2 which has appeared already in Example 1.13. The multiplication tables 
for these two algebras are given as follows 


From this it easily follows that the assignment EF); b+ e1, E12 b a, and 
E22 +> e2 defines a K-algebra isomorphism 7>(K) > KQ. 


Remark 1.25. The last example can be generalized. For every n € N the K-algebra 
T,(K) of upper triangular n x n-matrices is isomorphic to the path algebra of the 
quiver 


See Exercise 1.18. 


In general, homomorphisms and isomorphisms are very important when com- 
paring different algebras. Exactly as for rings we have an isomorphism theorem for 
algebras. Note that the kernel and the image of an algebra homomorphism are just 
the kernel and the image of the underlying K -linear map. 


Theorem 1.26 (Isomorphism Theorem for Algebras). Let K be a field and let 
A and B be K-algebras. Suppose ¢ : A —> B is a K-algebra homomorphism. Then 
the kernel ker(@) is a two-sided ideal of A, and the image im(¢@) is a subalgebra of 
B. Moreover: 


(a) If I is an ideal of A and I © ker(@) then we have a surjective algebra 
homomorphism 


@:A/I > im(¢), (a+ 1) = d(a). 


(b) The map @ is injective if and only if I = ker(@). Hence @ induces an 
isomorphism 


W: A/ker(¢) > im(d), a+ ker(d) b (a). 
Proof. From linear algebra we know that the kernel ker(@) = {a € A| O(a) = O} is 


a subspace of A, and ker(¢) # A since d(14) = |g (see Definition 1.22). Ifa € A 
and x € ker(@) then we have 


p(ax) = $(a)o(x) = O(a) -0=0=0- $@) = 6(*)@ = oa), 


that is, ax € ker(@) and xa € ker(@) and ker(@) is a two-sided ideal of A. 
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We check that im(@) is a subalgebra of B (see Definition 1.14). Since ¢ is a 
K-linear map, the image im(@) is a subspace. It is also closed under multiplication 
and contains the identity element; in fact, we have 


p(a)o(b) = o(ab) € im(P) and 1g = o(1a) € im() 


since ¢@ is an algebra homomorphism. 
(a) Ifa +1=a' +1 thena —a’' € I and since I C ker(¢) we have 


0= o(a—a') = $(a)— oa’). 


Hence ¢ is well defined, and its image is obviously equal to im(#). It remains to 
check that @ is an algebra homomorphism. It is known from linear algebra (and 
easy to check) that the map is K-linear. It takes the identity 14 + J to the identity 
element of B since ¢ is an algebra homomorphism. To see that it preserves products, 
let a, b € A; then 


$((a + I)(b + 1)) = Gab +1) = ob) = $b) = $(a+ NO+ I. 


(b) We see directly that ker(d) = ker(@)/1. The homomorphism d is injective if 
and only if its kernel is zero, that is, ker(@) = J. The last part follows. oO 


Example 1.27. 


(1) Consider the following evaluation homomorphism of R-algebras (see Exam- 

ple 1.24), 
®:RIX]>C, O(f)=f) 

where i = —1. In order to apply the isomorphism theorem we have to 
determine the kernel of ®. Clearly, the ideal (X?24+ 1) = REX](X24+ 1) 
generated by X7+ 1 is contained in the kernel. On the other hand, if g € ker(®), 
then division with remainder in R[X] yields polynomials h and r such that 
g = h(X? + 1) +r, where r is of degree < 1. Evaluating at i gives r(i) = 0, 
but r has degree < 1, so r is the zero polynomial, that is, g € (X? + 1). Since 
® is surjective by definition, the isomorphism theorem gives 


R[X)/(X7 +1) =C 
as R-algebras. 
(2) Let G be a cyclic group of order n, generated by the element a € G. For a field 


K consider the group algebra KG; this is a K-algebra of dimension n. Similar 
to the previous example we consider the surjective evaluation homomorphism 


®:K[X] > KG, ®(f)= f(). 


(3 
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From the isomorphism theorem we know that 
K[X]/ker(®) = im(®) = KG. 


The ideal generated by the polynomial X” — 1 is contained in the kernel of ®, 
since a” is the identity element in G (and then also in KG). Thus, the algebra 
on the left-hand side has dimension at most n, see Example 1.21. On the other 
hand, K G has dimension n. From this we can conclude that ker(®) = (X” — 1) 
and that as K-algebras we have 


K[X]/(X" — 1) = KG. 


Let A be a finite-dimensional K-algebra and a ¢€ A, and let A, be the 
subalgebra of A as in Example 1.16. Let t € No such that {1, a, a, ema} 
is linearly independent and a’*! = )“\_, Aja! for A; € K. The polynomial 


t 
mg = X't! — \°),;X! € K[X] 
i=0 


is called the minimal polynomial of a. It is the (unique) monic polynomial of 
smallest degree such that the evaluation map (see Example 1.24) at a is zero. 
By the same arguments as in the first two examples we have 


K[X]/(ma) = Aa. 


Suppose A = A, x... x A,;, the direct product of K-algebras A; ..., A-. Then 
for every i € {1,...,r} the projection z; : A — Aj, (a|,...,d;) # aj, is 
an algebra homomorphism, and it is surjective. By definition the kernel has the 
form 


ker(77j) = Aj x... X Aj-1 X OX Ajai x... x Ap. 
By the isomorphism theorem we have A/ker(z;) = A;. We also see from this 


that Ay x... x Aj-1 x O x Aja) x... x A; is a two-sided ideal of A. 
We consider the following map on the upper triangular matrices 


ail * a1 0 
®: 7, (K) > Tr(K), *e ad Ns : 


0 Gnn 0 Gnn 


which sets all non-diagonal entries to 0. It is easily checked that ® is a 
homomorphism of K-algebras. By definition, the kernel is the two-sided ideal 


Un(K) == {a = (aij) € Mn(K) | aij = 0 fori > J) 
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of strict upper triangular matrices and the image is the K-algebra D,(K) of 
diagonal matrices. Hence the isomorphism theorem yields that 


Tn(K)/Un(K) = Dn(K) 


as K-algebras. Note that, moreover, we have that D,(K) = K x ... x K, the 
n-fold direct product of copies of K. 


(6) We want to give an alternative description of the R-algebra H of quaternions 
from Sect. 1.1.1. To this end, consider the map 
abed 
: : —b a -de 
®:H-> M4A(R), a+bitcjtdkrh 
—c d a —b 
-d-c ba 


Using the formula from Example 1.8 for the product of two elements from H 
one can check that ® is an R-algebra homomorphism, see Exercise 1.11. 

Looking at the first row of the matrices in the image, it is immediate that 
® is injective. Therefore, the algebra H is isomorphic to the subalgebra im(®) 
of M4(R). Since we know (from linear algebra) that matrix multiplication is 
associative and that the distributivity law holds in M4(IR), we can now conclude 
with no effort that the multiplication in H is associative and distributive. 


Exercise 1.7. Explain briefly how examples (1) and (2) in Example 1.27 are special 
cases of (3). 


1.4 Some Algebras of Small Dimensions 


One might like to know how many K-algebras there are of a given dimension, up 
to isomorphism. In general there might be far too many different algebras, but for 
small dimensions one can hope to get a complete overview. We fix a field K, and we 
consider K -algebras of dimension at most 2. For these, there are some restrictions. 


Proposition 1.28. Let K be a field. 


(a) Every 1-dimensional K -algebra is isomorphic to K. 
(b) Every 2-dimensional K -algebra is commutative. 


Proof. (a) Let A be a 1-dimensional K-algebra. Then A must contain the scalar 
multiples of the identity element, giving a subalgebra U := {Al4|A € K} C A. 
Then U = A, since A is 1-dimensional. Moreover, according to axiom (Alg) from 
Definition 1.1 the product in U is given by (Al4)(u1l4) = (Aj)1,4 and hence the 
map A — K,Al1,4 + A, is an isomorphism of K -algebras. 
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(b) Let A be a 2-dimensional K-algebra. We can choose a basis which contains 
the identity element of A, say {1,4, b} (use from linear algebra that every linearly 
independent subset can be extended to a basis). The basis elements clearly commute; 
but then also any linear combinations of basis elements commute, and therefore A 
is commutative. o 


We consider now algebras of dimension 2 over the real numbers R. The aim is to 
classify these, up to isomorphism. The method will be to find suitable bases, leading 
to ‘canonical’ representatives of the isomorphism classes. It will turn out that there 
are precisely three R-algebras of dimension 2, see Proposition 1.29 below. 

So we take a 2-dimensional R-algebra A, and we choose a basis of A containing 
the identity, say {14, b}, as in the above proof of Proposition 1.28. Then b” must be 
a linear combination of the basis elements, so there are scalars y, 6 € R such that 
b* = y14+6b. We consider the polynomial X* — 6X — y € R[X] and we complete 
squares, 


Mati SF yr OP 


Let b’ := b — (5/2)14, this is an element in the algebra A, and we also set 
p=yvt (6/2), which is a scalar from R. Then we have 


b? = b? — 5b + (8/2) 14 = yla + (8/2)714 = pla. 


Note that {1,4, b’} is still an R-vector space basis of A. Then we rescale this basis 
by setting 


ee ae 


b! ifp =0. 


Then the set {ly, b} also is an R-vector space basis of A, and now we have 
b? € {0, +14}. 

This leaves only three possible forms for the algebra A. We write A; for the 
algebra in which b? = j1,4 ; for j = 0, 1, —1. We want to show that no two of these 
three algebras are isomorphic. For this we use Exercise 1.15. 

(1) The algebra Ag has a non-zero element with square zero, namely b. By 
Exercise 1.15, any algebra isomorphic to Ag must also have such an element. 

(2) The algebra A; does not have a non-zero element whose square is zero: Suppose 
a? = O fora € A, and write a = Ala, + ub with 4, uw € R. Then, using that 
b= 14,, we have 


O=a* = (724+ p14, + 2aub. 
Since 14, and b are linearly independent, it follows that 2A. = 0 and 47 = —p?. 
So A = 0 or « = 0, which immediately forces A = ju = 0, and therefore a = 0, as 
claimed. 
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This shows that the algebra A, is not isomorphic to Ag, by Exercise 1.15. 
(3) Consider the algebra A_1. This occurs in nature, namely C is such an R-algebra, 
taking b = i. In fact, we can see directly that A_j is a field; take an arbitrary non- 
zero element w14_, + Bb € A_, witha, B € R. Then we have 


(ala_, + Bb)(@14_, — Bb) = @ + B*)14_, 


and since @ and £ are not both zero, we can write down the inverse of the above 
non-zero element with respect to multiplication. 

Clearly Ao and Aj are not fields, since they have zero divisors, namely b for Ao, 
and (b - Db + 1) = Oin Ay. So A_, is not isomorphic to Ap or Aj, again by 
Exercise 1.15. 

We can list a ‘canonical representative’ for each of the three isomorphism classes 
of algebras. For j € {0, +1} consider the R-algebra 


X)/(X? — j) = span{l + (XK? - 7), ¥:= X¥4+ (X*-j)} 


and observe that R[X]/(X? — j) = Aj; for j € {0,1}, where an isomorphism 
maps X tob. 

To summarize, we have proved the following classification of 2-dimensional R- 
algebras. 


Proposition 1.29. Up to isomorphism, there are precisely three 2-dimensional 
algebras over R. Any 2-dimensional algebra over R is isomorphic to precisely one 


of 
X1/(X?), REX/(X? — 1), RLXI/(X* + 1. 


Example 1.30. Any 2-dimensional R-algebra will be isomorphic to one of these. 
For example, which one is isomorphic to the 2-dimensional R-algebra R x R? The 
element (—1, —1) € R x R squares to the identity element, so R x R is isomorphic 
to Ay = R[X]/(X? — 1). 

There is an alternative explanation for those familiar with the Chinese Remainder 
Theorem for polynomial rings; in fact, this yields 


X]/(X? — 1) = REX)/(X — 1) x REXI/(X + 


and for any scalar, RLX]/(X — 4) = R: apply the isomorphism theorem with the 
evaluation map ¢, : R[X] > R. 


Remark 1.31. One might ask what happens for different fields. For the complex 
numbers we can adapt the above proof and see that there are precisely two 
2-dimensional C-algebras, up to isomorphism, see Exercise 1.26. However, the 
situation for the rational numbers is very different: there are infinitely many non- 
isomorphic 2-dimensional algebras over Q, see Exercise 1.27. 
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Remark 1.32. In this book we focus on algebras over fields. One can also define 
algebras where for K one takes a commutative ring, instead of a field. With this, 
large parts of the constructions in this chapter work as well, but generally the 
situation is more complicated. Therefore we will not discuss these here. 

In addition, as we have mentioned, our algebras are associative algebras, that is, 
for any a, b, c in the algebra we have 


(ab)c = a(be). 


There are other kinds of algebras which occur in various contexts. 

Sometimes one defines an ‘algebra’ to be a vector space V over a field, together 
with a product (v, w) vw: V x V > V which is bilinear. Then one can impose 
various identities, and obtain various types of algebras. Perhaps the most common 
algebras, apart from associative algebras, are the Lie algebras, which are algebras as 
above where the product is written as a bracket [v, w] and where one requests that 
for any uv € V, the product [v, v] = 0, and in addition that the ‘Jacobi identity’ must 
hold, that is for any v, w,z € V 


[[v, w], z] + (lw, z], v] + (lz, v], w] = 0. 


The properties of such Lie algebras are rather different; see the book by Erdmann 
and Wildon in this series for a thorough treatment of Lie algebras at an undergrad- 
uate level.! 


EXERCISES 


1.8. Assume A is a finite-dimensional algebra over K. If a,b € A andab = 1, 
then also ba = 1,4. That is, left inverses are automatically two-sided inverses. 
(Hint: Observe that S(x) = ax and T(x) = bx for x € A define linear maps 
of A and that S o T = id,. Apply a result from linear algebra.) 

1.9. Let A = Endx(V) be the algebra of K-linear maps of the infinite- 
dimensional K-vector space V with basis {v; | i € N}. Define elements 
a,b in A on the basis, and extend to finite linear combinations, as follows: 
Take b(v;) = vj+1 fori > 1, and 


vi-ti> 1, 


ain) = {j ae 


Check that a o b = 1, and show also that b o a is not the identity of A. 


'K. Erdmann, M.J. Wildon, Introduction to Lie Algebras. Springer Undergraduate Mathematics 
Series. Springer-Verlag London, Ltd., London, 2006. x+251 pp. 
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1.10. 


1.14. 


1.15. 


Let K be a field and let E;; € M,(K) be the matrix units as defined in 
Example 1.3, that is, E;; has an entry | at position (i, j) and all other entries 
are 0. Show that for alli, 7,k, € € {1,...,n} we have 


Eje if j =k, 


Bij Eae = 8B = | Oif j xk 


where 6 jx is the Kronecker symbol, that is, 6;, = 1 if j = k and 0 otherwise. 


. Let H be the R-algebra of quaternions from Sect. 1.1.1. 


(a) Compute the product of two arbitrary elements aj + byi +c) j +k and 
a2+b2i +c2j+d2k in H, that is, verify the formula given in Example 1.8. 
(b) Verify that the following set of matrices 


a bead 

Bea 8 OOO Nig pear ean 
—c d a —b 
—-d-c ba 


forms a subalgebra of the R-algebra M4(R). 
(c) Prove that the algebra A from part (b) is isomorphic to the algebra H of 
quaternions, that is, fill in the details in Example 1.27. 


. Let H be the R-algebra of quaternions. By using the formula in Example 1.8, 


determine all roots in H of the polynomial X? + 1. In particular, verify that 
there are infinitely many such roots. 


. Let K be a field. Which of the following subsets of M3(K) are K- 


subalgebras? Each asterisk indicates an arbitrary entry from K, not neces- 
sarily the same. 


* * O 2 ok Ok * 0 x 
Oxx], |OxO], |OxO] , 
00 x 00x 00 x 
* KOK ok Ok * 0 * 
OxO}], [Ox*x], |O+«0 
Ox * 000 * 0 * 


Assume A and B are K-algebras, and ¢ : A — B is a K-algebra isomor- 
phism. Show that then the inverse @~! of ¢ is a K-algebra isomorphism from 
BtoA. 

Suppose ¢ : A — B is an isomorphism of K-algebras. Show that the 
following holds. 


(i) Ifa € A then a* = Oif and only if #(a)? = 0. 
(ii) a € A is a zero divisor if and only if ¢(a) € B is a zero divisor. 
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(iii) A is commutative if and only if B is commutative. 
(iv) A is a field if and only if B is a field. 


1.16. Fora field K we consider the following 3-dimensional subspaces of M3(K): 


x00 xX yZ 
Ai= OyO}]|x,y,zEeK73A2= Ox O]} |x,y,zE KF; 
00z 00x 
X yz xy0 
As={]Oxy]l|x.y,ze KP: As=4/[0z20] |x, y,2EK}; 
00x 00x 
xOy 
A5 = Oxz|lxyz2EK 
00x 


(i) For each /, verify that Aj is a K-subalgebra of M3(K). Is Aj; commuta- 
tive? 
(ii) For each i, determine the set A; := {a € A; | a? = O}. 
(iii) For each pair of algebras above, determine whether they are isomorphic, 
or not. Hint: Apply Exercise 1.15. 


1.17. Find all quivers whose path algebras have dimension at most 5 (up to an 
obvious notion of isomorphism). For this, note that quivers don’t have to be 
connected and that they are allowed to have multiple arrows. 

1.18. Show that for every n € N the K-algebra T,(K) of upper triangular n x n- 
matrices is isomorphic to the path algebra of the quiver 


1<—2< ...<—n—-I|l<—n 


1.19. Let K bea field. 


(a) Consider the following sets of matrices in M3(K) (where each asterisk 
indicates an arbitrary entry from K, not necessarily the same) 


* * 0 *00 
A:=|0x0 ; B:= | «xO 
O x * * Ox 


Show that A and B are subalgebras of M3(K). 
If possible, for each of the algebras A and B find an isomorphism to 
the path algebra of a quiver. 
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1.20. 


(b) Find subalgebras of M3(K) which are isomorphic to the path algebra of 
the quiver 1 —> 2 <— 3. 


Let K be a field. Consider the following set of upper triangular matrices 


a0c 
A:= Oad||a,b,c,dé€ K } CT3(K). 
00b 


(a) Show that A is a subalgebra of 73(K). 
(b) Show that A is isomorphic to the path algebra of the Kronecker quiver, 
as defined in Example 1.13. 


. Fora field K let A be the three-subspace algebra as in Example 1.16, that is, 


ay by bz bz 
0a. 0 0 
0 0 a3 0 
00 0a 


A= |aj,b) €K 


(a) The three-subspace quiver is the quiver in Example 1.13 where all arrows 
point towards the branch vertex. Show that the path algebra of the three- 
subspace quiver is isomorphic to the three-subspace algebra. (Hint: It 
might be convenient to label the branch vertex as vertex 1.) 

(b) Determine the opposite algebra A°?. Is A isomorphic to A°?? Is it 
isomorphic to the path algebra of some quiver? 


. This exercise gives a criterion by which one can sometimes deduce that a 


certain algebra cannot be isomorphic to the path algebra of a quiver. 


(a) An element e in a K-algebra A is called an idempotent if e? = e. Note 
that 0 and 1, are always idempotent elements. Show that if @¢: A > B 
is an isomorphism of K-algebras and e € A is an idempotent, then 
o(e) € B is also an idempotent. 

(b) Suppose that A is a K-algebra of dimension > 1 which has only 0 and 14 

as idempotents. Then A is not isomorphic to the path algebra of a quiver. 

(Hint: consider the trivial paths in the quiver.) 

Show that every division algebra A has no idempotents other than 0 and 

1,4; deduce that if A has dimension > | then A cannot be isomorphic to 

the path algebra of a quiver. In particular, this applies to the R-algebra H 

of quaternions. 

Show that the factor algebra K[X]/(X7) is not isomorphic to the path 

algebra of a quiver. 


(c 


wm 


(d 


wm 
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1.23, 


1.24. 


1.25. 


1 Algebras 


Let K be a field and A a K-algebra. Recall from Definition 1.6 that the 
opposite algebra A°? has the same underlying vector space as A, but a new 
multiplication 


* 2 APP x APP > AP, axb=hba 


where on the right-hand the side the product is given by the multiplication 
in A. 


(a) Show that A? is again a K-algebra. 
(b) Let H be the R-algebra of quaternions (see Example 1.8). Show that the 
map 


g:H>H”?, a+bi+cj+dkph a—bi —cj — dk 


is an R-algebra isomorphism. 

(c) Let G be a group and KG the group algebra. Show that the K-algebras 
KG and (KG)°? are isomorphic. 

(d) Let Q be a quiver and KQ its path algebra. Show that the opposite 
algebra (K Q)°? is isomorphic to the path algebra K Q, where Q is the 
quiver obtained from Q by reversing all arrows. 


Consider the following 2-dimensional R-subalgebras of M2(R) and deter- 
mine to which algebra of Proposition 1.29 they are isomorphic: 


(i) D2(R), the diagonal matrices; 


(ii) a={(§2) jab Rh: 
(iii) B:= {(4,2) ja.beR. 


Let K be any field, and let A be a 2-dimensional K -algebra with basis {1,, a}. 
Hence A = Ag as in Example 1.16. Let a= yla+6a, where y,5d € K.As 
in Example 1.27, the element a has minimal polynomial mg := X*—4X—y, 
and 


A = Aq = K{X]/(ma). 


(a) By applying the Chinese Remainder Theorem, show that if mg has two 
distinct roots in K, then A is isomorphic to the direct product K x K of 
K-algebras. 

(b) Show also that ifm, = (X — A)? ford € K, then A is isomorphic to the 
algebra K[T]/(T?). 

(c) Show that if mg, is irreducible in K[X], then A is a field, containing K as 
a subfield. 
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1.26. 


1.29. 


(d) Explain briefly why the algebras in (a) and (b) are not isomorphic, and 
also not isomorphic to any of the algebras in (c). 


Show that there are precisely two 2-dimensional algebras over C, up to 
isomorphism. 


. Consider 2-dimensional algebras over @. Show that the algebras 


OQ[X]/(X? — p) and Q[X]/ (xX? — q) are not isomorphic if p and gq are 
distinct prime numbers. 


. Let K = Z), the field with two elements. 


(a) Let B be the set of matrices 


a b 
f= beZ}. 
{earalle = >} 


Show that B is a subalgebra of M2(Z2). Moreover, show that B is a field 
with four elements. 

(b) Find all 2-dimensional Z2-algebras, up to isomorphism. (Hint: there are 
three different algebras.) 


This exercise shows that every finite-dimensional algebra is isomorphic to a 
subalgebra of some matrix algebra. Assume A is an n-dimensional algebra 
over a field K. 


(a) Fora ¢€ A, define the map /,g : A > A, g(x) = ax. 


(i) Show that J, is K-linear, hence is an element of Endx (A). 
Gi) Show that lag+p5 = Ala + wl ford, uw € K anda,be A. 
(iii) Show that Jay = Ig o lp fora, b € A. 


(b) By part (a), the map w : A > Endx(A), where w(a) = lg, is an algebra 
homomorphism. Show that it is injective. 

(c) Fix a K-basis of A and write each J, as a matrix with respect to such a 
fixed basis. Deduce that A is isomorphic to a subalgebra of M,(K). 

(d) Let Q be the quiver 1 <~— 2, so that the path algebra KQ is 3- 
dimensional. Identify K Q with a subalgebra of M3(K). 


Chapter 2 ® 
Modules and Representations ce 


Representation theory studies how algebras can act on vector spaces. The 
fundamental notion is that of a module, or equivalently (as we shall see), that 
of a representation. Perhaps the most elementary way to think of modules is to view 
them as generalizations of vector spaces, where the role of scalars is played by 
elements in an algebra, or more generally, in a ring. 


2.1 Definition and Examples 


A vector space over a field K is an abelian group V together with a scalar 
multiplication K x V — V, satisfying the usual axioms. If one replaces the field K 
by aring R, then one gets the notion of an R-module. Although we mainly deal with 
algebras over fields in this book, we slightly broaden the perspective in this chapter 
by defining modules over rings. We always assume that rings contain an identity 
element. 


Definition 2.1. Let R be a ring with identity element 1p. A left R-module (or just 
R-module) is an abelian group (M, +) together with a map 


RxM—->M, (,m)hr-m 


such that for all r,s € R and all m,n € M we have 


G) r®+s)-m=r-m+s-m; 
Gi) r-(m+n)=r-m+r-n; 
(ili) r- (s-m) = (rs)-m; 

(iv) lr-m=m. 
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Exercise 2.1. Let R be a ring (with zero element Op and identity element 1p) and 
M an R-module with zero element 0jy. Show that the following holds for allr € R 
andm € M: 


(i) OrR- m= 0m; 
Gi) r- Ov = 0m; 
Gi) —(r-m) = (-r)-m=r- (—m), in particular —m = (—1p)-m. 


Remark 2.2. Completely analogous to Definition 2.1 one can define right 
R-modules, using a map M x R —> M, (m,r) t m-.-r. When the ring R 
is not commutative the behaviour of left modules and of right modules can be 
different; for an illustration see Exercise 2.22. We will consider only left modules, 
since we are mostly interested in the case when the ring is a K-algebra, and scalars 
are usually written to the left. 


Before dealing with elementary properties of modules we consider a few 
examples. 


Example 2.3. 


(1) When R = K is a field, then R-modules are exactly the same as K -vector 
spaces. Thus, modules are a true generalization of the concept of a vector space. 

(2) Let R = Z, the ring of integers. Then every abelian group can be viewed as 
a Z-module: If n > 1 then n - a is set to be the sum of n copies of a, and 
(—n)-a := —(n-a), and 0z-a = O. With this, conditions (i) to (iv) in 
Definition 2.1 hold in any abelian group. 

(3) Let R be a ring (with 1). Then every left ideal J of R is an R-module, with 
R-action given by ring multiplication. First, as a left ideal, (7, +) is an abelian 
group. The properties (i)—(iv) hold even for arbitrary elements in R. 

(4) A very important special case of (3) is that every ring R is an R-module, with 
action given by ring multiplication. 


(5) Suppose M,,..., M, are R-modules. Then the cartesian product 


wm 


M, x... My := {(m,...,mn) | mi € Mi} 


is an R-module if one defines the addition and the action of R componentwise, 
so that 


r-(m,...,Mn):= (rmj,...,rmy,) forr € Randm; € Mj. 


The module axioms follow immediately from the fact that they hold in 
M,,..., My. 


We will almost always study modules when the ring is a K-algebra A. In this 
case, there is a range of important types of A-modules, which we will now introduce. 
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Example 2.4. Let K be a field. 


(1) If A is a subalgebra of the algebra of n x n-matrices M,,(K), or a subalgebra of 


the algebra Endx (V) of K-linear maps on a vector space V (see Example 1.3), 
then A has a natural module, which we will now describe. 


(i) Let A be a subalgebra of M,(K), and let V = K", the space of column 
vectors, that is, of m x 1-matrices. By properties of matrix multiplication, 
multiplying an n x n-matrix by an n x |-matrix gives ann x 1-matrix, 
and this satisfies axioms (i) to (iv). Hence V is an A-module, the natural 
A-module. Here A could be all of M;,(K), or the algebra of upper triangular 
n X n-matrices, or any other subalgebra of M,(K). 

(ii) Let V be a vector space over the field K. Assume that A is a subalgebra of 
the algebra Endx (V) of all K-linear maps on V (see Example 1.3). Then 
V becomes an A-module, where the action of A is just applying the linear 
maps to the vectors, that is, we set 


AxVoV,@,vUh @g-U:= QV). 
To check the axioms, let g, w € A and v, w € V, then we have 
Qty) v= H+) =) + YW) =g-v+yp-v 
by the definition of the sum of two maps, and similarly 
g-(Utw)=9U+w) =e) + ow) =9-0+9-wW 
since g is K-linear. Moreover, 
ge: (vv) =9(W(r)) = GY) -v 


since the multiplication in Endx (V) is given by composition of maps, and 
clearly we have 14 - v = idy(v) = v. 


(2) Let A = KQ be the path algebra of a quiver Q. For a fixed vertex i, let M be 


(3 


) 


the span of all paths in Q starting ati. Then M = Ae;, which is a left ideal of 
A and hence is an A-module (see Example 2.3). 

Let A = KG be the group algebra of a group G. The trivial K G-module has 
underlying vector space K, and the action of A is defined by 


g-x=x forallg @GandxeK 


and extended linearly to the entire group algebra K G. The module axioms are 
trivially satisfied. 
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(4) Let B be an algebra and A a subalgebra of B. Then every B-module M can 
be viewed as an A-module with respect to the given action. The axioms are 
then satisfied since they even hold for elements in the larger algebra B. We 
have already used this, when describing the natural module for subalgebras of 
M,(K), or of Endx (V). 

Let A, B be K-algebras and suppose g : A —> B is a K-algebra homomor- 
phism. If M is a B-module, then M also becomes an A-module by setting 


(5 


wm 


AxM-—M, (a,m)ha-m:=o(a)m 


where on the right we use the given B-module structure on M. It is straightfor- 
ward to check the module axioms. 


Exercise 2.2. Explain briefly why example (4) is a special case of example (5). 


We will almost always focus on the case when the ring is an algebra over a field 
K. However, for some of the general properties it is convenient to see these for rings. 
In this chapter we will write R and M if we are working with an R-module for a 
general ring, and we will write A and V if we are working with an A-module where 
A is a K-algebra. 

Assume A is a K-algebra, then we have the following important observation, 
namely all A-modules are automatically vector spaces. 


Lemma 2.5. Let K be a field and A a K-algebra. Then every A-module V is a 
K-vector space. 


Proof. Recall from Remark 1.2 that we view K as a subset of A, by identifying 
A € K with Al, € A. Restricting the action of A on V givesusamap K x V > V. 
The module axioms (i)—-(iv) from Definition 2.1 are then just the K-vector space 
axioms for V. oO 


Remark 2.6. Let A bea K-algebra. To simplify the construction of A-modules, or to 
check the axioms, it is usually enough to deal with elements of a fixed K -basis of A, 
recall Remark 1.4. Sometimes one can simplify further. For example if A = K[X], 
it has basis X" forr > 1. Because of axiom (iii) in Definition 2.1 it suffices to define 
and to check the action of X as this already determines the action of arbitrary basis 
elements. 

Similarly, since an A-module V is always a K -vector space, it is often convenient 
(and enough) to define actions on a K-basis of V and also check axioms using a 
basis. 
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2.2 Modules for Polynomial Algebras 


In this section we will completely describe the modules for algebras of the form 
K[X]/(f) where f € K[X] is a polynomial. We first recall the situation for the 
case f = 0, that is, modules for the polynomial algebra K[X]. 


Definition 2.7. Let K be a field and V a K-vector space. For any K-linear map 
a: V — V wecan use this and turn V into a K[X]-module by setting 


g-v:= g(a)(v) = Y> dia! (v) (for g = Sax! € K[X]andv € V). 


Here a! = wo...oa is the i-fold composition of maps. We denote this K [X ]-module 
by Vy. 


Checking the module axioms (i)—(iv) from Definition 2.1 is straightforward. For 
example, consider condition (iii), 


g:(h-v) = g(a)(h- v) = g(@)(A(a)(v)) = ((gh)(a))(v) = (gh) - v. 


Verifying the other axioms is similar and is left as an exercise. Note that, to define 
a K[X]-module structure on a vector space, one only has to specify the action of X, 
see Remark 2.6. 


Example 2.8. Let K = R, and take V = R?, the space of column vectors. Let 
a:V— V be the linear map with matrix 


01 
00 
with respect to the standard basis of unit vectors of R?. According to Definition 2.7, 


V becomes a module for R[X] by setting X -v := a(v). Here a? = 0, so if 
& => AIX ‘ € R[X] is a general polynomial then 


g-v=g(a)(v) = S> iar! (v) =Agu+aja(v). 


l 


The definition of Vy is more than just an example. We will now show that every 
K[X]-module is equal to V, for some K-linear map a. 


Proposition 2.9. Let K be a field and let V be a K{X]-module. Then V = Vg, 
where a: V — V is the K-linear map given by a(v) := X-v forve V. 
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Proof. We first want to show that the map a defined in the statement is K-linear. In 
fact, for every A, 4 € K andv, w € V we have 


a(aAu + pw) = X-(Av+pw) = X- Av) + X- (uw) 
=X-(lxix):v) + X- (ul xpx]: w) 
= (XAl Kix) ¥ + (Xu 1 xx) w 
= Al kpx]X)-v + (ul xp) X) - w 
= A(X -v) + W(X + w) = Aa(v) + paw). 


To prove that V = Vj, it remains to check that for any polynomial g € K[X] we 
have g-v = g(a)(v). In fact, by induction on r one sees that X" - v = a’ (v) for 
each r, and then one uses linearity to prove the claim. Oo 


The following result relates K[X]-modules with modules for factor algebras 
K[X]/I. This is important since for J # 0, these factor algebras are finite- 
dimensional, and many finite-dimensional algebras occuring ‘in nature’ are of this 
form. Therefore, this result will be applied many times throughout the book. Recall 
from basic algebra that K[X] is a principal ideal domain, so that every ideal of 
K[X] can be generated by one element. Consider now an ideal of K[X] of the form 
(f) = K[X]f for some polynomial f € K[X]. We assume that f has positive 
degree, to ensure that K[X]/(/) is an algebra (that is, contains a non-zero identity 
element). 


Theorem 2.10. Let K bea field and f € K[X]anon-constant polynomial, and let 
A be the factor algebra A = K[X]/(f). Then there is a bijection between the set of 
A-modules and the set of those K[X]-modules Vy which satisfy f (a) = 0. 


Proof. We set I = (f). Suppose first that V is an A-module. Then we can view V 
as a module for K[X] by setting 


g-v=(g+/)-v forallv € V andg € K[X]. 
(Note that this is a special case of Example 2.4, for the algebra homomorphism 


K[X] > A,g bh g+ TI.) Then as a K[X]-module, V = Vy, where a is the linear 
map ut+> X - v, by Proposition 2.9. It follows that for every v € V we have 


f@ wv) =f-v=(f+D-v=0-v=0 
since f € J, thatis, f(a) = 0, as desired. 


Conversely, consider a K[X]-module V, where f(a) = 0. Then we view Vy as 
a module for A, by setting 


(g+J/)-v:= g(a)(v) forall g e K[X] andve V. 
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This is well-defined, that is, independent of the representatives of the cosets: if 
g+I=h-+TI then g—h €/ = (f) and thus g —h = pf for some polynomial 
p € K[X]. Therefore (g — h)(a) = (pf)(a@) = p(a) f (a) = 0 by assumption, and 
hence g(a) = h(a). Finally, one checks that the above action satisfies the module 
axioms from Definition 2.1. 

Since we only changed the point of view, and did not do anything to the vector 
space and the action as such, the two constructions above are inverse to each other 
and hence give bijections as claimed in the theorem. Oo 


Example 2.11, Let K bea field. 


(1) Consider the K-algebras K[X]/(X”), where n € N. By Theorem 2.10, the 
K[X]/(X”)-modules are in bijection with those K[X]-modules Vy such that 
a” = 0. In particular, the 1-dimensional K[X]/(X”)-modules correspond to 
scalars a € K such that a” = 0. But for every field K this has only one 
solution a = O, that is, there is precisely one 1-dimensional K[X]/(X”)- 
module Vo = span{v} with zero action X - v = 0. Note that this is independent 
of the field K. 
Let A = K[X]/(X”" — 1), where n > 1. By Theorem 2.10, we have that 
A-modules are in bijection with the K[X]-modules V, such that w” = idy. 
In particular, a 1-dimensional A-module is given by the K[X]-modules Vy, 
where V = span{v} = K is a 1-dimensional vector space anda : K > K 
satisfies w” = idx. That is, a € K is ann-th root of unity. Hence the number of 
1-dimensional A-modules depends on how many n-th roots of unity K contains. 

When K = C, we have n possibilities, namely a = (e27t/ "J for 
jJ=0,1,...,.1-1. 

Assume K = R, then we only get one or two 1-dimensonal A-modules. If n 
is even then aw = | or —1, and ifn is odd we only have a = 1. 
In general, the K-algebra K[X]/(/) has a 1-dimensional module if and only if 
the polynomial f has a root in K. So, for example, R[X]/(X? + 1) does not 
have a 1-dimensional module. 
(4) Let C, be a cyclic group of order n. We have seen in Example 1.27 that the 

group algebra K C,, is isomorphic to the factor algebra K [X]/(X” — 1). So we 
get information on KC, from example (2). 
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2.3 Submodules and Factor Modules 


In analogy to the vector space constructions, we expect there to be ‘submodules’ 
and ‘factor modules’ of R-modules. A submodule of an R-module M will be a 
subset U of M which itself is a module with the operations inherited from M. If so, 
then one can turn the factor group M/U into an R-module. 
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Definition 2.12. Let R be a ring and let M be some R-module. An R-submodule U 
of M is a subgroup (U, +) which is closed under the action of R, that is, r-u € U 
forallr € Randu € U. 


Example 2.13. 


(1) Let R = K be a field. Then K-modules are just K-vector spaces, and 
K-submodules are just K -subspaces. 

(2) Let R = Z be the ring of integers. Then Z-modules are nothing but abelian 
groups, and Z-submodules are just (abelian) subgroups. 

(3) Let R be a ring, considered as an R-module, with action given by ring 
multiplication. Then the R-submodules of R are precisely the left ideals of R. 

(4) Every R-module M has the trivial submodules {0} and M. We often just write 
0 for the trivial submodule consisting only of the zero element. 

(5) Let R be aring and M an R-module. For every m € M the subset 


Rm := {r-m|re€ R} 


is an R-submodule of M, the submodule generated by m. 

(6) Assume M is an R-module, and U, V are R-submodules of M. Then the inter- 
section U ™ V is a_ submodule of M. _ Furthermore, let 
U+V:={u+vl|ueUu,veV}. Then U + V isasubmodule of M. 


Exercise 2.3. Prove the statements in Example 2.13 (6). 
For modules of K-algebras, we have some specific examples of submodules. 
Example 2.14. Let K be a field. 


(1) Assume A = K[X]. We consider submodules of an A-module Vy. Recall V 
is a vector space, and q@ is a linear transformation of V, and the action of A is 
given by 


g-v=g(a)(v) VE V, ge K[X)). 


Then an A-submodule of Vy is the same as a subspace U of V such that 
a(U) C U. For example, the kernel U = ker(q@), and the image U = im(q@), 
are A-submodules of Vy. 

Consider the matrix algebra M,,(K), and let K” be the natural A-module, see 
Example 2.4. We claim that the only M,,(K)-submodules of K” are the trivial 
submodules 0 and K”. In fact, let UV C K” be a non-zero M, (K )-submodule, 
then there is some u = (u1,...,Un)' € U \ {0}, say uj # 0 for some j. For 
every i ¢€ {1,...,m} consider the matrix unit E;; ¢ M,(K) with entry 1 at 
position (i, 7) and 0 otherwise. Then (u ;)~ : Fj; -u is the ith unit vector and it is 
in U since U is an M,,(K )-submodule. So U contains all unit vectors and hence 
U = K", as claimed. 
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(3) Let A = T,,(K), the algebra of upper triangular matrices. We can also consider 
K" as an A-module. Then K” has non-trivial submodules, for example there is a 
1-dimensional submodule, spanned by (1, 0, ... , 0)’. Exercise 2.14 determines 
all T,,(K)-submodules of K”. 

(4) Let Q be a quiver and A = KQ, the path algebra of Q. For any r > 1, let 

A=" be the subspace of A spanned by paths of length > r. Then A=" is a 

submodule of the A-module A. We have seen Ae; if i is a vertex of Q, this is also 

a submodule of A. Then we also have the submodule (Ae;)=" := Ae; N A=", 

by Example 2.13. 

Consider the 2-dimensional R-algebra Ag = span{l ay, b} with b? = 0 as 

in Sect. 1.4, as an A-module. The ee subspace spanned by 3b is 

an Ag-submodule of Ao. Alternatively, Ag = R[X]/ X]/(X?) and the subspace 

span{X + (X?)} is an R[X X]/(X?)- submodule of ae X]/(X?). 

On the other hand, consider the algebra A; = span{la,, b} with b? = 1,, in 
the same section, then the subspace spanned by b is not a submodule. But the 
space spanned by b=14 , is asubmodule. Alternatively, Ay = R[X]/(X al) 
here the subspace U; := span{X + (X a= 1)} is not a submodule since 
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X-(X+(-))=14+?-)¢U, 
but the subspace U2 := span{X — 1+ (x? — 1)} is asubmodule since 
et a1 SH) Ss SF ee eS he. 


Exercise 2.4. Let A = R[X]/(X?+ 1) (which is the algebra A_ in Sect. 1.4). Why 
does A as an A-module not have any submodules except 0 and A? 


Sometimes a module can be broken up into ‘smaller pieces’; the fundamental 
notion for such phenomena is that of the direct sum of submodules. Very often we 
will only need finite direct sums, but when dealing with semisimple modules we 
will also need arbitrary direct sums. For clarity, we will give the definition in both 
situations separately. 


Definition 2.15. Let R be a ring and let M be an R-module. 


(a) Let U;, U2,..., U; be R-submodules of M. We say that M is the direct sum of 
U,,..., U;, denoted M = U; 8 U2... @ U;, if the following two conditions 
are satisfied: 


Gg) M=U,+U2+4+...+ U;, that is, every element of M can be expressed as 
a sum of elements from the submodules Uj. 
(ii) For every j with 1 < j < t we have U; 1 Vidi U; = 0. 
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(b) We say that M is the direct sum of a family (U;)j<; of R-submodules (where J is 
an arbitrary index set), denoted M = Dic , Uj, if the following two conditions 
are satisfied: 


(i) M = >°j,, Ui, that is, every element of M can be expressed as a finite sum 
of elements from the submodules U;. 
(ii) For every j € J we have Uj Q);,; Ui = 0. 


Remark 2.16. 


(1) When the ring is a K-algebra A, conditions (i) and (ii) in the above definition 
state that M is, as a vector space, the direct sum of the subspaces Uj, ..., U; (or 
U; wherei € J). One should keep in mind that each U; must be an A-submodule 
of M. 

Note that for R = K a field, every K-module (that is, K-vector space) 
can be decomposed as a direct sum of |-dimensional K-submodules (that is, 
K-subspaces); this is just another formulation of the fact that every K-vector 
space has a basis. 
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Given an algebra A, expressing A as an A-module as a direct sum of submodules 
has numerous applications, we will see this later. The following exercises are 
examples. 


Exercise 2.5. Let A = M,,(K), the algebra of n x n-matrices over a field K, 
considered as an A-module. For any i € {1,...,} we define C; C A to be the set 
of matrices which are zero outside the i-th column. Show that C; is an A-submodule 
of A, and that 


A=C} @O2.6...0C, 


is a direct sum of these submodules. 


Exercise 2.6. Let A = K Q, the path algebra of some quiver. Suppose the vertices of 
Q are 1,2,...,. Recall that the trivial paths e; € K Q are orthogonal idempotents 
(that is, er = ej and eje; = Ofori ¥ j), and that ej +e2 +... +, = 14. Show 
that as an A-module, A = Ae; ® Aer ®... ® Aen, the direct sum of A-submodules. 


Recall that we have seen direct products of finitely many modules for a ring (in 
Example 2.3). These products are necessary to construct a new module from given 
modules, which may not be related in any way. We will later need arbitrary direct 
products, and also some important submodules therein. 


Definition 2.17. Let R be a ring and let (M;)j<7 be a family of R-modules, where 
I is some index set. 


(a) The cartesian product 


] [44 = {Oniier | mi € Mj for alli € 7} 


iel 
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becomes an R-module with componentwise addition and R-action. This 
R-module is called the direct product of the family (M;)ice; of R-modules. 


(b) The subset 


@ Mi = {(m))ie |m; € M; for alli ¢€ J, only finitely many m; non-zero} 
iel 


is an R-submodule of the direct product Tl < Mj, called the direct sum of the 
family (M;)jc; of R-modules. 


Note that we now have two notions of a direct sum. In Definition 2.15 it is 
assumed that in M = Die , U; the U; are submodules of the given R-module M, 
whereas in Definition 2.17 the modules M; in Die , M; are not related and a priori 
are not contained in some given module. (Some books distinguish between these 
two constructions, calling them an ‘internal’ and ‘external’ direct sum.) 

We now come to the important construction of factor modules. Suppose U is a 
submodule of an R-module M, then one knows from basic algebra that the cosets 


M/U :={m+U|meM} 


form an abelian group, with addition (m+ U)+(n+U)=m-+n-+U. In the case, 
when M is an R-module and U is an R-submodule, this is actually an R-module in 
a natural way. 


Proposition 2.18. Let R be a ring, let M be an R-module and U an R-submodule 
of M. Then the cosets M/U form an R-module if one defines 


r-(m+U):=rm+U forallr € Randme M. 


This module is called the factor module of M modulo U. 


Proof. One has to check that the R-action is well-defined, that is, independent 
of the choice of representatives. If m + U = m'+ U then m—m’ € U and 
then also rm — rm’! = r(m — m’) € U since U is an R-submodule. Therefore 
rm+U =rm’ + U. Finally, the module axioms are inherited from those for M. 0 


Example 2.19. 


(1) Let R be aring and J some left ideal of R, then R/J is a factor module of the 
R-module R. For example, if R = Z then every ideal is of the form J = Zd for 
d € Z, and this gives the well-known Z-modules Z/Zd of integers modulo d. 

(2) Let A = KQ, the path algebra of a quiver Q, and let M = Ae; where i is a 
vertex of Q. This has the submodule (Ae;)2! = Ae;M A=! (see Example 2.14). 
The factor module Ae; / (Ae;)2! is 1-dimensional, spanned by the coset of e;. 
Note that Ae; may be infinite-dimensional. 
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We have introduced modules as a generalization of vector spaces. In this section 
we introduce the suitable maps between modules; these ‘module homomorphisms’ 
provide a direct generalization of the concept of a K-linear map of vector spaces. 


Definition 2.20. Suppose R is a ring, and M and N are R-modules. A map 
@: M — N isan R-module homomorphism if for allm,m,,m2 € M andr € R 
we have 


(i) d(my + m2) = d(m) + d(mg); 
Gi) d(rm) = rd(m). 


An isomorphism of R-modules is an R-module homomorphism which is also 
bijective. The R-modules M and N are then called isomorphic; notation: M = N. 
Note that if ¢ is an isomorphism of modules then so is the inverse map; the proof is 
analogous to Exercise 1.14. 


Remark 2.21. Assume that the ring in Definition 2.20 is a K-algebra A (for some 
field K). 


(1) The above definition also says that every A-module homomorphism ¢ must be 
K-linear. Indeed, recall that we identified scalars X € K with elements 41,4 in 
A. Then we have for 2, ~ € K and m,, mz € M that 


pam, + wm2) = (Ala) + (u14)m2) 
= (Ala)p(m1) + (ula) o(m2) 
= hd(m1) + nb(m2). 
(2) It suffices to check condition (ii) in Definition 2.20 for elements r € A ina 


fixed basis, or just for elements which generate A, such as r = X in the case 
when A = K[X]. 


Exercise 2.7. Suppose V is an A-module where A is a K-algebra. Let End4(V) be 
the set of all A-module homomorphisms V — V, which is by Remark 2.21 a subset 
of Endx (V). Check that it is a K-subalgebra. 


Example 2.22. Let R be aring. 


(1) Suppose U is a submodule of an R-module M, then the ‘canonical map’ 
mz: M — M/U defined by z(m) = m + U is an R-module homomorphism. 

(2) Suppose M is an R-module, and m ¢ M. Then there is an R-module 
homomorphism 


@:R—>M, o(r)=rm. 
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This is very common, and we call it a ‘multiplication homomorphism’. There is 
a general version of this, also very common. Namely, suppose m1, m2,..., Mn 
are given elements in M. Now take the R-module R” := Rx Rx... x R, and 
define 


w:iR" SM, W(r,9ro,---.fn) = rim, +ream2 +... + rymy. 


You are encouraged to check that this is indeed an R-module homomorphism. 


Suppose M = M, x ... x M,, the direct product of R-modules M,,..., M,. 
Then for every i € {1,..., r} the projection map 
Tj :Ma> M; ; (m1,...,My;) > mj 


is an R-module homomorphism. Similarly, the inclusion maps into the i-th 
coordinate 


i:M,>M, mb (0,...,0,m;,0,...,0) 


are R-module homomorphisms. We recommend to check this as well. 
Similarly, if M = U @ V, the direct sum of two submodules U and V, then 
the projection maps, and the inclusion maps, are R-module homomorphisms. 


Now consider the case when the ring is an algebra, then we have several other 


types of module homomorphisms. 


Example 2.23. Let K be a field. 


(1) Consider the polynomial algebra A = K[X]. For a K-linear map between 


a 


a 


A-modules to be an A-module homomorphism it suffices that it commutes 
with the action of X. We have described the A-modules (see Sect. 2.2), so let 
Vy and Wg be A-modules. An A-module homomorphism is a K-linear map 
6: V — W such that 0(Xv) = X6(v) for all v € V. On Vg, the element X 
acts by a, and on Wg, the action of X is given by f. So this means 


O(a(v)) = B(O(v)) forall v € V. 


This holds for all v, so we have 0 oa = Bo. 

Conversely, if 6 : V — W isa linear map such that@ oa = 6 0 @, then 
@ defines a module homomorphism. In particular, Vy = Wg are isomorphic 
A-modules if and only if there is an invertible linear map 6 such that 
6-! 0 Bo@ =a. This condition means that w and £ are similar as linear maps. 
Let A = K[X] and let Vy, Wg be 1-dimensional A-modules. In this case, w and 
B are scalar multiples of the identity map. Then by the previous result, Va and 
Ws are isomorphic if and only if ~@ = f. This follows from the fact that, since 
B is a scalar multiple of the identity map, it commutes with 6. 


42 2 Modules and Representations 


(3) Let G = C, be acyclic group of order n. Then we have seen in Example 2.11 
that the group algebra CG = C[X]/(X” — 1) has n one-dimensional modules 
given by multiplication with the scalars (e7”'/")/ for j = 0, 1,...,n—1. These 
are pairwise non-isomorphic, by part (2) above. Thus, CG has precisely n one- 
dimensional modules, up to isomorphism. 


Exercise 2.8. Let A = K Q, where Q is a quiver. We have seen that A has for each 
vertex i of Q a 1-dimensional module S$; := Ae; /(Ae;)=! (see Example 2.19). Show 
that if i # j then S; and S; are not isomorphic. 


In analogy to the isomorphism theorem for linear maps, or group homomor- 
phisms, there are also isomorphism theorems for module homomorphisms. 


Theorem 2.24 (Isomorphism Theorems). Let R be a ring. Then the following 
hold. 


(a) Suppose 6 : M — N is an R-module homomorphism. Then the kernel ker(@) is 
an R-submodule of M and the image im(@) is an R-submodule of N. Moreover, 
we have an isomorphism of R-modules 


M/ker(@) = im(@). 


(b) Suppose U, V are submodules of an R-module M, then the sum U + V and the 
intersection U \ V are also R-submodules of M. Moreover, 


CU AVISU Ss Viv 


are isomorphic as R-modules. 
(c) Let M be an R-module. Suppose U © V © M are R-submodules, then V/U is 
an R-submodule of M/U, and 


(M/U)/(V/U) = M/V 


are isomorphic as R-modules. 


Proof. Readers who have seen the corresponding theorem for abelian groups may 
apply this, and just check that all maps involved are R-module homomorphisms. 
But for completeness, we give a slightly more detailed proof here. 

(a) Since ¢ is in particular a homomorphism of (abelian) groups, we know (or can 
easily check) that ker(@) is a subgroup of M. Moreover, for every m € ker(@) and 
r € R we have 


(rm) =r¢(m) =r -0=0 


2.4 Module Homomorphisms 43 


and rm € ker(@). Similarly one checks that the image im(@) is a submodule of N. 
For the second statement we consider the map 


w : M/ker(d) > im(¢), m+ ker(d) + h(m). 
This map is well-defined and injective: in fact, for any m1, m2 € M we have 
m, + ker(d) = mz + ker(d) => m, — m2 € ker(d) —> O(m)) = O(m?). 


By definition, y is surjective. It remains to check that this map is an R-module 
homomorphism. For every m,,m2,m € M andr € R we have 


y(n + ker(@)) + (m2 + ker(P))) = b(m1 + m2) = H(m1) + G(2) 
= W(m + ker(p)) + Y(m2 + ker(p)), 


and 


y(r(m + ker(p))) = (rm) = ro(m) = rpm + ker@)). 


(b) We have already seen in Example 2.13 that U + V and UN V are submodules. 
Then we consider the map 


w:U>(U+4+V)/V,urutV. 
From the addition and R-action on factor modules being defined on representatives, 
it is easy to check that w is an R-module homomorphism. Since every coset in 


(U+V)/V is of the formu +v+V=u-+V, the map w is surjective. Moreover, 
it follows directly from the definition that ker(w) = UM V. So part (a) implies that 


UMUNV) = (U+V)/V. 


(c) That V/U is an R-submodule of M/U follows directly from the fact that V is 
an R-submodule of M. We then consider the map 


w:M/U—> M/V,m4+Unrm+V. 
Note that this map is well-defined since U C V by assumption. One checks that yw is 
an R-module homomorphism. By definition, w is surjective, and the kernel consists 
precisely of the cosets of the form m + U with m ¢€ V, that is, kerr) = V/U. So 
part (a) implies that 


(M/U)/(V/U) = M/V, 


as claimed. oO 
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Example 2.25. Let R be a ring and M an R-module. For any m € M consider the 
R-module homomorphism 


@:R—-M, dr) =rm 
from Example 2.22. The kernel 
Anna(m) := {r € R| rm = 0} 
is called the annihilator of m in R. By the isomorphism theorem we have that 
R/Annr(m) = im(¢) = Rm, 
that is, the factor module is actually isomorphic to the submodule of M generated 


by m; this has appeared already in Example 2.13. 


In the isomorphism theorem we have seen that factor modules occur very natu- 
rally in the context of module homomorphisms. We now describe the submodules 
of a factor module. This so-called submodule correspondence is very useful, as it 
allows one to translate between factor modules and modules. This is based on the 
following observation: 


Proposition 2.26. Let R be a ring and ¢ : M > N an R-module homomorphism. 
Then for every R-submodule W C N the preimage @—'(W) := {mé M|¢(m) € W} 
is an R-submodule of M, which contains the kernel of $. 


Proof. We first show that ¢~!(W) is a subgroup. It contains the zero element since 
(0) = 0 € W. Moreover, if m1, m2 € @~!(W), then 


p(m, £m2) = (m1) £ (m2) € W 


since W is a subgroup of N, that is, m; + m2 € o-!(W). Finally, let r € R and 
me ob !(W). Then ¢d(rm) = rd(m) € W since W is an R-submodule, that is, 
rm € @~|(W). The kernel of ¢ is mapped to zero, and 0 € W, hence the kernel of 
¢ is contained in @~!(W). ia 


Example 2.27. Let R be a ring and M an R-module, and let U be a submod- 
ule of M with factor module M/U. Then we have the natural homomorphism 
mz: M —> M/U, x(m) = m-+U. Proposition 2.26 with ¢ = m shows that for 
every submodule W of M/U, the preimage under z is a submodule of M containing 
U. Explicitly, this is the module 


W:=2'(W) ={meM|m+U EW}. 
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This construction leads to the following submodule correspondence: 


Theorem 2.28. Let R be a ring. Suppose M is an R-module and U is an R- 
submodule of M. Then the map W +> W induces a bijection, inclusion preserving, 
between the set F of R-submodules of M/U and the set S of R-submodules of M 
that contain U. Its inverse takes V inS to V/U € F. 


Proof. If W is asubmodule of M/U then W belongs to the set S, by Example 2.27. 
Take a module V which belongs to S, then V/U is in F, by part (c) of Theorem 2.24. 
To show that this gives a bijection, we must check that 


(i) if W isin F then W/U = W, 
(ii) if V isin S then (V/U) = V. 


To prove (1), let m € Ww, then by definition m + U eé€ W so that W/U CW. 
Conversely if w € W then w = m+ U for some m € M. Then m e W and 
therefore w € W /U. 

To prove (ii), note that (V/U) = {m € M | m+U € V/U}. First, let 
me (V/U), that is, m + U e V/U. Thenm+U =v+U for some v € V, 
and therefore m — v € U. But U C V and therefore m —v € V, and it follows 
that m = (m — v) + v € V. This shows that (V/U) C V. Secondly, if v € V then 
v+U €V/U, so that vu € (V/U). This completes the proof of (ii). It is clear from 
the constructions that they preserve inclusions. Oo 


Example 2.29. For a field K, we consider the K-algebra A = K[X]/(X”) as an 
A-module. We apply Theorem 2.28 in the case R = M = K[X] and U = (X"); 
then the K[X]-submodules of A are in bijection with the K[X]-submodules of 
K[X] containing the ideal (X”). The K[X]-submodules of K[X] are precisely 
the (left) ideals. Since K[X] is a principal ideal domain every ideal is of the 
form (g) = K[X]g for some polynomial g € K[X]; moreover, (g) contains the 
ideal (X”) if and only if g divides X”. Hence there are precisely n + 1 different 
K[X]-submodules of A = K[X]/(X”), namely all 


(X/)/(X") = {Xb + (X") [he K[X]} O< j <n). 


Note that the K[X]-action on A is the same as the A-action on A (both given 
by multiplication in K[X]); thus the K[X]-submodules of A are the same as the 
A-submodules of A and the above list gives precisely the submodules of A as an 
A-module. 

Alternatively, we know that as a K[X]-module, A = Vy, where V = A 
as a vector space, and @ is the linear map which is given as multipli- 
cation by X (see Sect. 2.2). The matrix of a with respect to the basis 
{1 + (X"), X + (X"), 2.2, X72 + (X"), X"—! + (X")} is the Jordan block J, (0) 
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of size n with zero diagonal entries, that is, 


00...... 0 

10 

Jn(O) = O°: 
0 0 
0...0 10 


A submodule is a subspace which is invariant under this matrix. With this, we also 
get the above description of submodules. 


Exercise 2.9. Check the details in the above example. 


Often, properties of module homomorphisms already give rise to direct sum 
decompositions. We give an illustration of this, which will actually be applied twice 
later. 


Lemma 2.30. Let A be a K-algebra, and let M, N, N' be non-zero A-modules. 
Suppose there are A-module homomorphisms j : N — M anda : M — N’' such 
that the composition x 0 j : N — N' is an isomorphism. Then j is injective and x 
is surjective, and M is the direct sum of two submodules, 


M = im(/) @ ker(z). 


Proof. The first part is clear. We must show that im(j) M ker(z) = O and that 
M = im(j) + ker(z), see Definition 2.15. 

Suppose w € im(j) M ker(zr), so that w = j(n) for somen € N and z(w) = 0. 
Then 0 = z(w) = (7 0 j)(n) from which it follows that n = 0 since z 0 j is 
injective. Clearly, then also w = O, as desired. This proves that the intersection 
im(j) M ker(z) is zero. 

Let 6: N’ + N be the inverse of z 0 j, so that we have 2 0 j od = idy. Take 
w € M then 


w= (jogom)(w) + (w—(jogor)(w)). 
The first summand belongs to im(j), and the second summand is in ker(zr) since 
m(w—(jopor)(w)) =1(w)— (wo jopon)(w) =1(w) — m(w) = 0. 


This proves that w € im(j) + ker(z), and hence M = im(j) + ker(z). oO 
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2.5 Representations of Algebras 


In basic group theory one learns that a group action of a group G on a set & is ‘the 
same’ as a group homomorphism from G into the group of all permutations of the 
set Q. 

In analogy, let A be a K-algebra; as we will see, an A-module V ‘is the same’ as 
an algebra homomorphism ¢ : A — Endx (V), that is, a representation of A. 


Definition 2.31. Let K bea field and A a K-algebra. 


(a) A representation of A over K is a K-vector space V together with a K-algebra 
homomorphism 6 : A — Endx(V). 

(b) A matrix representation of A is a K-algebrahomomorphism 0 : A —> M,,(K), 
forsomen > 1. 

(c) Suppose in (a) that V is finite-dimensional. We may fix a basis in V and 
write linear maps of V as matrices with respect to such a basis. Then the 
representation of A becomes a K-algebra homomorphism 0 : A > M,,(K), 
that is, a matrix representation of A. 


Example 2.32. Let K bea field. 


(1) Let A be a K-subalgebra of M,(K), the algebra of n x n-matrices, then the 
inclusion map is an algebra homomorphism and hence is a matrix representation 
of A. Similarly, let A be a subalgebra of the K-algebra Endx (V) of K-linear 
maps on V, where V is a vector space over K. Then the inclusion map from A 
to Endx (V) is an algebra homomorphism, hence it is a representation of A. 
Consider the polynomial algebra K[X], and take a K-vector space V together 
with a fixed linear transformation a. We have seen in Example 1.24 that 
evaluation at a is an algebra homomorphism. Hence we have a representation 
of K[X] given by 


e 


wm 


6: K[X]— Endx(V), 0(f) = f@). 


(3) Let A = KG, the group algebra of a finite group. Define 90: A ~ M|(K) = K 
by mapping each basis vector g € G to 1, and extend to linear combinations. 
This is a representation of A: by Remark 2.6 it is enough to check the conditions 
on a basis. This is easy, since 0(g) = 1 for g € G. 


In Sect. 2.1 we introduced modules for an algebra as vector spaces on which the 
algebra acts by linear transformations. The following crucial result observes that 
modules and representations of an algebra are the same. Going from one notion to 
the other is a formal matter, nothing is ‘done’ to the modules or representations and 
it only describes two different views of the same thing. 


48 2 Modules and Representations 


Theorem 2.33. Let K be a field and let A be a K-algebra. 


(a) Suppose V is an A-module, with A-action A x V — V, (a,v) > a-v. Then 
we have a representation of A given by 


6:A—>Endxk(V), O(a)(v) =a-vforallaec A,ve V. 


(b) Suppose 6 : A — Endx(V) is a representation of A. Then V becomes an 
A-module by setting 


AxV—->V, a-v:=9@(a)(v) forallacA,ve V. 


Roughly speaking, the representation @ corresponding to an A-module V 
describes how each element a € A acts linearly on the vector space V, and vice 
versa. 


Proof. The proof basically consists of translating the module axioms from Defini- 
tion 2.1 to the new language of representations from Definition 2.31, and vice versa. 
(a) We first have to show that 0(a) € Endx(V) for all a € A. Recall from 
Lemma 2.5 that every A-module is also a K-vector space; then for all A, € K 
and v, w € V we have 


O(a)(Av + pw) = O(a)(AlA-v+ pla: w) = (aAla)-v+ (aula) -w 
= A(a-v) + wa: w) = d0(a)(v) + HO(a)(w), 
where we again used axiom (Alg) from Definition 1.1. 


It remains to check that @ is an algebra homomorphism. First, it has to be a 
K-linear map; for any A, uw € K,a,b € Aandv € V we have 


O(Aa + wb)(v) = (Aa + wb)-v = A(a-v) + Wb: v) = (AP(a) + HO(b))(v), 
that is, 0(Aa + wb) = O(a) + wO(b). Next, for any a,b € A andvu € V we get 
O(ab)(v) = (ab)-v =a- (b- v) = (8(a) 0 A(b))(v), 


which holds for all v € V, hence 0(ab) = O(a) 0 0(b). Finally, it is immediate from 
the definition that 9(14) = idy. 

(b) This is analogous to the proof of part (a), where each argument can be 
reversed. Oo 


Example 2.34. Let K be a field. 


(1) Let V be a K-vector space and A C Endx(V) a subalgebra. As observed in 
Example 2.32 the inclusion map 6 : A — End x (V) is a representation. When 
V is interpreted as an A-module we obtain precisely the ‘natural module’ from 
Example 2.4 with A-action given by A x V > V, (g, v) & g(v). 
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(2) The representation 0 : K[X] — Endx(V), 6(f) = f(a) for any K-linear map 
a on a K-vector space V when interpreted as a K[X]-module is precisely the 
K[X]-module V, studied in Sect. 2.2. 

(3) Let A be a K-algebra, then A is an A-module with A-action given by the 
multiplication in A. The corresponding representation of A is then given by 


0: A— Endg(A), 0(a)(x) = ax foralla,x € A. 


This representation 6 is called the regular representation of A. (See also 
Exercise 1.29.) 


We now want to transfer the notion of module isomorphism (see Definition 2.20) 
to the language of representations. It will be convenient to have the following notion: 


Definition 2.35. Let K be a field. Suppose we are given two representations 6), 02 
of a K-algebra A where 6; : A — Endx (Vj) and 62 : A — Endx (V2). Then 6; 
and 62 are said to be equivalent if there is a vector space isomorphism w : V; — V2 
such that 


O(a) = | oO(a)ow forallae A. (x) 


If 0; : A — Mn, (K) and 62 : A — M,,(K) are matrix representations of A, this 
means that 6; (a) and 62(a) should be simultaneously similar, that is, there exists an 
invertible nz x n2-matrix C (independent of a) such that 6;(a) = C —1@5(a)C for all 
a € A. (Note that for equivalent representations the dimensions of the vector spaces 
must agree, that is, we have nj = 2.) 


For example, let A = K[X], and assume Vj, V2 are finite-dimensional. Then (+) 
holds for all a € K[X] if and only if («) holds for a = X, that is, if and only if the 
matrices 6; (X) and 62(X) are similar. 


Proposition 2.36. Let K be a field and A a K-algebra. Then two representations 
0, : A — Endx (V1) and 62 : A > Endx (V2) of A are equivalent if and only if the 
corresponding A-modules V, and V2 are isomorphic. 


Proof. Suppose first that 6; and 62 are equivalent via the vector space isomorphism 
w: Vi — Vo. We claim that y is also an A-module homomorphism (and then it is 
an isomorphism). By definition w : Vj — V2 is K-linear. Moreover, for v € Vj and 
a € A we have 


W(a-v) = WO@()) = 2a) (Wv)) = a- wv). 


Conversely, suppose w : Vj — V2 is an A-module isomorphism. Then for all a € A 
and v € Vj we have 


V(O1(@)(v)) = W(a-v) =a- Hv) = &2(a)(W(V)). 
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This is true for all v € Vj, that is, for all a € A we have 


Y oO\(a) = la)ow 


and hence the representations 6; and 62 are equivalent. Oo 


Focussing on representations (rather than modules) gives some new insight. 
Indeed, an algebra homomorphism has a kernel which quite often is non-trivial. 
Factoring out the kernel, or an ideal contained in the kernel, gives a representation 
of a smaller algebra. 


Lemma 2.37. Let A be a K-algebra, and I a proper two-sided ideal of A, with 
factor algebra A/I. Then the representations of A/I are in bijection with the 
representations of A whose kernel contains I. The bijection takes a representation 
w of A/I to the representation yw om where xm : A — A/I is the natural 
homomorphism. 

Translating this to modules, there is a bijection between the set of A/I-modules 
and the set of those A-modules V for which xv = 0 for allx € Iandve V. 


Proof. We prove the statement about the representations. The second statement then 
follows directly by Theorem 2.33. 

(i) Let y : A/T — Endx(V) be a representation of the factor algebra A/J, then 
the composition yw oa : A — Endx(V) is an algebra homomorphism and hence a 
representation of A. By definition, J = ker(z) and hence J C ker(Wo7z). 

(ii) Conversely, assume 6 : A — Endx(V) is a representation of A such that 
I C ker(@). By Theorem 1.26, we have a well-defined algebra homomorphism 
0: A/I — Endx(V) defined by 


O(a +1) =O(a) (a€ A) 


and moreover 6 = @ oz. Then @ is a representation of A/J. 

In (i) we define a map between the two sets of representations, and in (ii) we 
show that it is surjective. Finally, let y, w’ be representations of A/I such that 
wom =w’ oz. The map z is surjective, and therefore y = w’. Thus, the map in 
(i) is also injective. oO 


Remark 2.38. In the above lemma, the A/J-module V is called inflation when it is 
viewed as an A-module. The two actions in this case are related by 
(a+J)v=av foralaecA,veV. 
We want to illustrate the above inflation procedure with an example from linear 
algebra. 


Example 2.39. Let A = K[X] be the polynomial algebra. We take a representation 
6: K[X] — Endx(V) and let 6(X) =: a. The kernel is an ideal of K[X], so it 
is of the form ker(9) = K[X]m = (m) for some polynomial m € K[X]. Assume 
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m = 0, then we can take it to be monic. Then m is the minimal polynomial of a, as 
it is studied in linear algebra. That is, we have m(a) = 0 and f(a) = 0 if and only 
if f is a multiple of m in K[X]. 

By the above Lemma 2.37, the representation @ can be viewed as a representation 
of the algebra K[X]/7 whenever J is an ideal of K [X] contained in ker(@) = (mm), 
that is, 7 = (f) and f is a multiple of m. 


2.5.1 Representations of Groups vs. Modules for Group 
Algebras 


In this book we focus on representations of algebras. However, we explain in this 
section how the important theory of representations of groups can be interpreted in 
this context. Representations of groups have historically been the starting point for 
representation theory at the end of the 19’” century. The idea of a representation of a 
group is analogous to that for algebras: one lets a group act by linear transformations 
on a vector space in a way compatible with the group structure. Group elements 
are invertible, therefore the linear transformations by which they act must also be 
invertible. The invertible linear transformations of a vector space form a group 
GL(V), with respect to composition of maps, and it consists of the invertible 
elements in Endx (V). For an n-dimensional vector space, if one fixes a basis, one 
gets the group GL, (K), which are the invertible matrices in M,(K), a group with 
respect to matrix multiplication. 


Definition 2.40. Let G be a group. A representation of G over a field K is a 
homomorphism of groups p : G — GL(V), where V is a vector space over K. 

If V is finite-dimensional one can choose a basis and obtain a matrix representa- 
tion, that is, a group homomorphism p : G > GLy(K). 


The next result explains that group representations are basically the same 
as representations for the corresponding group algebras (see Sect. 1.1.2). By 
Theorem 2.33 this can be rephrased by saying that a representation of a group 
is nothing but a module for the corresponding group algebra. Sometimes group 
homomorphisms are more useful, and sometimes it is useful that one can also use 
linear algebra. 


Proposition 2.41. Let G be a group and K a field. 


(a) Every representation p : G — GL(V) of the group G over K extends to 
a representation 0, : KG — Endx(V) of the group algebra KG given by 
eet Ags b> ee agp (8). 

(b) Conversely, given a representation 0 : KG — Endx(V) of the group algebra 
KG, then the restriction pg : G — GL(V) of @ to G is a representation of the 
group G over K. 
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Proof. (a) Given a representation, that is, a group homomorphism p : G > GL(V), 
we must show that 6, is an algebra homomorphism from KG to Endx (V). First, 
@p is linear, by definition, and maps into Endx(V). Next, we must check that 
O@p(ab) = Op(a)@,(b). As mentioned in Remark 1.23, it suffices to take a, b in a 
basis of K G, so we can take a, b € G and then also ab € G, and we have 


9p (ab) = p(ab) = p(a)p(b) = O(a) Op(b). 


In addition Oo 1 KG) = p(leg) = IG) = idy. 
(b) The elements of G form a subset (even a vector space basis) of the group algebra 
KG. Thus we can restrict 6 to this subset and get a map 


po: G—> GL(V), pe(g) = 0(g) forall g € G. 


In fact, every g € G has an inverse g7! 


homomorphism it follows that 


in the group G; since @ is an algebra 


0(g)0(g—') = 0(gg') = 0(1xag) = idy, 


that is, p9(g) = O0(g) € GL(V) is indeed an invertible linear map. Moreover, for 
every g,h € G we have 


po (gh) = O(gh) = 0(g)0(h) = 6 (g)pe(h) 


and pg is a group homomorphism, as required. oO 


Example 2.42. We consider a square in the plane, with corners (+1, +1). Recall 
that the group of symmetries of the square is by definition the group of orthogonal 
transformations of R? which leave the square invariant. This group is called dihedral 
group of order 8 and we denote it by D4 (some texts call it Dg). It consists of four 
rotations (including the identity), and four reflections. Let r be the anti-clockwise 
rotation by 2/2, and let s be the reflection in the x-axis. One can check that 
Dg = {siri 10 <i < 1,0 < j < 3}. We define this group as a subgroup of 
GL(R?). Therefore the inclusion map D4 —> GL(R7) is a group homomorphism, 
hence is a representation. We can write the elements in this group as matrices with 
respect to the standard basis. Then 


0-1 1 0 
prjy= ({ 0 ) and p(s) = (( _) 


Then the above group homomorphism translates into a matrix representation 


p: D4 > GL2(R), p(sir/) = p(s)'p(r). 
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By Proposition 2.41 this yields a representation 6, of the group algebra RD4. 
Interpreting representations of algebras as modules (see Theorem 2.33) this means 
that V = R? becomes an RD4-module where each g € D4 acts on V by applying 
the matrix p(g) to a vector. 


Assume WN is a normal subgroup of G with factor group G/N, then it is reason- 
able to expect that representations of G/N may be related to some representations 
of G. Indeed, we have the canonical map z : G - G/N where z(g) = gN, which 
is a group homomorphism. In fact, using this we have an analogue of inflation for 
algebras, described in Lemma 2.37. 


Lemma 2.43. Let G be a group and N anormal subgroup of G with factor group 
G/N, and consider representations over the field K. Then the representations of 
G/N are in bijection with the representations of G whose kernel contains N. 
The bijection takes a representation @ of G/N to the representation 0 o m where 
a: G— G/N is the canonical map. 

Translating this to modules, this gives a bijection between the set of K(G/N)- 
modules and the set of those K G-modules V for whichn -v = v for alln € N and 
veV. 


Proof. This is completely analogous to the proof of Lemma 2.37, so we leave it as 
an exercise. In fact, Exercise 2.24 shows that it is the same. oO 


2.5.2 Representations of Quivers vs. Modules for Path Algebras 


The group algebra KG has basis the elements of the group G, which allows us to 
relate K G-modules and representations of G. The path algebra K Q of a quiver has 
basis the paths of Q. In analogy, we can define a representation of a quiver Q, which 
allows us to relate K Q-modules and representations of Q. We will introduce this 
now, and later we will study it in more detail. 

Roughly speaking, a representation is as follows. A quiver consists of vertices 
and arrows, and if we want to realize it in the setting of vector spaces, we represent 
vertices by vector spaces, and arrows by linear maps, so that when arrows can be 
composed, the corresponding maps can also be composed. 


Definition 2.44. Let Q = (Qo, Q1) be a quiver. A representation V of Q over a 
field K is a set of K-vector spaces {V(i) | i € Qo} together with K-linear maps 
V(a) : Vii) > V(jJ) for each arrow a from i to 7. We sometimes also write V as a 
tuple V = ((V())icdo, (V(@))ee0)): 


Example 2.45. 


(1) Let Q be the one-loop quiver as in Example 1.13 with one vertex 1, and one 
arrow @ with starting and end point |. Then a representation V of Q consists of 
a K-vector space V(1) and a K-linear map V(a) : V1) > VQ). 
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(2) Let Q be the quiver 1 —“. 2. Thena representation V consists of two K-vector 
spaces V(1) and V(2) and a K-linear map V(a) : V(1) > V(2). 


Consider the second example. We can construct from this a module for the path 
algebra K Q = span{e1, e2, a}. Take as the underlying space V := V(1) x V(2), 
a direct product of K-vector spaces (a special case of a direct product of modules 
as in Example 2.3 and Definition 2.17). Let e; act as the projection onto V(i) with 
kernel V(j) for j 4 i. Then define the action of a on V by 


a((v1, v2)) == V(a)(v1) 


(where v; € V(i)). Conversely, if we have a K Q-module V then we can turn it into 
a representation of Q by setting 


VQ) :=eV, VQ) =eV 


and V(@) : eV — e2V is given by (left) multiplication by a. 

The following result shows how this can be done in general, it says that 
representations of a quiver Q over a field K are ‘the same’ as modules for the path 
algebra K Q. 


Proposition 2.46. Let K be a field and Q a quiver, with vertex set Qo and arrow 
set Q). 


(a) Let V = (V@i))ieQo, (V(@))aeg,) be a representation of Q over K. Then 
the direct product V := Tica, V(i) becomes a K Q-module as follows: let 
v = (UVi)ieQo € V and let p = a,...a be a path in Q starting at vertex 
S(p) = s(a@1) and ending at vertex t(p) = t(a;). Then we set 


p:-v=(0,...,0, V@)o...0 Vai) (scp), 0, -.-, 0) 
where the (possibly) non-zero entry is in position t(p). In particular, if r = 0, 
then e;-v = (0,...,0, v3, 0,..., 0). This action is extended to all of K Q by 


linearity. 
(b) Let V bea K Q-module. For any vertex i € Qo we set 


V@=eV = {e-vjve V}; 
for any arrow i Seale j in Q\ we set 
Via): V@—-> VV), ee-vRa-(e-v)=a-v. 
Then V = ((V(i))ieQo, (V(@))aeg,) is a representation of the quiver Q 


over K, 
(c) The constructions in (a) and (b) are inverse to each other. 
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Proof. (a) We check that the module axioms from Definition 2.1 are satisfied. Let 
p =a, ...a, and gq be paths in Q. Since the K Q-action is defined on the basis of 
K Q and then extended by linearity, the distributivity (p +q)-v = p-v+q-v holds 
by definition. Moreover, let v, w € V; then 


P . (v =F w) = (0, Pe Hg 0, V(a,) O...0 V(a1) (Usp) =e Ws(p))s 0, Bee 0) 
=p:-v+p-w 
since all the maps V (q;) are K-linear. Since the multiplication in K Q is defined by 
concatenation of paths (see Sect. 1.1.3), it is immediate that p-(q-v) = (pq)-v for 
all v € V and all paths p, q in Q, and then by linearity also for arbitrary elements 
in K Q. Finally, the identity element is 1k g = )0j. Qp @i> the sum of all trivial paths 


(see Sect. 1.1.3); by definition, e; acts by picking out the ith component, then for all 
v € V we have 


Ikg: v=) e-v=v. 
i€Qo 


(b) According to Definition 2.44 we have to confirm that the V@) = e;V are 
K-vector spaces and that the maps V(@) are K-linear. The module axioms for V 
imply that for every v, w € V anddA € K we have 


ej-vut+e-w=e-(v+w) €eV = VG) 
and also 
A(e; -v) = Alxgei)- uv = (@jAlxg):-v =e: (Av) € eV. 


So V(i) is a K-vector space for every i € Qo. 


Finally, let us check that V(q@) is a K-linear map for every arrow i = jJin@. 
Note first that we; = a, so that the map V (q@) is indeed given by e; -v + a-v. Then 
for all A, ~ € K andall v, w € V(i) we have 


Va@)Qut+ pw) =a-(v+pw)=a-(Alxg:v) +a: (ulkg: w) 
= (aAlxg):-v+(aulxkg):-w=(Alxga)-v+(ulxga)-w 
=Alxkg:(@-v)+ulkg:(@-w) =AV(a)(v) + LV (@)(w). 
So V(q@) is a K-linear map. 


(c) It is straightforward to check from the definitions that the two constructions are 
inverse to each other; we leave the details to the reader. oO 
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Example 2.47. We consider the quiver 1 —*. 2. The 1-dimensional vector space 
span{e2} is a K Q-module (more precisely, a K Q-submodule of the path algebra 


: ‘ . ; 0 
K Q). We interpret it as a representation of the quiver Q by 0 —~> span{e2}. Also 
the two-dimensional vector space span{e;, a} is a K Q-module. As a representation 
; Vv 
of Q this takes the form spanf{e,} as span{a}, where V(a)(e,) = a. Often, the 
vector spaces are only considered up to isomorphism, then the latter representation 


: idx 
takes the more concise form K —> K. 


EXERCISES 


2.10. Let R be a ring. Suppose M is an R-module with submodules U, V and W. 
We have seen in Exercise 2.3 that the sum U + V := {u+vu|ueU,veV} 
and the intersection UM V are submodules of M. 


(a) Show by means of an example that it is not in general the case that 
UNV+W)=(UNV)+(UNW). 


(b) Show that U \ V is never a submodule. Show also that the union U U V 
is a submodule if and only ifU C VorV CU. 


2.11. Let A = M)(K), the K-algebra of 2 x 2-matrices over a field K. Take 
the A-module M = A, and fori = 1,2 define U; to be the subset of 
matrices where all entries not in the i-th column are zero. Moreover, let 


U3 =|) jae x], 


(a) Check that each U; is an A-submodule of M. 
(b) Verify that fori # j, the intersection Uj; M U; is zero. 
(c) Show that M is not the direct sum of U;, U2 and U3. 


2.12. For a field K we consider the factor algebra A = K[X]/(x4 — 2). In each 
of the following cases find the number of 1-dimensional A-modules (up to 
isomorphism); moreover, describe explicitly the action of the coset of X on 
the module. 


(i) K = Q; (ii) K = R; (iii) K = C; (iv) K = 23; (v) K =. 


2.13. Let A = Zp[X]/(X” — 1), where p is a prime number. We investigate 
1-dimensional A-modules, that is, the roots of X” — 1 in Z p (see Theo- 
rem 2.10). 


(a) Show that Lez p 1S always a root. 
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(b) Show that the number of 1-dimensional A-modules is d where d is 
the greatest common divisor of n and p — 1. (Hint: You might use 
that the non-zero elements in Zp are precisely the roots of the polyno- 
mial X?—! — 1.) 


2.14. Fora field K we consider the natural T,,(K )-module K”, where T,,(K) is the 


algebra of upper triangular n x n-matrices. 


(a) In K” consider the K -subspaces 
Vi t={Oi,cassAa) (ApH Oiorall j= ij, 


where 0 < i < n. Show that these are precisely the T,, (K )-submodules 
of K”. 

(b) For any 0 < j <i <n consider the factor module Vj; := V;/V;. Show 
that these give ues )) pairwise non-isomorphic 7; (K)-modules. 

(c) For each standard basis vector ej € K", where 1 < i < n, determine 
the annihilator Ann7z,(x)(e;) (see Example 2.25) and identify the factor 
module 7,(K)/Annz,;x)(e;) with a T,(K)-submodule of K”, up to 
isomorphism. 


. Let R bearing and suppose M = U x V, the direct product of R-modules U 


and V. Check that U := {(u, 0) | u € U} is a submodule of M, isomorphic 
to U. Write down a similar submodule V of M isomorphic to V, and show 
that M = U @ V, the direct sum of submodules. 


. Let K bea field. Assume M, Mj, M2 are K-vector spaces and a; : M; — M 


are K-linear maps. The pull-back of (a1, #2) is defined to be 


E := {(m,,m2) € My x M2 | a1 (m1) + a2(m2) = O}. 


(a) Check that E is a K-subspace of My x Mo. 

(b) Assume that M, M1, M2 are finite-dimensional K -vector spaces and that 
M = im(q1) + im(qa2). Show that then for the vector space dimensions 
we have dimx E = dimg M,; + dimx M2 — dimgx M. (Hint: Show that 
the map (71, m2) +> a1 (m1) +a2(m2) from My x M2 to M is surjective, 
and has kernel E.) 

Now assume that M, M,, M2 are A-modules where A is some K -algebra, 
and that a; and a2 are A-module homomorphisms. Show that then E is 
an A-submodule of M, x Mo. 


(c 
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. Let K bea field. Assume W, M1, M2 are K-vector spaces and 6; : W > M; 


are K-linear maps. The push-out of (81, 62) is defined to be 
F := (M, x M2)/C, 


where C := {(B(w), B2(w)) | w € W}. 
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(a) Check that C is a K-subspace of M, x M2, hence F is a K -vector space. 
(b) Assume W, M1, Mp2 are finite-dimensional and ker(6;) MN ker(f2) = 0. 
Show that then 


dimx F = dimgx M; + dimx M> — dimx W. 


(Hint: Show that the linear map w > (f1(w), B2(w)) from W to C is an 
isomorphism.) 

(c) Assume that W, M,, M2 are A-modules where A is some K -algebra and 
that 6;, 62 are A-module homomorphisms. Show that then C and hence 
F are A-modules. 


. Let E be the pull-back as in Exercise 2.16 and assume M = im(a,)+im(qz). 


Now take the push-out F as in Exercise 2.17 where W = E with the same 
Mj, M2, and where f; : W — M; are the maps 


Bi(m, m2) := my, Bo(m),m2):= m2 (where (m1,m2) € W = E). 


(a) Check that ker(81) M ker(62) = 0. 

(b) Show that the vector space C in the construction of the pushout is equal 
to E. 

(c) Show that the pushout F is isomorphic to M. (Hint: Consider the map 
from M, x M2 to M defined by (m1, m2) a (m1) + a2(m2).) 


. Let K be a field and KG be the group algebra where G is a finite group. 


Recall from Example 2.4 that the trivial KG-module is the 1-dimensional 
module with action g - x = x forall g € G andx ¢€ K, linearly extended to 
all of K G. Show that the corresponding representation 6 : KG — Endx (K) 
satisfies 9(a) = idx for all a © KG. Check that this is indeed a 
representation. 

Let G be the group of symmetries of a regular pentagon, that is, the group of 
orthogonal transformations of R* which leave the pentagon invariant. That is, 
G is the dihedral group of order 10, a subgroup of GL(R7). As a group, G is 
generated by the (counterclockwise) rotation by ae which we call r, and a 
reflection s; the defining relations are r> = idpo, s? = idgo ands~'rs =r7!. 
Consider the group algebra CG of G over the complex numbers, and suppose 
that w € C is some 5-th root of unity. Show that the matrices 


0 01 
p(r) = 6 pa p(s) = (; ‘) 


satisfy the defining relations for G, hence give rise to a group representation 
p:G— GL2(C), and a 2-dimensional CG-module. 
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Let K bea field. We consider the quiver Q given by 1 <= 3 a 3 and the 
path algebra K Q as a K Q-module. 


(a) Let V := span{e2,a} C K Q. Explain why V = K Qe? and hence V isa 
K Q-submodule of K Q. 

(b) Find a K-basis of the K Q-submodule W := K Qf generated by . 

(c) Express the K Q-modules V and W as a representation of the quiver Q. 
Are V and W isomorphic as K Q-modules? 


. Let A= K Q where Q is the following quiver: | —*2 ne 3. This exercise 


illustrates that A as a left module and A as a right module have different 
properties. 


(a) As aleft module A = Ae; @ Ae2 @ Ae; (see Exercise 2.6). For each Ae;, 
find a K -basis, and verify that each of Ae; and Ae3 is 2-dimensional, and 
Ae? is 1-dimensional. 

(b) Show that the only 1-dimensional A-submodule of Ae, is span{a}. 
Deduce that Ae; cannot be expressed as Aey = U ® V where U and 
V are non-zero A-submodules. 

(c) Explain briefly why the same holds for Ae3. 

(d) As aright A-module, A = e;A © e2A @ @3A (by the same reasoning as 
in Exercise 2.6). Verify that e; A and e3A are 1-dimensional. 


. Assume A = K[X] and let f = gh where g and A are polynomials in A. 


Then Af = (f) C (g) = Ag and the factor module is 


(g)/(f) = {rg + (f) |r € K[X]}. 


Show that (g)/(f) is isomorphic to K[X]/(h) as a K[X]-module. 


. Let G bea group and N a normal subgroup of G, and let A = KG, the group 


algebra over the field K. 


(a) Show that the space J = span{g1 — go | £185. € N} is a 2-sided ideal of 
A. 

(b) Show that the A-modules on which J acts as zero are precisely the 
A-modules V such thatn- v = v foralln € N andve V. 

(c) Explain briefly how this connects Lemmas 2.37 and 2.43. 


Chapter 3 ®) 
Simple Modules and the Jordan—H6lder od 
Theorem 


In this section we introduce simple modules for algebras over a field. Simple 
modules can be seen as the building blocks of arbitrary modules. We will make this 
precise by introducing and studying composition series, in particular we will prove 
the fundamental Jordan—H6lder theorem. This shows that it is an important problem 
to classify, if possible, all simple modules of a (finite-dimensional) algebra. We 
discuss tools to find and to compare simple modules of a fixed algebra. Furthermore, 
we determine the simple modules for algebras of the form K[X]/(f) where f is a 
non-constant polynomial, and also for finite-dimensional path algebras of quivers. 


3.1 Simple Modules 


Throughout this chapter, K is a field. Let A be a K-algebra. 


Definition 3.1. An A-module V is called simple if V is non-zero, and if it does not 
have any A-submodules other than 0 and V. 


We start by considering some examples; in fact, we have already seen simple 
modules in the previous chapter. 


Example 3.2. 


(1) Every A-module V such that dimgx V = | is a simple module. In fact, it does 
not have any K-subspaces except for 0 and V and therefore it cannot have any 
A-submodules except for 0 or V. 

(2) Simple modules can have arbitrarily large dimensions. As an example, let 
A = M,(K), and take V = K” to be the natural module. Then we have 
seen in Example 2.14 that the only M,,(K)-submodules of K” are the trivial 
submodules 0 and K”. That is, K” is a simple M,(K)-module, and it is 
n-dimensional. 
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However, if we consider V = K” as a module for the upper triangular matrix 
algebra T,,(K) then V is not simple when n > 2, see Exercise 2.14. 
Consider the symmetry group D4 of a square, that is, the dihedral group of order 
8. Let A = RDzg be the group algebra over the real numbers. We have seen in 
Example 2.42 that there is a matrix representation p : D4 — GL>2(R) such that 


0-1 1 0 
pry= (; 4 and p(s) = (( oe 


where r is the rotation by z/2 and s the reflection about the x-axis. The 
corresponding A-module is V = R?, the action of every g € Dy is given by 
applying the matrix p(g) to (column) vectors. 

We claim that V = R? is a simple RD4-module. Suppose, for a contradic- 
tion, that V has a non-zero submodule U and U 4 V. Then U is 1-dimensional, 
say U is spanned by a vector u. Then p(r)u = Au for some A € R, which means 
that uw € R? is an eigenvector of o(r). But the matrix (r) does not have a real 
eigenvalue, a contradiction. 

Since GL2(R) is a subgroup of GL2(C), we may view p(g) for g € D4 

also as elements in GL2(C). This gives the 2-dimensional module V = C? for 
the group algebra C D4. In Exercise 3.13 it will be shown that this module is 
simple. Note that this does not follow from the argument we used in the case of 
the RD4-module R?. 
Let K bea field and D a division algebra over K, see Definition 1.7. We view D 
as a D-module (with action given by multiplication in D). Then D is a simple 
D-module: In fact, let 0 #4 U C D be a D-submodule, and take an element 
0 Au € U.Thenlp = u~'u € U and hence if d € D is arbitrary, we have 
that d = d1p € U. Therefore U = D, and D is a simple D-module. 
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We describe now a method which allows us to show that a given A-module V is 
simple. For any element v € V set Av := {av | a € A}. This is an A-submodule of 
V, the submodule of V generated by v, see Example 2.13. 


Lemma 3.3. Let A be a K-algebra and let V be a non-zero A-module. Then V is 
simple if and only if for each v € V \ {0} we have Av = V. 


Proof. First suppose that V is simple, and take an arbitrary element 0 4 v € V. We 
know that Av is a submodule of V, and it contains v = 1,4v, and so Av is non-zero 
and therefore Av = V since V is simple. 

Conversely, suppose U is a non-zero submodule of V. Then there is some non- 
zero u € U. Since U is a submodule, we have Au C U, but by the hypothesis, 
V =Au CU CV and hence U = V. oO 


A module isomorphism takes a simple module to a simple module, see Exer- 
cise 3.3; this is perhaps not surprising. 

We would like to understand when a factor module of a given module is simple. 
This can be answered by using the submodule correspondence (see Theorem 2.28). 


3.2 Composition Series 63 


Lemma 3.4. Let A be a K-algebra. Suppose V is an A-module and U is an A- 
submodule of V with U & V. Then the following conditions are equivalent: 


(i) The factor module V/U is simple. 
(ii) U is amaximal submodule of V, that is, ifU © W C V are A-submodules then 
W=Uorw=V. 


Proof: This follows directly from the submodule correspondence in Theo- 
rem 2.28. Oo 


Suppose A is an algebra and / is a two-sided ideal of A with J # A. Then we 
have the factor algebra B = A/J. According to Lemma 2.37, any B-module M can 
be viewed as an A-module, with action am = (a+ /)m form € M; this A-module 
is called the inflation of M to A, see Remark 2.38. This can be used as a method to 
find simple A-modules: 


Lemma 3.5. Let A be a K -algebra, and let B = A/I where I is an ideal of A with 
IA. IfS is asimple B-module, then the inflation of S to A is a simple A-module. 


Proof. The submodules of S as an A-module are inflations of submodules of S 
as a B-module, since the inflation only changes the point of view. Since S has no 
submodules other than S and 0 as a B-module, it also has no submodules other than 
S and 0 as an A-module, hence is a simple A-module. Oo 


3.2 Composition Series 


Roughly speaking, a composition series of a module breaks the module up into 
“simple pieces’. This will make precise in what sense the simple modules are the 
building blocks for arbitrary modules. 


Definition 3.6. Let A be a K-algebra and V an A-module. A composition series of 
V is a finite chain of A-submodules 


O=VcVcWwc...cV,=V 


such that the factor modules V;/V;—1 are simple, for all 1 < i <n. The length of 
the composition series is n, the number of factor modules appearing. We refer to the 
V; as the terms of the composition series. 


Example 3.7. 


(1) The zero module has a composition series 0 = Vo = 0 of length 0. If V is a 
simple module then 0 = Vo C V; = V is acomposition series, of length 1. 

(2) Assume we have a composition series as in Definition 3.6. If Vg is one of the 
terms, then V; ‘inherits’ the composition series 


0O=VWcVc...c Vy. 
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(3) Let K = R and take A to be the 2-dimensional algebra over R, with basis 
{1,4, 8} such that B* = 0 (see Proposition 1.29); an explicit realisation would be 
A= R[X]/(X?). Take the A-module V = A, and let V; be the space spanned 
by 6, then V; is a submodule. Since V; and V/V; are 1-dimensional, they are 
simple (see Example 3.2). Hence V has a composition series 


0O=VcVCW=V. 


(4 
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Let A = M,(K) and take the A-module V = A. In Exercise 2.5 we have 
considered the A-submodules C; consisting of the matrices with zero entries 
outside the i-th column, where | <i <n. In Exercise 3.1 it is shown that every 
A-module C; is isomorphic to the natural A-module K”. In particular, each A- 
module C; is simple (see Example 3.2). On the other hand we have a direct sum 
decomposition A = C; @ C2 ®... @® C,, and therefore we have a finite chain 
of submodules 


OcC, CC O@Qc...cC,@...8 Cy] CA. 
Each factor module is simple: By the isomorphism theorem (see Theorem 2.24) 
Ci@...BCK,/Ci @...BCe-1 = Ce/CeA(CL @... BCe-1) = Cx /{O} = Cy. 


This shows that the above chain is a composition series. 
Let A = 7>(K), the 2 x 2 upper triangular matrices over K, and consider the 
A-module V = A. One checks that the sets 


von f(ga)iesn] me = ((G8) nee 


are A-submodules of V. The chain 0 = Vo C V; C V2 C V is a composition 
series: each factor module V; / Vj; is 1-dimensional and hence simple. 

(6) Let A = KQ be the path algebra of the quiver 1 —“+ 2 and let V be the 
A-module V = A. Then the following chains are composition series for V: 


(5 
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0 C span{e2} C span{e2, a} C V. 
0 C span{a} C span{a, e1} C V. 


In each case, the factor modules are 1-dimensional and hence are simple A- 
modules. 


Exercise 3.1. Let A = M,,(K), and let C; C A be the space of matrices which 
are zero outside the i-th column. Show that C; is isomorphic to the natural module 
V = K” of column vectors. Hint: Show that placing v € V into the i-th column of 
a matrix and extending by zeros is a module homomorphism V > Cj. 
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Remark 3.8. Not every module has a composition series. For instance, take A = K 
to be the 1-dimensional algebra over a field K. Then A-modules are K-vector 
spaces, and A-submodules are K-subspaces. Therefore it follows from Defini- 
tion 3.1 that the simple K -modules are precisely the 1-dimensional K -vector spaces. 
This means that an infinite-dimensional K -vector space does not have a composition 
series since a composition series is by definition a finite chain of submodules, see 
Definition 3.6. On the other hand, we will now see that for any algebra, finite- 
dimensional modules have a composition series. 


Lemma 3.9. Let A be a K-algebra. Every finite-dimensional A-module V has a 
composition Series. 


Proof. This is proved by induction on the dimension of V. If dimx V = 0 or 
dimx V = | then we are done by Example 3.7. 

So assume now that dimgx V > 1. If V is simple then, again by Example 3.7, 
V has a composition series. Otherwise, V has proper non-zero submodules. So we 
can choose a proper submodule 0 4 U C V of largest possible dimension. Then U 
must be a maximal submodule of V and hence the factor module V/U is a simple 
A-module, by Lemma 3.4. Since dimx U < dim x V, by the induction hypothesis 
U has a composition series, say 


0=UcUcUrc...cUu,=U. 
Since V/U is simple, it follows that 
0=UpCU,CUC...cCUR=UCVYV 


is a composition series of V. oO 


In Example 3.7 we have seen that a term of a composition series inherits a 
composition series. This is a special case of the following result, which holds for 
arbitrary submodules. 


Proposition 3.10. Let A be a K-algebra, and let V be an A-module. If V has a 
composition series, then every submodule U © V also has a composition series. 


Proof. Take any composition series for V, say 
0O=VcVCwWwc...cCV-1CVni=V. 
Taking intersections with the submodule U yields a chain of A-submodules of U, 
O=VWVNUCVNUCWNUCGE...cCV-1NUCV,NU =U. (3.1) 
Note that terms of this chain can be equal; that is, (3.1) is in general not a 


composition series. However, if we remove any repetition, so that each module 
occurs precisely once, then we get a composition series for U: Consider the factors 
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(ViNU)/(Vj-1 NU). Using that V;_; C V; and applying the isomorphism theorem 
(see Theorem 2.24) we obtain 


(Vi NU)/Vi-1 NU) = (Vi NU) /(Vi-1 ON (Vi) 
= (Vi-1 + (Vi NU))/Vi-1 © Vi/Vi-1. 
Since V;/Vj—1 is simple the factor modules (Vj NU) /(Vi-1 OU) occurring in (3.1) 
are either zero or simple. Oo 


In general, a module can have many composition series, even infinitely many 
different composition series; see Exercise 3.11. The Jordan—H6lder Theorem shows 
that any two composition series of a module have the same length and the same 
factors up to isomorphism and up to order. 


Theorem 3.11 (Jordan—Hélder Theorem). Let A be a K-algebra. Suppose an 
A-module V has two composition series 


0O=VcVCWc...CVyp-1CV,=V (1) 
0=WCW,CW2C...C Wn-1 C Wn = V. (I) 
Then n = mm, and there is a permutation o of {1,2,...,n} such that 


Vi/Vi-1 = Wo(i)/Woi)-1 for eachi = 1,...,n. 


Before starting with the proof of this theorem, we give a definition, and we will 
also deal with a special setting as a preparation. 


Definition 3.12. 


(a) The composition series (I) and (II) in Theorem 3.11 are called equivalent. 

(b) If an A-module V has a composition series, the simple factor modules V; / V;_1 
are called the composition factors of V. By the Jordan—Hélder theorem, they 
only depend on V, and not on the composition series. 


For the proof of the Jordan—Hoélder Theorem, which will be given below, we 
need to compare two given composition series. We consider now the case when 
V,—1 is different from W,,—1. Observe that this shows why the simple quotients of 
two composition series can come in different orders. 


Lemma 3.13. With the notation as in the Jordan—Hélder Theorem, suppose 
Vi-1 4% Wym-1 and consider the intersection D := Vy—1 \ Wm—1. Then the 
following holds: 

Vn—-1/D = V/Wm-1 and Wn-1/D = V/Vn-1, 


and these factor modules are simple A-modules. 
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Proof. We first observe that V;-1 + Wm—1 = V. In fact, we have 


Va 1oVn 1+ Win 1c VY. 


If the first inclusion was an equality then Wn—1 © Vp-1 C V; but both V,_ 
and W,,—1 are maximal submodules of V (since V/V,—; and V/W,,—-1 are simple, 
see Lemma 3.4). Thus V,-1 = Wm_—1, a contradiction. Since V,;,_; is a maximal 
submodule of V, we conclude that V,_; + W,»,—1 = V. 

Now we apply the isomorphism theorem (Theorem 2.24), and get 


V/Win 1= (Vn 1+ Wa 1)/Wn 1=Vn 1/(Vn 19 Win 1) = Vn 1/D. 


Similarly one shows that V/V,—1 = Wy—1/D. oO 


Proof (of the Jordan—Hélder Theorem). We proceed by induction on n (the length 
of the composition series (I). 

The zero module is the only module with a composition series of length n = 0 
(see Example 3.7), and the statement of the theorem clearly holds in this case. 

Let n = 1. Then V is simple, so W; = V (since there is no non-zero submodule 
except V), and m = |. Clearly, the factor modules are the same in both series. 

Now suppose n > 1. The inductive hypothesis is that the theorem holds for 
modules which have a composition series of length < n — 1. 

Assume first that V,-; = W»—1 =: U, say. Then the module U inherits a 
composition series of length n — 1, from (I). By the inductive hypothesis, any two 
composition series of U have length n — 1. So the composition series of U inherited 
from (ID) also has length n — | and therefore m — 1 =n — 1 andm =n. Moreover, 
by the inductive hypothesis, there is a permutation o of {1,...,2 — 1} such that 
V;/Vi-1 = Wo)/Wowi)-1- We also have Vi/ Vn-1 = V/Vn-1 = Wri/ Whr-1- So 
if we view o as a permutation of {1,...,} fixing m then we have the required 
permutation. 

Now assume V,_1 4 Wm—1. We define D := Vz_-1 MN Wn—1 as in Lemma 3.13. 
Take a composition series of D (it exists by Proposition 3.10), say 


0=DCcCDOc...cD, =D. 
Then V has composition series 


) 0=DoC Dc...cD)=DCVWp1CV 
dV) 0O=D9cC Dc...cD)=DC Wm-1 CV 


since, by Lemma 3.13, the quotients V,_1/D and Wn—1/D are simple. Moreover, 
by Lemma 3.13, the composition series (III) and (IV) are equivalent since only the 
two top factors are interchanged, up to isomorphism. 

Next, we claim that m = n. The module V,_1 inherits a composition series of 
length n — | from (I). So by the inductive hypothesis, all composition series of 
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V,—1 have length n — 1. But the composition series which is inherited from (IID) has 
length tf + 1 and hence n — 1 = ¢ + 1. Similarly, the module W,,_; inherits from 
(IV) a composition series of length t + 1 = n — 1, so by the inductive hypothesis all 
composition series of W,,_; have length n — 1. In particular, the composition series 
inherited from (II) does, and therefore m — 1 =n — 1 andm =n. 

Now we show that the composition series (I) and (III) are equivalent. By the 
inductive hypothesis, the composition series of V,—; inherited from (I) and (III) are 
equivalent, that is, there is a permutation of n — | letters, y say, such that 


D;/Di-1 = Vy /Vyay-1,. @ An—1), and Vr-1/D = Vy a—1)/ Vy~n—1)-1- 
We view y as a permutation of n letters (fixing 1), and then also 
V/ Vn-1 = Vil Vn—-1 = Vy (n)/ Vy m)-1; 


which proves that (I) and (III) are equivalent. 

Similarly one shows that (IJ) and (IV) are equivalent. We have already seen that 
(UI) and (IV) are equivalent as well. Therefore, it follows that (I) and (ID) are also 
equivalent. Oo 


Example 3.14. Let K be a field. 


(1) Let A = M,,(K) and V = A as an A-module. We consider the A-submodules 
C; of A (where | < i < n) consisting of matrices which are zero outside the 
i-th column. Define V; := Cj 6 C2 ®...@® C; forO < i <n. Then we havea 
chain of submodules 


O=VcV,C...C Vn-1CVn=V. 


This is a composition series, as we have seen in Example 3.7. 
On the other hand, the A-module V also has submodules 


Wj = Ch ®@Cn-1 B...B Cn—j+1, 
for any 0 < j <n, and this gives us a series of submodules 
0O=WoCWic...CcC Wr-1 CW, = V. 


This also is a composition series, since W;/Wj-1 = Cy—j41 = K"” which 
is a simple A-module. As predicted by the Jordan—Hélder theorem, both 
composition series have the same length n. Since all composition factors are 
isomorphic as A-modules, we do not need to worry about a permutation. 

Let A = T,,(K) be the upper triangular matrix algebra and V = K” the natural 
A-module. By Exercise 2.14, V has T,(K)-submodules V; forO <i <n 
consisting of those vectors in K” with non-zero entries only in the first i 


(2 


NN 
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coordinates; in particular, each V; has dimension i, with Vp = 0 and V, = K”. 
This gives a series of 7, (K )-submodules 


O=VcVCc...C Vn-1 CV, = K". 


Each factor module V;/Vj;—; is 1-dimensional and hence simple, so this is a 
composition series. Actually, this is the only composition series of the 7, (K)- 
module K”, since by Exercise 2.14 the V; are the only T,(K)-submodules 
of K”. 

Moreover, also by Exercise 2.14, the factor modules V;/Vj;—1 are pair- 

wise non-isomorphic. We will see in Example 3.28 that these n simple 
T, (K)-modules of dimension | are in fact all simple 7,,(K)-modules, up to 
isomorphism. 
This example also shows that a module can have non-isomorphic composition 
factors. Let A := K x K, the direct product of K-algebras, and view A as an 
A-module. Let S; := {(x,0) | x © K} and Sz := {(0, y) | y € K}. Then each 
S; is an A-submodule of A. It is 1-dimensional and therefore it is simple. We 
have a series 


OcS CA 
and by the isomorphism theorem, A/S; = Sz. This is therefore a composition 


series. We claim that $; and $2 are not isomorphic: Let @ : S$; — Sz be an 
A-module homomorphism, then 


p(a(x, 0)) = ab((x, 0)) € Sp 


for eacha € A. We take a = (1, 0), then a(x, 0) = (x, 0) but a(O, y) = 0 for 
all (0, y) € So. That is, @ = 0. 


3.3 Modules of Finite Length 


Because of the Jordan—Ho6lder theorem we can define the length of a module. This 
is a very useful natural generalization of the dimension of a vector space. 


Definition 3.15. Let A be a K-algebra. For every A-module V the length €(V) is 


defined as the length of a composition series of V (see Definition 3.6), if it exists; 
otherwise we set £(V) = oo. An A-module V is said to be of finite length if £(V) is 
finite, that is, when V has a composition series. 


Note that the length of a module is well-defined because of the Jordan—Hélder 


theorem which in particular says that all composition series of a module have the 


same length. 
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Example 3.16. Let K be a field. 


(1) Let A = K, the 1-dimensional K-algebra. Then A-modules are just K-vector 
spaces and simple A-modules are precisely the 1-dimensional K -vector spaces. 
In particular, the length of a composition series is just the dimension, that is, for 
every K-vector space V we have £(V) = dimg V. 

(2) Let A be a K-algebra and V an A-module. By Example 3.7 we have that 
£(V) = Oif and only if V = 0, the zero module, and that €(V) = 1 if and only 
if V is a simple A-module. In addition, we have seen there that for A = M,(K), 
the natural module V = K” has €(V) = 1, and that for the A-module A we 
have £(A) = n. Roughly speaking, the length gives a measure of how far a 
module is away from being simple. 


We now collect some fundamental properties of the length of modules. We first 
prove a result analogous to Proposition 3.10, but now also including factor modules. 
It generalizes properties from linear algebra: Let V be a finite-dimensional vector 
space over K and U a subspace, then U and V/U also are finite-dimensional and 
dimx V = dimx U + dimgx V/U. Furthermore, dimgx U < dimx VifU AV. 


Proposition 3.17. Let A be a K-algebra and let V be an A-module which has a 
composition series. Then for every A-submodule U C V the following holds. 


(a) The factor module V/U has a composition series. 

(b) There exists a composition series of V in which U is one of the terms. Moreover, 
for the lengths we have £(V) = (UU) + £(V/U). 

(c) We have ((U) < £(V). IfU 4 V then £(1U) < &(V). 


Proof. (a) LetO = Vo C Vj Cc... C Vn-1 C Vy = V be a composition series for 
V. We wish to relate this to a sequence of submodules of V/U. In general, U need 
not be related to any of the modules V;, but we have a series of submodules of V/U 
(using the submodule correspondence) of the form 


0=(V+U)/UCVY+U)/U ©... 5 Vn-1 + U)/U © (Vy + U)/U = V/U. 
(3.2) 


Note that in this series terms can be equal. Using the isomorphism theorem 
(Theorem 2.24) we analyze the factor modules 
(Vi + U)/U)/(Vi-1 + U)/U) = (Vi + U)/(Vi-1 + U) 
= (Vi-1+U + Vi)/(Vi-1 + U) 
= Vi/(Vi-1 + U)N Vi) 
where the equality in the second step holds since Vj_; C V;. We also have 


Vi-1 © Vj-1 + U and therefore V;_; C (Vj-; + U) NV; C V;. But V;_; isa 
maximal submodule of V; and therefore the factor module V;/(Vi-1 + U) NM V; is 
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either zero or is simple. We omit terms where the factor in the series (3.2) is zero, 
and we obtain a composition series for V/U, as required. 

(b) By assumption V has a composition series. Then by Proposition 3.10 and by 
part (a) the modules U and V/U have composition series. Take a composition series 
for U, 


0O=UcUc...cuUu;-1 CU; =U. 


By the submodule correspondence (see Theorem 2.28) every submodule of V/U 
has the form V;/U for some submodule V; C V containing U, hence a composition 
series of V/U is of the form 


0=VW/UCVi/Uc...CV,-1/U C V,/U = V/U. 
We have that U; = U = Vo; and by combining the two series we obtain 
0=Upc...cUu,CWCc...CcCV-=V. 


In this series all factor modules are simple. This is clear for U; / Uj—1; and further- 
more, by the isomorphism theorem (Theorem 2.24) V;/Vj—1 = (Vj/U)/(Vj-1/U) 
is simple. Therefore, we have constructed a composition series for V in which 
U = U; appears as one of the terms. 

For the lengths we get £(V) =t+r = €(U) + £(V/U), as claimed. 
(c) By part (b) we have £(U) = €(V) — £(V/U) < €(V). Moreover, if U ¢ V then 
V/U is non-zero; so £(V/U) > 0 and £(U) = £(V) — £(V/U) < &(V). oO 


3.4 Finding All Simple Modules 


The Jordan—Holder theorem shows that every module which has a composition 
series can be built from simple modules. Therefore, it is a fundamental problem of 
representation theory to understand what the simple modules of a given algebra are. 
Recall from Example 2.25 the following notion. Let A be a K-algebra and V an 
A-module. Then for every v € V we set Anng(v) = {a € A|av = O}, and call 
this the annihilator of v in A. We have seen in Example 2.25 that for every v € V 
there is an isomorphism of A-modules A/Ann,(v) = Av. In the context of simple 
modules this takes the following form, which we restate here for convenience. 


Lemma 3.18. Let A be a K-algebra and S a simple A-module. Then for every 
non-zero s € S we have that S = A/Ann,(s) as A-modules. 


Proof. As in Example 2.25 we consider the A-module homomorphism 
w:A—>S, w(a) =as. Since S is simple and s non-zero, this map is surjective by 
Lemma 3.3, and by definition the kernel is Ann, (s). So the isomorphism theorem 
yields A/Anng(s) = im(W) = As = S. oO 
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This implies in particular that if an algebra has a composition series, then it can 
only have finitely many simple modules: 


Theorem 3.19. Let A be a K-algebra which has a composition series as an A- 
module. Then every simple A-module occurs as a composition factor of A. In 
particular, there are only finitely many simple A-modules, up to isomorphism. 


Proof. By Lemma 3.18 we know that if S is a simple A-module then S = A/J for 
some A-submodule J of A. By Proposition 3.17 there is some composition series 
of A in which J is one of the terms. Since A/J is simple there are no further A- 
submodules between J and A (see Lemma 3.4). This means that J can only appear as 
the penultimate entry in this composition series, and S = A/T, so it is a composition 
factor of A. o 


For finite-dimensional algebras we have an interesting consequence. 


Corollary 3.20. Let A be a finite-dimensional K-algebra. Then every simple A- 
module is finite-dimensional. 


Proof. Suppose S is a simple A-module, then by Lemma 3.18, we know that S is 
isomorphic to a factor module of A. Hence if A is finite-dimensional, so is S. oO 


Remark 3.21. 


(a) In Theorem 3.19 the assumption that A has a composition series as an A-module 
is essential. For instance, consider the polynomial algebra A = K[X] when 
K is infinite. There are infinitely many simple A-modules which are pairwise 
non-isomorphic. In fact, take a one-dimensional vector space V = span{v} 
and make it into a K[X]-module V, by setting X -v = Av for A € K. For 
A # mw the modules V, and V,, are not isomorphic, see Example 2.23; however 
they are 1-dimensional and hence simple. In particular, we can conclude from 
Theorem 3.19 that A = K[X] cannot have a composition series as an A-module. 

(b) In Corollary 3.20 the assumption on A is essential. Infinite-dimensional algebras 
can have simple modules of infinite dimension. For instance, let Q be the two- 
loop quiver with one vertex and two loops, 


eo 


and let A = K Q be the path algebra. Exercise 3.6 constructs for each n € N 
a simple A-module of dimension n and even an infinite-dimensional simple A- 
module. 


Example 3.22. Let A = M,(K), the algebra of n x n-matrices over K. We have 
seen a composition series of A in Example 3.7, in which every composition factor is 
isomorphic to the natural module K”. So by Theorem 3.19 the algebra M/,(K) has 
precisely one simple module, up to isomorphism, namely the natural module K” of 
dimension n. 
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3.4.1 Simple Modules for Factor Algebras of Polynomial 
Algebras 


We will now determine the simple modules for an algebra A of the form K[X]/T 
where J is anon-zero ideal with J 4 K[X]; hence J = (f) where f is a polynomial 
of positive degree. Note that this does not require us to know a composition series 
of A, in fact we could have done this already earlier, after Lemma 3.4. 


Proposition 3.23. Let A = K[X]/(f) with f € K[X] of positive degree. 


(a) The simple A-modules are up to isomorphism precisely the A-modules 
K[X]/(h) where h is an irreducible polynomial dividing f. 

(b) Write f = ae ... ff", with a; € N, as a product of irreducible polynomials 
Ji. € K[X] which are pairwise coprime. Then A has precisely r simple modules, 
up to isomorphism, namely K[X]/(f\),..., K[X1/(/). 


Proof. (a) First, let h € K[X] be an irreducible polynomial dividing f. Then 
K[X]/(h) is an A-module, by Exercise 2.23, with A-action given by 


(g1 + (f))(g2 + (A)) = 8182 + (A). 


Since h is irreducible, the ideal (A) is maximal, and hence K[X]/(A) is a simple 
A-module, by Lemma 3.4. 

Conversely, let S be any simple A-module. By Lemmas 3.18 and 3.4 we know that 
S is isomorphic to A/U where U is a maximal submodule of A. By the submodule 
correspondence, see Theorem 2.28, we know U = W/(f) where W is an ideal of 
K[X] containing (f), that is, W = (h) where h € K[X] and h divides f. Applying 
the isomorphism theorem yields 


A/U = (K[X]/(f))/(W/(f)) = KLX]/W. 


Isomorphisms preserve simple modules (see Exercise 3.3), so with A/U the module 
K[X]/W is also simple. This means that W = (h) is a maximal ideal of K[X] and 
then / is an irreducible polynomial. 

(b) By part (a), every simple A-module is isomorphic to one of 
K[X]/(fi),..., K[X]/(/-) (use that KX] has the unique factorization property, 
hence f|,..., f; are the unique irreducible divisors of f, up to multiplication by 
units). On the other hand, these A-modules are pairwise non-isomorphic: suppose 
w: K[X]/(fi) > K[X]/(f;) is an A-module homomorphism, we show that for 
i # j it is not injective. Write w(1 + (fi)) = g + (fj) and consider the coset 
fj + (fi) Since fj; and f; are irreducible and coprime, this coset is not the zero 
element in K[X]/(/;). But it is in the kernel of y, since 


WF + fi) = WF + AA + A) = F7 + AW + (fi) 
= (Ff) + SVg + Fi) = fig t+ Gi, 


which is the zero element in K[X]/(f;). In particular, w is not an isomorphism. O 
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Remark 3.24. We can use this to find a composition series of the algebra 
A = K[X]/(f) as an A-module: Let f = fi fo... ft with f; € K[X] irreducible, 
we allow repetitions (that is, the f; are not necessarily pairwise coprime). This gives 
a series of submodules of A 


OCHA Ch/(f)c...ch-1/(f) CA 


where J; is the ideal of K[X] generated by fj41... f;. Then )/(f) = K[X]/(fi) 
(see Exercise 2.23) and 


Cj /(P))/j-1/P)) = Tj /Tj-1 = KUX1/(fj), 


so that all factor modules are simple. Hence we have found a composition series 
of A. 

Of course, one would also get other composition series by changing the order of 
the irreducible factors. Note that the factorisation of a polynomial into irreducible 
factors depends on the field K. 


Example 3.25. 


(1) Over the complex numbers, every polynomial f € C[X] of positive degree 
splits into linear factors. Hence every simple C[X]/(f)-module is one- 
dimensional. 

The same works more generally for K[X]/(f) when K is algebraically 
closed. (Recall that a field K is algebraically closed if every non-constant 
polynomial in K [X] is a product of linear factors.) 

We will see later, in Corollary 3.38, that this is a special case of a more 

general result about commutative algebras over algebraically closed fields. 
As an explicit example, let G = (g) be a cyclic group of order n, and let 
A=CG be the group algebra over C. Then A is isomorphic to the factor 
algebra C[X]/(X” — 1), see Example 1.27. The polynomial X” — 1 has n distinct 
roots in C, namely e2kxi/n where0 <k <n—1, soit splits into linear factors 
of the form 


es 


~m 


n—1 


Xx? _j= [[« _ e2knifny 


According to Proposition 3.23 the algebra C[X]/(X” — 1) has precisely 
n simple modules, up to isomorphism, each 1-dimensional, namely 
Sp r= C[X]/(X — e?4*'/") fork = 0, 1,...,n — 1. The structure of the module 
Sx is completely determined by the action not the coset of X in C[X]/(X” — 1), 
which is clearly given by multiplication by e?47//”, 

(3) Now we consider the situation over the real numbers. We first observe that every 
irreducible polynomial g € R[X] has degree 1 or 2. In fact, if g € R[X] 
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has a non-real root z € C, then the complex-conjugate Z is also a root: write 
g = >0; a X', where a; € R, then 


(0240) = >) a=) a => ae = e@). 
i i i 
Then the product of the two linear factors 


(X-2X-DH=K?-C4+OX+z 


is a polynomial with real coefficients, and a divisor of g. 

This has the following immediate consequence for the simple modules of 
algebras of the form R[X]/(f): Every simple R[X]/(f)-module has dimension 
lor2. 

As an example of a two-dimensional module consider the algebra 
A = R[X]/(X? + 1), which is a simple A-module since X* + 1 is irreducible 
in R[X]. 

Over the rational numbers, simple Q[ X]/(f)-modules can have arbitrarily large 
dimensions. For example, consider the algebra Q[X]/(X? — 1), where p is a 
prime number. We have the factorisation 


Pa l=(X =O xP ee. eS: 


Since p is prime, the second factor is an irreducible polynomial in Q[X] (this 
follows by applying the Eisenstein criterion from basic algebra). So Proposi- 
tion 3.23 shows that Q[X]/(X?~! +...+ X +1) is asimple Q[X]/(X? — 1)- 
module, it has dimension p — 1. 


3.4.2 Simple Modules for Path Algebras 


In this section we completely describe the simple modules for finite-dimensional 
path algebras of quivers. 


Let Q be a quiver without oriented cycles, then for any field K, the path algebra 


A = K Q is finite-dimensional (see Exercise 1.2). We label the vertices of Q by 
Qo = {1,...,n}. Recall that for every vertex i € Qo there is a trivial path e; of 


length 0. We consider the A-module Ae; generated by e;; as a vector space this 
module is spanned by the paths which start at i. The A-module Ae; has an A- 


submodule J; := Ae=! spanned by all paths of positive length starting at vertex i. 


Hence we get n one-dimensional (hence simple) A-modules as factor modules of 


the form 


Si = Ae; /J; = span{e; + Ji}, 
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fori = 1,...,n. The A-action on these simple modules is given by 
ei(ej + Ji) =e; + Jj and p(e; + Jj) = 0 forall p € P \ {ej}, 


where ? denotes the set of paths in Q. The A-modules S),..., S, are pairwise non- 
isomorphic. In fact, let g : S$; — Sj; be an A-module homomorphism for some 
i # j. Then there exists a scalar A € K such that g(e; + Jj) = Ae; + Jj. Hence we 
get 


gle; + Fi) = gle? + Ji) = lei (ei + Ji)) = e: (Ae; + Jj) = Mere; + Jj) = 0, 


since e;e; = 0 fori ¥ j. In particular, ¢ is not an isomorphism. 
We now show that this gives all simple K Q-modules, up to isomorphism. 


Theorem 3.26. Let K be a field and let Q be a quiver without oriented cycles. 
Assume the vertices of Q are denoted Qo = {1,...,n}. Then the finite-dimensional 
path algebra A = K Q has precisely the simple modules (up to isomorphism) given 
by S|,..., Sn, where S; = Ae;/J; fori € Qo. In particular, all simple A-modules 
are one-dimensional, and they are labelled by the vertices of Q. 


To identify simple modules, we first determine the maximal submodules of Ae;. 
This will then be used in the proof of Theorem 3.26. 


Lemma 3.27. With the above notation the following hold: 


(a) For each vertex i € Qo, the space e; Ae; is 1-dimensional, and is spanned by e;. 
(b) The only maximal submodule of Ae; is Ji = Ae", and e; J; = 0. 


Proof. (a) The elements in e; Ae; are linear combinations of paths from vertex i to 
vertex i. The path of length zero, that is e;, is the only path from i to i since Q has 
no oriented cycle. 

(b) First, J; is a maximal submodule of Ae;, since the factor module is 1- 
dimensional, hence simple. Furthermore, there are no paths of positive length from i 
toi and therefore e; Jj = 0. Next, let U be any submodule of Ae; with U 4 Ae;, we 
must show that U is contained in J;. If not, then U contains an element u = ce; + u’ 
whereO 4c € K andw’ € J;. Then also eju € U but eju = c(e?) + eu’ = ce; +0 
(because e; J; = 0) and e; € U. It follows that U = Ae;, a contradiction. Hence if 
U is maximal then U = Jj. oO 


Proof of Theorem 3.26. Each S; is 1-dimensional, hence is simple. We have already 
seen that fori # j, the modules $; and S; are not isomorphic. 
Now let S be any simple A-module and take 0 4 s € S. Then 


s=las=ejsteast+...t+ens 
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and there is some i such that e;s 4 0. By Lemma 3.3 we know that $ = Ae;s. We 
have the A-module homomorphism 


w: Ae > S, Wlae;) = aejs. 
It is surjective and hence, by the isomorphism theorem, we have 
S = Ae;/ker(w). 


Since S is simple, the kernel of w is a maximal submodule of Ae;, by the 
submodule correspondence theorem. The only maximal submodule of Ae; is J;, 
by Lemma 3.27. Hence S is isomorphic to S;. oO 


Example 3.28. We have seen in Remark 1.25 (see also Exercise 1.18) that the 
algebra 7T,(K) of upper triangular matrices is isomorphic to the path algebra of 
the quiver Q 


1<2< 1... <—n—-1<—n 


Theorem 3.26 shows that K Q, and hence T,,(K), has precisely n simple modules, up 
to isomorphism. However, we have already seen n pairwise non-isomorphic simple 
T, (K )-modules in Example 3.14. Thus, these are all simple 7;,(K )-modules, up to 
isomorphism. 


3.4.3 Simple Modules for Direct Products 


In this section we will describe the simple modules for direct products 
A = A, x... x A, of algebras. We will show that the simple A-modules are 
precisely the simple A;-modules, viewed as A-modules by letting the other factors 
act as zero. We have seen a special case in Example 3.14. 

Let A = A, x... x A;. The algebra A contains ¢; := (0,...,0, 14;,0,..., 0) 
for 1 <i <r, and ¢; commutes with all elements of A. Moreover, e;¢; = O for 
i # j and also e? = ¢;; and we have 


l~y=eyt+...+6,. 
Each A; is isomorphic to a factor algebra of A, via the projection map 
Wi :Az> Aj > Wj(d1,...,4n) = dj. 


This is convenient for computing with inflations of modules. Indeed, if M is an 
A;-module then if we view it as an A-module by the usual inflation (see 
Remark 2.38), the formula for the action of A is 


(a1,...,d;)-m:=ajm for (q,...,a4,)€ Ame M. 
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Proposition 3.29. Let K be a field and let A= A, x ... x A; be a direct product 
of K-algebras. Then fori € {1,...,r}, any simple Aj-module S becomes a simple 
A-module by setting 


(a,...,4-): 8 =ajs forall (aj,...,a-)€ Aands €S. 


Proof. By the above, we only have to show that S is also simple as an A-module. 
This is a special case of Lemma 3.5. Oo 


We will now show that every simple A-module is of the form as in Proposi- 
tion 3.29. For this we will more generally describe A-modules and we use the 
elements ¢; and their properties. 


Lemma 3.30. Let K be a field and A = A, x... x A; a direct product of 
K-algebras. Moreover, let ¢; := (0,...,0,14;,0,...,0) for 1 <i < r. Then 
for every A-module M the following holds. 


(a) Let M; := &;M, then M; is an A-submodule of M, and M = M,@...® M,, 
the direct sum of these submodules. 

(b) If M is a simple A-module then there is precisely onei € {1,...,1r} such that 
M; 4 O and this M; is a simple A-module. 


Proof. (a) We have M; = {e;m|m € M}. Since ¢; commutes with all elements of 
A, we see that if a € A then a(eé;m) = e;am, therefore each M; is an A-submodule 
of M. 

To prove M is a direct sum, we first see that MW = M, +...+ M,. In fact, for 
every m € M we have 


r r 
m= lam =() > ej)m =) ejm e€eM,+...+M,. 
j=l j=l 


Secondly, we have to check that Mj 9 ivi M;) = 0 foreachi ¢€ {1,...,r}. To 
this end, suppose x := ¢;m = pare ejmj € MN j#i Mj). Since e;&; = ¢; and 
ejé; = 0 for j #i we then have , 


X= EX = Fj Oo €jmj) = > EjEjMj = 0. 
J#i J#i 


This shows that MW = M; @...@ M,, as claimed. 

(b) By part (a) we have the direct sum decomposition M = M, @...@ M,, where 
the M; are A-submodules of M. If M is a simple A-module, then precisely one of 
these submodules M; must be non-zero. In particular, M = M; and M; is a simple 
A-module. Oo 


We can now completely describe all simple modules for a direct product. 
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Corollary 3.31. Let K be a field and A = A, x ... x A, a direct product of 
K-algebras. Then the simple A-modules are precisely the inflations of the simple 
A;-modules, fori =1,...,7r. 


Proof. We have seen in Proposition 3.29 that the inflation of any simple A;-module 
is a simple A-module. 

Conversely, if M is a simple A-module then by Lemma 3.30, M = M; for 
precisely onei € {1,...,7r}. The A-action on M; = ¢;M is given by the A;-action 
and the zero action for all factors A; with j # i, since ¢;¢; = 0 for j #7. Note that 
M,; is also simple as an A;-module. In other words, M is the inflation of the simple 
A;-module M,;. oO 


Example 3.32. For a field K let A = My,(K) x ... x Mn,(K) for some 
natural numbers n;. By Example 3.22, the matrix algebra M,,,(K) has only one 
simple module, which is the natural module K”' (up to isomorphism). Then by 
Corollary 3.31, the algebra A has precisely r simple modules, given by the inflations 
of the natural M,,(K)-modules. In particular, the r simple modules of A have 
dimensions n1,..., Mr. 


3.5 Schur’s Lemma and Applications 


The Jordan—Holder Theorem shows that simple modules are the “building blocks’ 
for arbitrary finite-dimensional modules. So it is important to understand simple 
modules. The first question one might ask is, given two simple modules, how can 
we find out whether or not they are isomorphic? This is answered by Schur’s lemma, 
which we will now present. Although it is elementary, Schur’s lemma has many 
important applications. 


Theorem 3.33 (Schur’s Lemma). Let A be a K-algebra where K is a field. 
Suppose S and T are simple A-modules and ¢ : S —~> T is an A-module 
homomorphism. Then the following holds. 


(a) Either ¢ = 0, or ¢ is an isomorphism. In particular, for every simple A-module 
S the endomorphism algebra End,(S) is a division algebra. 

(b) Suppose S = T, and S is finite-dimensional, and let K be algebraically closed. 
Then @ = X1ids for some scalar € K. 


Proof. (a) Suppose ¢ is non-zero. The kernel ker(@) is an A-submodule of S and 
ker(¢) £ S since ¢ # 0. But S is simple, so ker(@) = 0 and ¢ is injective. 
Similarly, the image im(@) is an A-submodule of T, and T is simple. Since 
d@ 4 0, we know im(@) ¥ 0 and therefore im(¢) = T. So ¢ is also surjective, 
and we have proved that ¢ is an isomorphism. 
The second statement is just a reformulation of the first one, using the definition 
of a division algebra (see Definition 1.7). 
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(b) Since K is algebraically closed, the K-linear map ¢ on the finite-dimensional 
vector space S has an eigenvalue, say A € K. That is, there is some non-zero vector 
v € S such that @(v) = Av. The map A ids is also an A-module homomorphism, 
and so is @ — Aids. The kernel of @ — Aids is an A-submodule and is non-zero (it 
contains v). Since S is simple, it follows that ker(@ — Aids) = S, so that we have 
od = hids. oO 


Remark 3.34. The two assumptions in part (b) of Schur’s lemma are both needed 
for the endomorphism algebra to be 1-dimensional. 

To see that one needs that K is algebraically closed, consider K = R and A = H, 
the quaternions, from Example 1.8. We have seen that H is a division algebra over R, 
and hence it is a simple H-module (see Example 3.2). But right multiplication by any 
fixed element in H is an H-module endomorphism, and for example multiplication 
by i € H is not of the form Aidy for any A € R. 

Even if K is algebraically closed, part (b) of Schur’s lemma can fail for a simple 
module S which is not finite-dimensional. For instance, let K = C and A = C(X), 
the field of rational functions. Since it is a field, it is a division algebra over C, 
hence C(X) is a simple C(X)-module. For example, left multiplication by X is a 
C(X)-module endomorphism which is not of the form Aidc,x) for any A € C. 


One important application of Schur’s lemma is that elements in the centre of 
a K-algebra A act as scalars on finite-dimensional simple A-modules when K is 
algebraically closed. 


Definition 3.35. Let K be a field and let A be a K-algebra. The centre of A is 
defined to be 


Z(A) := {z € A| za = az foralla e€ A}. 


Exercise 3.2. Let A bea K -algebra. Show that the centre Z(A) is a subalgebra of A. 
Example 3.36. 


(1) By definition, a K-algebra A is commutative if and only if Z(A) = A. So in 
some sense, the size of the centre provides a ‘measure’ of how far an algebra is 
from being commutative. 

(2) For any n € N the centre of the matrix algebra M;,(K) has dimension |, it is 
spanned by the identity matrix. The proof of this is Exercise 3.16. 


Lemma 3.37. Let K be an algebraically closed field, and let A be a K-algebra. 
Suppose that S is a finite-dimensional simple A-module. Then for every z € Z(A) 
there is some scalar X., € K such that zs = zs foralls € S. 


Proof. We consider the map p : S — S defined by p(s) = zs. One checks that it is a 
K-linear map. Moreover, it is an A-module homomorphism: using that z commutes 
with every element a € A we have 


p(as) = z(as) = (za)s = (az)s = a(zs) =ap(s). 
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The assumptions allow us to apply part (b) of Schur’s lemma, giving some A, € K 
such that p = i, ids, that is, zs = d,s forall s € S. oO 


Corollary 3.38. Let K be an algebraically closed field and let A be a commutative 
algebra over K. Then every finite-dimensional simple A-module S is 1-dimensional. 


Proof. Since A is commutative we have A = Z(A), so by Lemma 3.37, everya € A 
acts by scalar multiplication on S. For every 0 4 s € S this implies that span{s} 
is a (1-dimensional) A-submodule of S. But S is simple, so S = span{s} and S is 
1-dimensional. Oo 


Remark 3.39. Both assumptions in Corollary 3.38 are needed. 


(1) If the field is not algebraically closed, simple modules of a commutative algebra 
need not be 1-dimensional. For example, let A = R[X]/(X? + 1), a 2- 
dimensional commutative R-algebra. The polynomial X* + 1 is irreducible over 
IR, and hence by Proposition 3.23, we know that A is simple as an A-module, 
so A has a 2-dimensional simple module. 

The assumption that S is finite-dimensional is needed. As an example, consider 
the commutative C-algebra A = C(X) as an A-module, as in Remark 3.34. 
This is a simple module, but clearly not 1-dimensional. 


(2 


a 


We will see more applications of Schur’s lemma later. In particular, it will be 
crucial for the proof of the Artin—Wedderburn structure theorem for semisimple 
algebras. 


EXERCISES 


3.3. Let A be a K-algebra. Suppose V and W are A-modules and ¢ : V > W is 
an A-module isomorphism. 


(a) Show that V is simple if and only if W is simple. 
(b) Suppose 0 = Vo C Vi C... C Vz = V is a composition series of V. 
Show that then 


0=¢@0) C dV) C...C (Vn) = W 


is a composition series of W. 


3.4. Find a composition series for A as an A-module, where A is the 3-subspace 
algebra 


ay by bz b3 
0a 0 0 
0 0 a3 0 
00 0 a4 


A:= |a;,b; €K ¢ © M4(K) 


introduced in Example 1.16. 
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3.5. 


3.6. 


3.15 


3.8. 
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Let A be the ring A = & a) , that is, A consists of all upper triangular 
matrices in M2(C) with (2, 2)-entry in R. 


(a) Show that A is an algebra over R (but not over C). What is its dimension 

over R? 
; CO OC 

(b) Consider A as an A-module. Check that iG .) and € ) are A- 
submodules of A. Show that they are simple A-modules and that they 
are isomorphic. 

(c) Find a composition series of A as an A-module. 

(d) Determine all simple A-modules, up to isomorphism, and their dimen- 
sions over R. 


Let Q be the quiver with one vertex and two loops denoted x and y. For any 
field K consider the path algebra K Q. Note that for any choice of n x n- 
matrices X, Y over K, taking x, y € KQ to X,Y in M,(K) extends to an 
algebra homomorphism, hence a representation of K Q, that is, one gets a 
K Q-module. 


(a) Let V3 := K? be the 3-dimensional K Q-module on which x and y act 
via the matrices 


010 000 
X={001] and Y={/100 
000 010 


Show that V3 is a simple K Q-module. 
(b) For every n € N find a simple K Q-module of dimension n. 
(c) Construct an infinite-dimensional simple K Q-module. 


Let V be a 2-dimensional vector space over a field K, and let A be a 
subalgebra of Endx(V). Recall that V is then an A-module (by applying 
linear transformations to vectors). Show that V is not simple as an A-module 
if and only if there is some 0 ¥ v € V which is an eigenvector for all a € A. 
More generally, show that this also holds for a 2-dimensional A-module V, 
by considering the representation y : A > Endx(V). 

We consider subalgebras A of M>(K) and the natural A-module V = K?. 
Show that in each of the following situations the A-module V is simple, and 
determine the endomorphism algebra Endx (V). 


(a) K=RA=|(" ’)iabery. 
—ba 


(b) kama={(9 f,) avez}. 
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3.9. 


(a) Find all simple RLX]/(x4 — 1)-modules, up to isomorphim. 
(b) Find all simple Q[X]/(X? — 2)-modules, up to isomorphism. 


. Consider the R-algebra A = R[X]/(f) for a non-constant polynomial 


J € R[X]. Show that for each simple A-module S the endomorphism algebra 
Endg(S) is isomorphic to R or to C. 


. Let A = M)(R), and V be the A-module V = A. The following will show 


that V has infinitely many different composition series. 


(a) Let e € A \ {0, 1} with e7 = e. Show that then Ae = {ae | a € A} isan 
A-submodule of A, and that 0 C Ae C A is a composition series of A. 
(You may apply the Jordan—Holder Theorem.) 


(b 


ma 


For A € R let é, := & ;) . Show that for A ~ ww the A-modules Ag, 


and Aé,, are different. Hence deduce that V has infinitely many different 
composition series. 


. (a) Let A = K[X]/(X"). Show that A as an A-module has a unique 


composition series. 
(b) Find all composition series of A as an A-module where A is the K- 
algebra K[X]/(x3 — X?), 
Let f € K[X] be a non-constant polynomial and let f = f/"... fr" 
be the factorisation into irreducible polynomials in K[X] (where the 
different f; are pairwise coprime). Determine the number of different 
composition series of A as an A-module where A is the K-algebra 


K[X]/(f). 


(c 


wm 


. Consider the group algebra A = C D4 where Dz is the group of symmetries of 


the square. Let V = C*, which is an A-module if we take the representation 
as in Example 3.2. Show that V is a simple C D4-module. 


. For any natural number n > 3 let D, be the dihedral group of order 2n, 


that is, the symmetry group of a regular n-gon. This group is by definition 
a subgroup of GL(R7), generated by the rotation r by an angle 277/n and a 
reflection s. The elements satisfy r” = id, s* = id and s~'rs = r7!. (For 
n = 5 this group appeared in Exercise 2.20.) Let CD, be the group algebra 
over the complex numbers. 


(a) Prove that every simple CD,,-module has dimension at most 2. (Hint: If 
v is an eigenvector of the action of r, then sv is also an eigenvector for 
the action of r.) 

(b) Find all 1-dimensional CD,,-modules, up to isomorphism. (Hint: Use the 
identities for r, s; the answers will be different depending on whether n 
is even or odd.) 


. Find all simple modules (up to isomorphism) and their dimensions for the 


following K -algebras: 
(i) K[X]/(X?) x K[X]/(X*). 


(ii) Mo(K) x M3(K). 
(iii) K[X]/(X? — 1) x K. 


3.20. 
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. Let D be a division algebra over K. Let A be the K-algebra M,,(D) of all 


n X n-matrices with entries in D. Find the centre Z(A) of A. 


. Suppose A is a finite-dimensional algebra over a finite field K, and S is a 


(finite-dimensional) simple A-module. Let D := End, (5S). Show that then D 
must be a field. More generally, let D be a finite-dimensional division algebra 
over a finite field K. Then D must be commutative, hence is a field. 


. Let A be a K-algebra and M an A-module of finite length €(M). Show that 


£(M) is the maximal length of a chain 
Moc M,c...CM;-1 C Mp =M 


of A-submodules of M with M; 4 Mj+, for alli. 


. Let A be a K-algebra and M an A-module of finite length. Show that for all 


A-submodules U and V of M we have 
£U+V)=lU)+2(V) —L(U NV). 


Assume A is a K-algebra, and M is an A-module which is a direct sum of 
submodules, M = M;@M2®...®M,,. Consider the sequence of submodules 


OCM, CM OM2cC...cCM,O®MO...@8Mr-1 CM. 
(a) Apply the isomorphism theorem and show that 
(M, ®...8M;j)/(M o...8 Mj-1) = M;j 
as A-modules. 


(b) Explain briefly how to construct a composition series for M if one is 
given a composition series of M; for each j. 


. Let Q be a quiver without oriented cycles, so the path algebra A = K Q is 


finite-dimensional. Let Qo = {1,2,..., n}. 


(a) For a vertex i of Q, let r be the maximal length of a path in Q with 
starting vertex i. Recall Ae; has a sequence of submodules 


0c Ae*" c Ae?! Cc... C Ae?” C Aez! C Ae}. 


Show that Ae="' /Ae='t! fort < r is a direct sum of simple modules 
(spanned by the cosets of paths starting at i of length rt). Hence describe 
a composition series of Ae;. 

(b) Recall that A = Ae; @... ® Ae, as an A-module (see Exercise 2.6). 
Apply the previous exercise and part (a) and describe a composition 
series for A as an A-module. 


Chapter 4 ®) 
Semisimple Modules and Semisimple od 
Algebras 


In the previous chapter we have seen that simple modules are the ‘building 
blocks’ for arbitrary finite-dimensional modules. One would like to understand how 
modules are built up from simple modules. In this chapter we study modules which 
are direct sums of simple modules, this leads to the theory of semisimple modules. 
If an algebra A, viewed as an A-module, is a direct sum of simple modules, then 
surprisingly, every A-module is a direct sum of simple modules. In this case, A 
is called a semisimple algebra. We will see later that semisimple algebras can be 
described completely, this is the famous Artin—Wedderburn theorem. Semisimple 
algebras (and hence semisimple modules) occur in many places in mathematics; 
for example, as we will see in Chap. 6, many group algebras of finite groups are 
semisimple. 

In this chapter, as an exception, we deal with arbitrary direct sums of modules, as 
introduced in Definition 2.15. The results have the same formulation, independent 
of whether we take finite or arbitrary direct sums, and this is an opportunity to 
understand a result which does not have finiteness assumptions. The only new tool 
necessary is Zorn’s lemma. 


4.1 Semisimple Modules 


This section deals with modules which can be expressed as a direct sum of simple 
submodules. Recall Definition 2.15 for the definition of direct sums. 
We assume throughout that K is a field. 


Definition 4.1. Let A be a K-algebra. An A-module V ¥ 0 is called semisimple if 
V is the direct sum of simple submodules, that is, there exist simple submodules S;, 
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fori € J an index set, such that 


v=Q 5. 


iel 


Example 4.2. 


(1) Every simple module is semisimple, by definition. 
(2) Consider the field K as a 1-dimensional algebra A = K. Then A-modules are 


(3 


(4 


(5 


) 


Sa 


wm 


the same as K-vector spaces and submodules are the same as K-subspaces. 
Recall from linear algebra that every vector space V has a basis. Take a basis 
{b; |i € I} of V where J is some index set which may or may not be finite, 
and set S; := span{b;}. Then S; is a simple A-submodule of V since it is 1- 
dimensional, and we have V = Die ; Si» Since every element of V has a unique 
expression as a (finite) linear combination of the basis vectors. This shows that 
when the algebra is the field K then every non-zero K -module is semisimple. 
Let A = M,,(K) and consider V = A as an A-module. We know from 
Exercise 2.5 that V = Ci; ® C2 ®... ® Cy, where C; is the space of matrices 
which are zero outside the i-th column. We have also seen in Exercise 3.1 that 
each C; is isomorphic to K” and hence is a simple A-module. So A = My(K) 
is a semisimple A-module. 

Consider again the matrix algebra M,,(K), and the natural module V = K”. As 
we have just observed, V is a simple M,(K)-module, hence also a semisimple 
M,,(K )-module. 


However, we can also consider V = K” as a module for the alge- 
bra of upper triangular matrices A = T,(K). Then by Exercise 2.14 the 
A-submodules of K” are given by the subspaces V; fori = 0, 1,...,, where 


Vi = {(x1,-..,x;,0,..., 0)! | x; € K}. Hence the A-submodules of V forma 
chain 


0O=Vo CV, C...C Vn_-1 C Vn = K”. 


In particular, Vi; 0 V; 4 O for every i, j 4 O and hence V cannot be the direct 
sum of A-submodules if n > 2. Thus, for n > 2, the natural T,,(K)-module kK” 
is not semisimple. 

As a similar example, consider the algebra A = K[X]/(X"‘) fort > 2, as 
an A-module. By Theorem 2.10, this module is of the form Vy where V has 
dimension f¢ and @ is the linear map which comes from multiplication with the 
coset of X. We see a’ = 0 and a'—! ¥ 0. We have seen in Proposition 3.23 
that A has a unique simple module, which is isomorphic to K[X]/(X). This 
is a |-dimensional space, spanned by an eigenvector for the coset of X with 
eigenvalue 0. Suppose A is semisimple as an A-module, then it is a direct sum 
of simple modules, each is spanned by a vector which is mapped to zero by the 
coset of X, that is, by a. Then the matrix for a is the zero matrix and it follows 
that t = 1. Hence fort > 1, A is not semisimple as an A-module. 
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Given some A-module V, how can we decide whether or not it is semisimple? 
The following result provides several equivalent criteria, and each of them has its 
advantages. 


Theorem 4.3. Let A be a K-algebra and let V be a non-zero A-module. Then the 
following statements are equivalent. 


(1) For every A-submodule U of V there exists an A-submodule C of V such that 
V=U®OC. 

(2) V is a direct sum of simple submodules (that is, V is semisimple). 

(3) V is a sum of simple submodules, that is, there exist simple A-submodules 
Si, i € I, such that V = 0, <1 Si- 


The module C in (1) such that V = U @ C is called a complement to U in V. 
Condition (1) shows that every submodule U is also isomorphic to a factor module 
(namely V/C) and every factor module, V/U, is also isomorphic to a submodule 
(namely C). 

The implication (2) = (3) is obvious. So it suffices to show the implications 
(1) > (2) and (3) > (1). We will first prove these when V is finite-dimensional (or 
when V has a composition series) and then we will introduce Zorn’s lemma, and 
give a general proof. 


Proof when V is finite-dimensional. (1) = (2). Assume every submodule of V has 
a complement. We want to show that V is a direct sum of simple submodules. 

Let M be the set of submodules of V which can be expressed as a direct sum of 
simple submodules. We assume for the moment that V is finite-dimensional, and so 
is every submodule of V. By Lemma 3.9 every submodule of V has a composition 
series, hence every non-zero submodule of V has a simple submodule. 

In particular, the set M is non-empty. Choose U in M of largest possible 
dimension. We claim that then U = V. 

We assume (1) holds, so there is a submodule C of V such that V = U@C. 
Suppose (for a contradiction) that U # V, then C is non-zero. Then the module 
C has a simple submodule, S say. The intersection of U and S is zero, since 
UNS CUNC=0.HenceU+S =U @®S. Since U is a direct sum of simple 
modules, U@S is also a direct sum of simple modules. But dimgx U < dimx (U®S) 
(recall a simple module is non-zero by definition), which contradicts the choice of 
U. Therefore we must have C = 0 and V = U e€ M is a direct sum of simple 
submodules. 

(3) = (1). Assume V is the sum of simple submodules. We claim that then every 
submodule of V has a complement. 

Let U be a submodule of V, we may assume U + V. Let M be the set of 
submodules W of V such that UM W = 0; clearly M is non-empty since it contains 
the zero submodule. Again, any such W has dimension at most dimx V. Take C in 
M of largest possible dimension. We claim that U @C = V. 

Since U1 C = 0, we have U + C = U @C. Suppose that U © C is a proper 
submodule of V. Then there must be a simple submodule, S say, of V which is not 
contained in U @C (indeed, if all simple submodules of V were contained in U @C 
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then since V is a sum of simple submodules, we would have that V C U @ C). 
Then the intersection of S with U @ C is zero (if not, the intersection is a non-zero 
submodule of S and since S is simple, it is equal to S). Then we have a submodule 
of V of the form U @ (C @ S) and dimgx C < dimx(C @ S) which contradicts the 
choice of C. Therefore we must have U @C = V. oO 


Note that if we only assume V has a composition series then the proof is identical, 
by replacing ‘dimension’ by ‘length’ (of a composition series). 

If V is not finite-dimensional, then we apply Zorn’s lemma. This is a more 
general statement about partially ordered sets. Let P be a non-empty set and < 
some partial order on P. A chain (U;)j¢; in P is a linearly ordered subset. An upper 
bound of such a chain is an element U € P such that U; < U for alli € J. Zorn’s 
lemma states that if every chain in P has an upper bound then P has at least one 
maximal element. For a discussion of this, we refer to the book by Cameron in this 
series. ! 

Perhaps one of the most important applications of Zorn’s lemma in representation 
theory is that a non-zero cyclic module always has a maximal submodule. 


Definition 4.4. Let R be a ring. An R-module M is called cyclic if there exists an 
element m € M such that M = Rm = {rm|r € Ry}, that is, the module M is 
generated by a single element. 


Lemma 4.5. Assume R is a ring and M = Rm, a non-zero cyclic R-module. Then 
M has a maximal submodule, and hence has a simple factor module. 


Proof. Let M be the set of submodules of M which do not contain m, this set is 
partially ordered by inclusion. Then M is not empty (the zero submodule belongs 
to M). Take any chain (Uj)je7 in M, and let U := Uje; Uj, this is a submodule of 
M and it does not contain m. So U € M, and U; © U, that is, U is an upper bound 
in M for the chain. By Zorn’s lemma, the set M/ has a maximal element, N say. 
We claim that N is a maximal submodule of M: Indeed, let N C W C M, where 
W is a submodule of M. If m € W then M = Rm C W and W = M. On the 
other hand, if m ¢ W then W belongs to M, and by maximality of N it follows that 
N = W. Then M/N is a simple R-module, by the submodule correspondence (see 
Theorem 2.28). oO 


We return to the proof of Theorem 4.3 in the general case. One ingredient in the 
proof of (1) = (2) is that assuming (1) holds for V then every non-zero submodule 
of V must have a simple submodule. We can prove this for general V as follows. 


Lemma 4.6. Let A be a K-algebra. Assume V is an A-module such that every 
submodule U of V has a complement. Then every non-zero submodule of V has a 
simple submodule. 


'P J. Cameron, Sets, Logic and Categories. Springer Undergraduate Mathematics Series. Springer- 
Verlag London, Ltd., London, 1999. x+180 pp. 
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Proof. It is enough to show that if Am is a non-zero cyclic submodule of V then 
Am has a simple submodule. By Lemma 4.5, the module Am has a maximal 
submodule, U say, and then Am/U is a simple A-module. By the assumption, there 
is a submodule C of V such that V = U @ C. Then we have 


Am = AmNV=AmN(U@C)=U@A@(AmNC), 


where the last equality holds since U is contained in Am. It follows now by the 


isomorphism theorem that Am/U = Am 1 C, which is simple and is also a 
submodule of Am. Oo 


Proof of Theorem 4.3 in general. (1) => (2). Consider families of simple submod- 
ules of V whose sum is a direct sum. We set 


M := {(Si)ier | Si S V simple, )* S; = @ Si}. 


iel iel 


By assumption in Theorem 4.3, V # 0. We assume that (1) holds, then by 
Lemma 4.6, V has a simple submodule, so M is non-empty. We consider the 
‘refinement order’ on M, that is, we define 


(Siier < (Ti) jes 


if every simple module S$; appears in the family (7;)j<y. This is a partial order. To 
apply Zorn’s lemma, we must show that any chain in M has an upper bound in 
M. We can assume that the index sets of the sequences in the chain are also totally 
ordered by inclusion. Let 7 denote the union of the index sets of the families in the 
chain. Then the family (5;);_7 is an upper bound of the chain in M: Suppose (for 
a contradiction) that (S;);.; does not lie in M, that is, Pa <j Si 1S not a direct sum. 
Then for some k € J we have Sk ink S; 4 0. This means that there exists a non- 
zero element s € S,; which can be expressed as a finite(!) sum s = sj, +... + Si, 
with Si; € Sij for some ij,...,i; € T. Since I is a union of index sets, the finitely 
many indices k,i,,...,i- must appear in some index set I’ which is an index set 
for some term of the chain in M. But then )°,-, Si € @je, Si, contradicting the 
assumption that (S;)j<¢y) € M.So we have shown that every chain in the partially 
ordered set M has an upper bound in M. Now Zorn’s lemma implies that M has 
a maximal element (Sj) jes. In particular, U := Vies Sj = Dies S;. Now we 
continue as in the first version of the proof: By (1) there is a submodule C of V 
such that V = U @ C. If C is non-zero then by Lemma 4.6, it contains a simple 
submodule S. Since U 1 C = 0, we have UM S = OandhenceU+ S=UOS. 
This means that the family (S;) jes U{S} € M, contradicting the maximality of the 
family (Sj) jes. Therefore,C =OandV =U=@Q@ S; is a direct sum of simple 
submodules, that is, (2) holds. 

(3) => (1). Let U C V bea submodule of V. Consider the set 


jes 


S:={W| WC V an A-submodule such that U MN W = O}. 
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Then S is non-empty (the zero module is in S), it is partially ordered by inclusion 
and for each chain in S the union of the submodules is an upper bound in S. 
So Zorn’s lemma gives a maximal element C € S. Now the rest of the proof is 
completely analogous to the above proof for the finite-dimensional case. oO 


The important Theorem 4.3 has many consequences; we collect a few which will 
be used later. 


Corollary 4.7. Let A be a K-algebra. 


(a) Letp: S — V bean A-module homomorphism, where S is a simple A-module. 
Then g = 0 or the image of ¢ is a simple A-module isomorphic to S. 

(b) Let ge: V — W bean isomorphism of A-modules. Then V is semisimple if and 
only if W is semisimple. 

(c) All non-zero submodules and all non-zero factor modules of semisimple A- 
modules are again semisimple. 

(d) Let (Vi)ier be a family of non-zero A-modules. Then the direct sum Bier V; 
(see Definition 2.17) is a semisimple A-module if and only if all the modules 
V;, i € I, are semisimple A-modules. 


Proof. (a) The kernel ker(g) is an A-submodule of S. Since S is simple, there are 
only two possibilities: if ker(g) = S, then g = 0; otherwise ker(g) = 0, then by the 
isomorphism theorem, im(g) = S/ker(g) = S and is simple. 
Towards (b) and (c), we prove: 
(*) If g@ : V — W is a non-zero surjective A-module homomorphism, and if V is 
semisimple, then so is W. 

So assume that V is semisimple. By Theorem 4.3, V is a sum of simple 
submodules, V = )°;., S; say. Then 


W=90(V)=9 (x s) = Y> (Si). 


iel iel 


By part (a), each g(S;) is either zero, or is a simple A-module. We can ignore the 
ones which are zero, and get that W is a sum of simple A-modules and hence is 
semisimple, using again Theorem 4.3. 

Part (b) follows now, by applying () to g and also to the inverse isomorphism 
gl. 
(c) Suppose that V is a semisimple A-module, and U C V an A-submodule. We 
start by dealing with the factor module V/U, we must show that if V/U is non-zero 


then it is semisimple. Let z be the canonical A-module homomorphism 
m:V—oV/U, xv) =v+U. 
If V/U is non-zero then z is non-zero, and by (*) we get that V/U is semisimple. 


Next, assume U is non-zero, we must show that then U is semisimple. By 
Theorem 4.3 we know that there exists a complement to U, that is, an A-submodule 
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C C V such that V = U @C. This implies that U = V/C. But the non-zero factor 
module V/C is semisimple by the first part of (c), and then by (b) we deduce that 
U is also semisimple. 
(d) Write V := Die , Vi and consider the inclusion maps 1; : Vj — V. These 
are injective A-module homomorphisms; in particular, Vi = im(;) C V are A- 
submodules. 

Suppose that V is semisimple. Then by parts (b) and (c) each V; is semisimple, 
as it is isomorphic to the non-zero submodule im(;) of the semisimple module V. 

Conversely, suppose that each V;, i € J, is a semisimple A-module. By 
Theorem 4.3 we can write V; as a sum of simple submodules, say V; = Dye I Sij 
(for some index sets Jj). On the other hand we have that V = ies u(Vi), 
since every element of the direct sum has only finitely many non-zero entries, see 
Definition 2.17. Combining these, we obtain that 


V= du) = dul > si] =o ap 


iel iel Jedi iel jéeJj 


and V is a sum of simple A-submodules (the 1;(S;;) are simple by part (a)). Hence 
V is semisimple by Theorem 4.3. oO 


4.2 Semisimple Algebras 


In Example 4.2 we have seen that for the 1-dimensional algebra A = K, every 
non-zero A-module is semisimple. We would like to describe algebras for which 
all non-zero modules are semisimple. If A is such an algebra, then in particular 
A viewed as an A-module is semisimple. Surprisingly, the converse holds, as we 
will see soon: If A as an A-module is semisimple, then all non-zero A-modules are 
semisimple. Therefore, we make the following definition. 


Definition 4.8. A K-algebra A is called semisimple if A is semisimple as an A- 
module. 


We have already seen some semisimple algebras. 


Example 4.9. Every matrix algebra M,(K) is a semisimple algebra, see Exam- 
ple 4.2. 


Remark 4.10. By definition, a semisimple algebra A is a direct sum A = Qj, Si 
of simple A-submodules. Luckily, in this situation the index set 7 must be finite. 
Indeed, the identity element can be expressed as a finite sum 14 = ))j¢, Si 
with s; € 5S;. This means that there is a finite subset {i,,...,ix%} CG J such that 
14 € \_, Sj, Then A = Aly © O4_, Sj,, that is, A = @‘_, S;, is a direct 
sum of finitely many simple A-submodules. In particular, a semisimple algebra has 
finite length as an A-module, and every simple A-module is isomorphic to one of 
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the modules S;,,..., S;, which appear in the direct sum decomposition of A (see 
Theorem 3.19). 


When A is a semisimple algebra, then we can understand arbitrary non-zero A- 
modules; they are just direct sums of simple modules, as we will now show. 


Theorem 4.11. Let A be a K-algebra. Then the following assertions are equiva- 
lent. 


(i) A is a semisimple algebra. 
(ii) Every non-zero A-module is semisimple. 


Proof. The implication (ii) = (i) follows by Definition 4.8. 

Conversely, suppose that A is semisimple as an A-module. Take an arbitrary 
non-zero A-module V. We have to show that V is a semisimple A-module. As a 
K-vector space V has a basis, say {v; |i € 7}. With the same index set J, we take 
the A-module 


QB A := {(a@j)ier | aj € A, only finitely many a; are non-zero} 
iel 


the direct sum of copies of A (see Definition 2.17). We consider the map 


w : Pa V 7 (dj )ier > Yo aij. 


iel iel 


One checks that y is an A-module homomorphism. Since the v; form a K -basis of 
V, the map w is surjective. By the isomorphism theorem, 


(@ 4) /ker(W) = im() = V. 


iel 


By assumption, A is a semisimple A-module, and hence €;_, A is also a semisim- 
ple A-module by Corollary 4.7. But then Corollary 4.7 implies that the non-zero 
factor module (€),;-; A)/ker(w) is also semisimple. Finally, Corollary 4.7 gives 
that V = (@,<, A)/ker() is a semisimple A-module. Oo 


This theorem has many consequences, in particular we can use it to show that 
factor algebras of semisimple algebras are semisimple, and hence also that an 
algebra isomorphic to a semisimple algebra is again semisimple: 


Corollary 4.12. Let A and B be K-algebras. Then the following holds: 


(a) Letp : A — B bea surjective algebra homomorphism. If A is a semisimple 
algebra then so is B. 

(b) If A and B are isomorphic then A is semisimple if and only if B is semisimple. 

(c) Every factor algebra of a semisimple algebra is semisimple. 
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Proof. (a) Letg : A > B bea surjective algebra homomorphism. By Theorem 4.11 
it suffices to show that every non-zero B-module is semisimple. Suppose M 0 is 
a B-module, then we can view it as an A-module, with action 


a-m= (a)m (form €m,aé€ A) 


by Example 2.4. Since A is semisimple, the A-module M can be written as 
M= De , 5i Where the S; are simple A-modules. We are done if we show that 
each S; is a B-submodule of M and that S; is simple as a B-module. 

First, S; is a non-zero subspace of M. Let b € B and v € S;, we must show that 
bu € S;. Since g is surjective we have b = g(a) for some a € A, and then 


a-v=g(a)v=bv 


and by assumption a - v € S;. Hence S; is a B-submodule of M. 

Now let U be a non-zero B-submodule of $;, then with the above formula for the 
action of A, we see that U is a non-zero A-submodule of S;. Since S; is simple as 
an A-module, it follows that U = S;. Hence S; is simple as a B-module. 

(b) Suppose g : A — B is an isomorphism. Then (b) follows by applying (a) to g 
and to the inverse isomorphism y~!. 

(c) Assume A is semisimple. Let J Cc A be a two-sided ideal with J # A, 
and consider the factor algebra A/J. We have the canonical surjective algebra 
homomorphism g : A — A/T. By (a) the algebra A/J is semisimple. Oo 


Example 4.13. 


(1) The algebra A = T,,(K) of upper triangular matrices is not semisimple when 
n > 2 (forn = 1 we have A = K, which is semisimple). In fact, the 
natural A-module K” is not a semisimple module, see Example 4.2. Therefore 
Theorem 4.11 implies that T,,(K) is not a semisimple algebra. 

(2) The algebra A = K[X]/(X‘) is not a semisimple algebra for t > 2. Indeed, we 
have seen in Example 4.2 that A is not semisimple as an A-module. 

It follows that also the polynomial algebra K[X] is not a semisimple 
algebra: indeed, apply Corollary 4.12 to the surjective algebra homomorphism 
K(X] > K[X1/(X1), fe f + (X%. 


We can answer precisely which factor algebras of K[X] are semisimple. We 
recall from basic algebra that the polynomial ring K[X] over a field K is a unique 
factorization domain, that is, every polynomial can be (uniquely) factored as a 
product of irreducible polynomials. 


Proposition 4.14. Let K be a field, f € K[X] a non-constant polynomial and 
f= a -...* f-" its factorization into irreducible polynomials, where a; € N and 
Si.-.-, fr are pairwise coprime. Then the following statements are equivalent. 


(i) K[X]/(/) is a semisimple algebra. 


(ii) We have a; = 1 foralli = 1,...,r, thatis, f = fi -...- f, is a product of 
pairwise coprime irreducible polynomials. 


94 4 Semisimple Modules and Semisimple Algebras 


Proof. We consider the algebra A = K[X]/(f) as an A-module. Recall that the A- 
submodules of A are given precisely by (g)/(f) where the polynomial g divides f. 
(i) => (ii). We assume A is semisimple. Assume for a contradiction that (say) a; > 2. 
We will find a non-zero A-module which is not semisimple (and this contradicts 
Theorem 4.11). Consider M := K[X]/(f/). Then M is a K[X]-module which is 
annihilated by f, and hence is an A-module (see for example Lemma 2.37). The 
A-submodules of M are of the form (g)/( TD for polynomials g dividing ce Since 
fi is irreducible, M has only one non-trivial A-submodule, namely (/1)/ CF). In 
particular, M cannot be the direct sum of simple A-submodules, that is, M is not 
semisimple as an A-module. 

(ii) > Gd). Assume f is a product of pairwise coprime irreducible polynomials. We 
want to show that A is a semisimple algebra. It is enough to show that every A- 
submodule of A has a complement (see Theorem 4.3). Every submodule of A is 
of the form (g)/(f) where g divides f. Write f = gh then by our assumption, 
the polynomials g and h are coprime. One shows now, with basic algebra, that 
A = (g)/(f) ® (4)/(f), which is a direct sum of A-modules; see the worked 
Exercise 4.3. Oo 


Example 4.15. 


(1) By Proposition 4.14 we see that A = K[X]/(X‘) is a semisimple algebra if and 
only if f = 1 (see Example 4.13). 

In Sect. 1.4 we have seen that up to isomorphism there are precisely 
three 2-dimensional R-algebras, namely R[X]/(X*), R[X]/(X? — 1) and 
R[X]/(X? + 1) = C. Using Proposition 4.14 we can now see which of these 
are semisimple. The algebra R[X]/(X7) is not semisimple, as we have just 
seen. The other two algebras are semisimple because X?-1= (X—-1)(X41), 
the product of two coprime polynomials and X* + 1 is irreducible in R[X]. 
Let p be a prime number and denote by Z, the field with p elements. Consider 
the algebra A = Z,/(X? — 1). We have X? — 1 = (X — 1)? inZ,[X], hence 
by Proposition 4.14 the algebra A is not semisimple. 


(2 


Na 


(3 


wm 


Remark 4.16. Note that subalgebras of semisimple algebras are not necessarily 
semisimple. For example, the algebra of upper triangular matrices T,(K) for n > 2 
is not semisimple, by Example 4.13; but it is a subalgebra of the semisimple algebra 
M,,(K), see Example 4.9. 

More generally, in Exercise 1.29 we have seen that every finite-dimensional 
algebra is isomorphic to a subalgebra of a matrix algebra M,(K), hence to a 
subalgebra of a semisimple algebra, and we have seen many algebras which are 
not semisimple. 


On the other hand, the situation is different for factor algebras: we have already 
seen in Corollary 4.12 that every factor algebra of a semisimple algebra is again 
semisimple. 

If B = A/T, where [ is an ideal of A with J ¥ A, then in Lemma 2.37 we have 
seen that a B-module can be viewed as an A-module on which / acts as zero, and 
conversely any A-module V with 1V = 0 (that is, J acts as zero on V), can be 
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viewed as a B-module. The actions are related by the formula 
(a+I)v=av (AcE A, veEV). 


The following shows that with this correspondence, semisimple modules correspond 
to semisimple modules. 


Theorem 4.17. Let A be a K-algebra, I C A a two-sided ideal of A with I # A, 
and let B = A/I the factor algebra. The following are equivalent for any B- 
module V. 


(i) V is a semisimple B-module. 
(ii) V is a semisimple A-module with IV = 0. 


Proof. First, suppose that (i) holds. By Theorem 4.3, V = >> jes Sj> the sum of 
simple B-submodules of V. By Lemma 2.37, we can also view the S; as A-modules 
with 7S; = 0. Moreover, they are also simple as A-modules, by Lemma 3.5. This 
shows that V is a sum of simple A-modules, and therefore it is a semisimple A- 
module, by Theorem 4.3. 

Conversely, suppose that (ii) holds, assume V is a semisimple A-module with 
IV = 0. By Theorem 4.3 we know V = Ded S;,a sum of simple A-submodules 
of V. Then JS; C JV = 0, and Lemma 2.37 says that we can view the S; as 
B-modules. One checks that these are also simple as B-modules (with the same 
reasoning as in Lemma 3.5). So as a B-module, V = De S;, a sum of simple 
B-modules, and hence is a semisimple B-module by Theorem 4.3. oO 


Corollary 4.18. Let A,,..., A; be finitely many K-algebras. Then the direct 
product A, x ...x A; is a semisimple algebra if and only if each Aj fori = 1,...,r 
is a semisimple algebra. 


Proof. Set A = A, x ... x A,;. Suppose first that A is semisimple. For any 
i € {1,...,r}, the projection z; : A — A; is a surjective algebra homomorphism. 
By Corollary 4.12 each A; is a semisimple algebra. 

Conversely, suppose that all algebras Aj,..., A; are semisimple. We want to 
use Theorem 4.11, that is, we have to show that every non-zero A-module is 
semisimple. Let M # 0 be an A-module. We use Lemma 3.30, which gives that 
M=M,8M2e@...@8M,, where M; = ¢;M, with ¢; = (0,...,0, 14;,0,..., 0), 
and M; is an A-submodule of M. Then M; is also an A;-module, since the kernel of 
7; annihilates M; (using Lemma 2.37). We can assume that M; ~ 0; otherwise we 
can ignore this summand in M = M; ® M2 @...@ M,. Then by assumption and 
Theorem 4.11, M; is semisimple as a module for A;, and then by Theorem 4.17 it 
is also semisimple as an A-module. Now part (d) of Corollary 4.7 shows that M is 
semisimple as an A-module. Oo 


Example 4.19. Let K be a field. We have already seen that matrix algebras M,, (K) 
are semisimple (see Example 4.9). Corollary 4.18 now shows that arbitrary finite 
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direct products 
Mn, (K) x... x Mn, (K) 


are semisimple algebras. 


4.3 The Jacobson Radical 


In this section we give an alternative characterisation of semisimplicity of algebras. 
We will introduce the Jacobson radical J(A) of an algebra A. We will see that this 
is an ideal which measures how far away A is from being semisimple. 


Example 4.20. Let A = R[X]/(f) where f = (X — 1)*(X + 1)? fora, b > 1. By 
Proposition 3.23 this algebra has two simple modules (up to isomorphism), which 
we can take as S$} := A/M, and Sx = A/M2, where Mj, M2 are the maximal left 
ideals of A given by M; = (X — 1)/(f) and Mz = (X + 1)/(f). Since X — 1 and 
X + 1 are coprime we observe that 


M1 M2 = (X — 1I)(X + 1))/(f). 


We know that A is semisimple if and only if a = b = 1 (see Proposition 4.14). This 
is the same as M; N M2 = 0. This motivates the definition of the Jacobson radical 
below. 


Exercise 4.1. Assume A is a semisimple algebra, say A = S| ®...@ S,, where the 
S; are simple A-submodules of A (see Remark 4.10). Then S; = A/M;, where M; is 
a maximal left ideal of A (see Lemma 3.18). Show that the intersection M,N. ..9M,, 
is zero. (Hint: Let a be in the intersection, show that aS; = 0 for 1 <i <n.) 


Definition 4.21. Let A be a K-algebra. The Jacobson radical J (A) of A is defined 
to be the intersection of all maximal left ideals of A. In other words, J(A) is the 
intersection of all maximal A-submodules of A. 


Example 4.22. 


(1) Assume K is an infinite field, then the polynomial algebra A = K[X] has 
Jacobson radical J(A) = 0: In fact, for each A € K the left ideal generated by 
X — i is maximal (the factor module K[X]/(X — 4) has dimension 1; then use 
the submodule correspondence, Theorem 2.28). Then J(A) C hex (X —A). 
We claim this is zero. Suppose 0 # ff is in the intersection, then f is a 
polynomial of degree n (say), and X — A divides f for each A € K, but there 
are infinitely many such factors, a contradiction. It follows that J/(A) = 0. 
In general, J(K[X]) = 0 for arbitrary fields K. One can adapt the above 
proof by using that K[X] has infinitely many irreducible polynomials. The 
proof is Exercise 4.11. 
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(2) Consider a factor algebra of a polynomial algebra, A = K[X]/(f), where f isa 
non-constant polynomial, and write f = i 1. f"", where the f; are pairwise 
coprime irreducible polynomials in K[X]. We have seen before that the left 
ideals of A are of the form (g)/(f) where g is a divisor of f. The maximal left 
ideals are those where g is irreducible. One deduces that 


J(A)=( (f/f) = T] f/0). 


i=l i=1 


In particular, /(A) = 0 if and only if f = f, -...- f;, that is, f is the product 
of pairwise coprime irreducible polynomials. 


The following theorem collects some of the basic properties of the Jacobson 
radical. 
Recall that for any left ideals 7, J of an algebra A, the product is defined as 


IJ =span{xy|xel,ye J} 


and this is also a left ideal of A. In particular, for any left ideal J of A we define 
powers inductively by setting /°9 = A, 7! = J and I‘ = J*‘—'J for all k > 2. Thus 
for every left ideal J we get a chain of left ideals of the form 


ADIS PoP D2: 


The ideal J is called nilpotent if there is some r > 1 such that J’ = 0. 
We also need the annihilator of a simple A-module S, this is defined as 


Ann,(S) := {a € A| as = 0 forevery s € S}. 


This is contained in Ann,y(s) whenever S = As for s e€  S, and since 
S = A/Anng(s) (see Lemma 3.18) we know that Ann,(s) is a maximal left 
ideal of A. 


Exercise 4.2. Let A be a K-algebra. Show that for any A-module M we have 
Ann,(M) := {a € A| am = 0 for every m € M} 


is a two-sided ideal of A. 


Theorem 4.23. Let K be afield and A a K-algebra which has a composition series 
as an A-module (that is, A has finite length as an A-module). Then the following 
holds for the Jacobson radical J (A). 


(a) J(A) is the intersection of finitely many maximal left ideals. 
(b) We have that 


J(Ay= () Anna(s), 


S simple 
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that is, J(A) consists of those a € A such that aS = 0 for every simple A- 
module S. 

(c) J(A) is a two-sided ideal of A. 

(d) J(A) is a nilpotent ideal, we have J(A)" = 0 where n is the length of a 
composition series of A as an A-module. 

(e) The factor algebra A/J(A) is a semisimple algebra. 

(f) Let I C A be a two-sided ideal with I 4 A such that the factor algebra A/T is 
semisimple. Then J(A) C I. 

(g) A is a semisimple algebra if and only J(A) = 0. 


Remark 4.24. The example of a polynomial algebra K |X] shows that the assump- 
tion of finite length in the theorem is needed. We have seen in Example 4.22 
that J(K[X]) = 0. However, K[X] is not semisimple, see Example 4.13. So, for 
instance, part (g) of Theorem 4.23 is not valid for K[X]. 


Proof. (a) Suppose that M),..., M, are finitely many maximal left ideals of A. 
Hence we have that J(A) C Mj N...9M,. If we have equality then we are done. 
Otherwise there exists another maximal left ideal M,41 such that 


Min...AM, D> M10...0M,-0 M41 


and this is a proper inclusion. Repeating the argument gives a sequence of left ideals 
of A, 


ADM, M,N M25DM,{NM2NM32D... 


Each quotient is non-zero, so the process must stop at the latest after n steps where n 
is the length of a composition series of A, see Exercise 3.18. This means that J(A) 
is the intersection of finitely many maximal left ideals. 

(b) We first prove that the intersection of the annihilators of simple modules is 
contained in J(A). Take an element a € A such that aS = 0 for all simple A- 
modules $. We want to show that a belongs to every maximal left ideal of A. 
Suppose M is a maximal left ideal, then A/M is a simple A-module. Therefore 
by assumption a(A/M) = 0, so thata + M =a(14+M) = Oandhencea e€ M. 
Since M is arbitrary, this shows that a is in the intersection of all maximal left ideals, 
that is, a € J(A). 

Assume (for a contradiction) that the inclusion is not an equality, then there is a 
simple A-module S such that J(A)S 4 0; let s € S with J(A)s 4 0. Then J(A)s 
is an A-submodule of S (since J(A) is a left ideal), and it is non-zero. Because 
S is simple we get that J(A)s = S. In particular, there exists an x € J(A) such 
that xs = s, that is, x — 14 € Annyg(s). Now, Ann,(s) is a maximal left ideal 
(since A/Ann,(s) = S, see Lemma 3.18). Hence J/(A) € Ann,(s). Therefore we 
have x € Anng(s) and x — ly € Anng(s) and it follows that 14 € Ann,g(s), a 
contradiction since s # 0. 
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(c) This follows directly from part (b), together with Exercise 4.2. 
(d) Take a composition series of A as an A-module, say 


O=VcVc...CV,-1 CV, =A. 


We will show that J(A)” = 0. For each i with 1 < i < n, the factor module 
V;/V;-1 is a simple A-module. By part (b) it is therefore annihilated by J(A), and 
this implies that J(A)V; € V;_-, foralli = 1,...,”. Hence 


J(A)V; =0, J(A)*V2 © J(A)V; = 0 


and inductively we see that J(A)/V, = 0 for all r. In particular, /(A)” A = 0, and 
this implies J(A)” = 0, as required. 

(e) By Definition 4.8 we have to show that A/J(A) is semisimple as an A/J(A)- 
module. According to Theorem 4.17 this is the same as showing that A/J(A) is 
semisimple as an A-module. From part (a) we know that J(A) = a1 M;, for 
finitely many maximal left ideals M;; moreover, we can assume that for each 7 
we have je M; £& M; (otherwise we may remove M; from the intersection 
M,...0M,). We then consider the following map 


®:A/J(A) > A/M,®...@A/M,, x+J(A)B (x +M,...,x +M,). 


This map is well-defined since J(A) C WM; for all i, and it is injective since 
J(A) = (};_, Mi. Moreover, it is an A-module homomorphism since the action on 
the direct sum is componentwise. It remains to show that ® is surjective, and hence 
an isomorphism; then the claim in part (e) follows since each A/M; is a simple A- 
module. To prove that ® is surjective, it suffices to show that for each 7 the element 
(0,...,0, 14 + M;,0,..., 0) is in the image of ®. Fix some i. By our assumption 
we have that M; is a proper subset of M; + Osi Mj). Since M; is maximal this 
implies that M; + Oxi M;) = A. So there exist m; € Mj and y € je M; such 
that 14 = m; + y. Therefore ®(y) = (0,...,0, 14 + M;,0,...,0), as desired. 

(f) We have by assumption, A/J = S,; ©... ® S, with finitely many simple 
A/I-modules S;, see Remark 4.10. The S; can also be viewed as simple A-modules 
(see the proof of Theorem 4.17). From part (b) we get J(A)S; = 0, which implies 


J(A)(A/T) = J(A)(S1 ® ...® S;-) = 0, 


that is, J(A) = J(A)A CT. 
(g) If A is semisimple then J(A) = 0 by part (f), taking J = 0. Conversely, if 
J(A) = 0 then A is semisimple by part (e). oO 


Remark 4.25. We now obtain an alternative proof of Proposition 4.14 which 
characterizes which algebras A = K[X]/(f) are semisimple. Let f € K[X] 
be a non-constant polynomial and write f = i 1. f-"” with pairwise coprime 


irreducible polynomials f|,..., f- € K[X]. We have seen in Example 4.22 that 
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J(A) = Oif and only if a; = 1 for alli = 1,...,7. By Theorem 4.23 this is exactly 
the condition for the algebra A = K[X]/(/) to be semisimple. 


We will now describe the Jacobson radical for a finite-dimensional path algebra. 
Let A = K Q where Q is a quiver, recall A is finite-dimensional if and only if Q 
does not have an oriented cycle of positive length, see Exercise 1.2. 


Proposition 4.26. Let K be a field, and let Q be a quiver without oriented cycles, 
so the path algebra A = K Q is finite-dimensional. Then the Jacobson radical J (A) 
is the subspace of A spanned by all paths in Q of positive length. 


Note that this result does not generalize to infinite-dimensional path algebras. For 
example, consider the path algebra of the one loop quiver, which is isomorphic to 
the polynomial algebra K [X]. Its Jacobson radical is therefore zero but the subspace 
generated by the paths of positive length is non-zero (even infinite-dimensional). 


Proof. We denote the vertices of Q by {1,...,m}. We apply part (b) of Theo- 
rem 4.23. The simple A-modules are precisely the modules S; := Ae;/J; for 
1 <i <n, and J; is spanned by all paths in Q of positive length starting at i, 
see Theorem 3.26. Therefore we see directly that 


Anna(S;) = Ji ® © Ae;). 
i#i 


Taking the intersection of all these, we get precisely J/(A) = @j_, Ji which is the 
span of all paths in Q of length > 1. Oo 


Corollary 4.27. Let KQ be a finite-dimensional path algebra. Then KQ is a 
semisimple algebra if and only if Q has no arrows, that is, Q is a union of vertices. 
In particular, the semisimple path algebras K Q are isomorphic to direct products 
K x...x K of copies of the field K. 


Proof. By Theorem 4.23, K Q is semisimple if and only if J(K Q) = 0. Then the 
first statement directly follows from Proposition 4.26. The second statement is easily 
verified by mapping each vertex of Q to one of the factors of the direct product. O 


EXERCISES 


4.3. Let f © K[X] be the product of two non-constant coprime polynomials, 
f = gh. Show that then K[X1/(f) = (g)/(f) ® ()/(f). 

4.4. Let A = T,(K), the K-algebra of upper triangular matrices. Let R C A be 
the submodule of all matrices which are zero outside the first row; similarly, 
let C C A be the submodule of all matrices which are zero outside the n-th 
column. For each of R and C, determine whether or not it is a semisimple 
A-module. 
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4.5. 


4.6. 


4.7. 


4.8. 


4.9. 


4.10. 


Let G = $3 be the symmetric group of order 6. Consider the 3-dimensional 
K S3-module V = span{vj, v2, v3} on which $3 acts by permuting the basis 
vectors, that is, 0 - vj = Vg (i) for all o € $3 and where the action is extended 
to arbitrary linear combinations in K $3. 


(a) Verify that U := span{v, + v2 + v3} is a K $3-submodule of V. 

(b) Assume the characteristic of K is not equal to 3. Show that V is a 
semisimple K S3-module by expressing V as a direct sum of two simple 
K S3-submodules. 

(c) Suppose that K has characteristic 3. Show that then V is not a semisimple 
K S3-module. 


Let A be a K-algebra. Let J be a left ideal of A which is nilpotent, that is, 
there exists an r € N such that 7” = 0. Show that J is contained in the 
Jacobson radical J(A). 

Which of the following subalgebras of M3(K) are semisimple? (Each asterisk 
stands for an arbitrary element from K.) 


*00 2 ok Ok * O x * O x 
Aj =|0+«0 A2=|]0x«0 A3=]0+*0 Aa = {100 
00x 00x 00x * 0 x 


Which of the following K-algebras K[X]/(f) are semisimple? 


(i) K[X]/(X3 — X? + X — 1) for K =C, Rand Q, 
(ii) C[X]/(X3 + X? — X — 1), 

(iii) R[X]/(X3 — 3X? +4), 

(iv) Q[X]/(X? — 1), 

(v) Q[X]/(X4 — x? - 2), 

(vi) Zo[X]/(X4 + X41). 


(a) Let f € R[X] be a non-constant polynomial. Show that the R-algebra 
R[X]/(f) is semisimple if and only if the C-algebra C[X]/(f) is 
semisimple. 

(b) Let f € Q[X] be a non-constant polynomial. Either prove the following, 
or find a counterexample: the Q-algebra Q[X]/(f) is semisimple if and 
only if the R-algebra R[X]/(f) is semisimple. 

Suppose A is an algebra and N is some A-module. We define a subquotient 

of N to be a module Y/X where X,Y are submodules of N such that 

OCXCYCN. 

Suppose N has composition length 3, and assume that every subquotient 
of N which has composition length 2 is semisimple. Show that then NV must 
be semisimple. (Hint: Choose a simple submodule X of N and show that there 
are submodules U; 4 U2 of N, both containing X, of composition length 2. 
Then show that U; + U2 is the direct sum of three simple modules.) 
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4.11. (a) Show that there exist infinitely many irreducible polynomials in K(X]. 
(Hint: try a variation of Euclid’s famous proof that there are infinitely 
many prime numbers.) 

(b) Deduce that the Jacobson radical of K [X] is zero. 
4.12. For each of the following subalgebras of M3(K), find the Jacobson radical. 


*00 XYZ 
Aj= {0x0 A2= Ox O]} |x,y,zEK 
00 x 00x 
xy0 * * 0 
A3 = OzO}]l|x,yzEK A4g=|0*0 
00x O * * 


4.13. Let g : A — B be a surjective K-algebra homomorphism. Prove the 
following statements. 


(a) For the Jacobson radicals we have g(J(A)) € J(B). 
(b) If ker(g) € J(A) then g(J(A)) = J(B). 
(c) For all K-algebras A we have J(A/J(A)) = 0. 


4.14. Assume A is a commutative K-algebra of dimension n. Show that if A 
has n pairwise non-isomorphic simple modules then A must be semisimple. 
(Hint: Consider a map ® as in the proof of Theorem 4.23 (e), from A to 
A/M,@®...@A/My,, where the A/M; are the distinct simple modules. Show 
that ® must be an isomorphism.) 

4.15. Which of the following commutative algebras over C are semisimple? Note 
that the algebras in (i) have dimension 2, and the others have dimension 4. 


(i) C[X]/(X? — X), CLX1/(X*), CLX1/(X? — b, 
(ii) CLX1]/(XP — X1) x C[X2]/(XF — Xr), 
(iii) CLX1, X2]/(X} — X1, XZ — X2), 
(iv) CLX1]/(X7) x CLX]/(X5), 
(v) CLX1, X2]/(Xj, X9). 


Chapter 5 ® 
The Structure of Semisimple Algebras: peels 
The Artin—Wedderburn Theorem 


In this chapter we will prove the fundamental Artin-Wedderburn Theorem, which 
completely classifies semisimple K-algebras. We have seen in Example 4.19 that 
finite direct products M,,(K) x... Mn, (K) of matrix algebras are semisimple K - 
algebras. When the field K is algebraically closed the Artin—Wedderburn theorem 
shows that in fact every semisimple algebra is isomorphic to such an algebra. In 
general, a semisimple algebra is isomorphic to a direct product of matrix algebras 
but where the matrix coefficients in the matrix blocks are elements of some division 
algebras over K. 

Our starting point is a direct sum decomposition, as an A-module, of the algebra 
A. The first observation is how to obtain information on the algebra just from such a 
direct sum decomposition. This is in fact more general, in the following lemma the 
algebra need not be semisimple. 


Lemma 5.1. Assume a K-algebra A as an A-module is the direct sum of non-zero 
submodules, 


A=M,®8M2e4...8M,. 


Write the identity element of Aas 14 = €| +€2+...+ &, with e; € M;. Then 


(a) ej€; =O fori F j and &? =o); 
(b) M; = Ag; and ¢; 4 0. 


Proof. (a) We have 
€j = Gila = 18) + ejeo +... + ej& 


and therefore 


2 
ji — €; = jE, +... + €[€j-1 + EfEi41 +... + €fE. 
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The left-hand side belongs to Mj, and the right-hand side belongs to )> jzi Mj. The 
sum A = Mj @M2@...@M, is direct, therefore M; N ix M; =0. So e =F), 
which proves part of (a). Moreover, this implies 


O= eye, +... + 86-1 + €i€i41 +... + GiEr, 


where the summands ¢;¢; are in M; for each j 4 i. Since we have a direct sum, 
each of these summands must be zero, and this completes the proof of (a). 

(b) We show now that Ae; = M;. Since e; € M; and M; is an A-module, it follows 
that Ae; C M;. For the converse, take some m € Mj, then 


m=mla=meée,t+...+me,+...+me,. 


Now m — meg; € MO » i#i Mj, which is zero, and therefore m = me; € Ag;. We 
assume M; # 0 and therefore ¢; 4 0. oO 


Elements ¢; € A with e = e; are called idempotents, the properties in (a) 
are referred to as an orthogonal idempotent decomposition of the identity. (Such a 
decomposition for a path algebra has already appeared in Exercise 2.6.) 


5.1 A Special Case 


In this section we classify finite-dimensional commutative semisimple K -algebras 
where K is algebraically closed. This particularly nice result is a special case of the 
Artin—Wedderburn theorem. 


Proposition 5.2. Let K be an algebraically closed field. Suppose A is a finite- 
dimensional commutative K-algebra. Then A is semisimple if and only if A is 
isomorphic to the direct product of copies of K, that is, as algebras we have 
A=KxKx...xK. 


Proof. The direct product of copies of K is semisimple, even for arbitrary fields, 
see Example 4.19. 

Conversely, assume A is a finite-dimensional semisimple commutative K- 
algebra. By Remark 4.10, as an A-module, A is the direct sum of finitely many 
simple submodules, 


A=S;85@...@ S;. 


We apply Lemma 5.1 with M; = S;, so we get an orthogonal idempotent 
decomposition of the identity element of A, as 14 = €;+é¢2+...+6,, and S; = Ag;. 

Since A is finite-dimensional, every simple A-module is finite-dimensional by 
Corollary 3.20. Moreover, since K is algebraically closed and A commutative, 
Corollary 3.38 implies that the simple A-module 5; is 1-dimensional, hence has a 
basis ¢€;. 
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We will now constructa map w : A — K x K x...x K (with r factors in 
the direct product) and show that it is an algebra isomorphism. Take an arbitrary 
element a € A. Then ae; € S; fori = 1,...,r. Since ¢; is a basis for $;, there exist 


unique a; € K such that ae; = a;¢;. It follows that we have 
a=ala=aeé, +aéo4+...+ dé = aye; + are. +... + Oy Ey. 


Defineamapy:A— K x K x...x K by setting 


wW(da) := (1, 02,..., ry). 


We now show that y is an algebra isomorphism. From the definition one sees that 
w is K-linear. It is also surjective, since w(e;) = (0,...,0,1,0,...,0) for each 
i. Moreover, it is injective: if (a) = 0, so that all a; are zero, then a = 0, by 
definition. It only remains to show that the map y is an algebra homomorphism. For 
any a,b € A suppose that y(a) = (a1, a2,...,,) and w(b) = (Bi, Bo, ---. Br); 
then we have 


(ab)14 = a(bla) = a(Bie1 + Boe2 +... 4+ Bre) 
= ape, + apoE. +... + aByér = Bi (ae1) + Bo(ae2) +... + Br (ae) 
= Baye, + Brare2 +... + B-a,-&, = a1 Be) + a2 f2e2 +... +4,B, Er, 


where the fourth equality uses axiom (Alg) from Definition 1.1 and the last equality 
holds since the a; and 6; are in K and hence commute. This implies that 


V@wWh)=@1, a2, ..., 0r)(B1, B2,.--s Br) = (a1 B1, 4262, ..., & Br) = w(ab). 


Finally, it follows from the definition that y¥(14) = (1, 1,..., 1) = Ixx...xx. This 
proves that wy: A — K x K x... K is an isomorphism of algebras. Oo 


Remark 5.3. 


(1) Proposition 5.2 need not hold if K is not algebraically closed. For example, 
consider the commutative R-algebra A = R[X]/(X? +1). Since X? + 1 is 
irreducible in R[X], we know from Proposition 3.23 that A as an A-module is 
simple, and it is a semisimple algebra, by Proposition 4.14. However, A # RxR 
since A = C is a field, whereas R x R contains non-zero zero divisors. 
Proposition 5.2 does not hold for infinite-dimensional algebras, even if the field 
K is algebraically closed. We have seen in Remark 3.34 that C(X) is a simple 
C(X)-module. In particular, C(X) is a semisimple C-algebra. As in (1), the field 
C(X) cannot be isomorphic to a product of copies of C. 


(2 


wa 
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5.2 Towards the Artin-Wedderburn Theorem 


We want to classify semisimple algebras. The input for this is more general: the first 
ingredient is to relate any algebra A to its algebra of A-module endomorphisms. The 
second ingredient is the observation that one can view the endomorphisms of a direct 
sum of A-modules as an algebra of matrices, where the entries are homomorphisms 
between the direct summands. We will discuss these now. 

Let A be a K-algebra. For any A-module V we denote by End,(V) the K- 
algebra of A-module homomorphisms from V to V (see Exercise 2.7). Recall 
from Definition 1.6 the definition of the opposite algebra: For any K-algebra B, 
the opposite algebra B°? has the same K-vector space structure as B and has 
multiplication « defined by b * b’ := b’b for any b, b’ € B. The following result 
compares an algebra with its endomorphism algebra. 


Lemma 5.4. Let K be a field and let A be a K-algebra. Then A is isomorphic to 
End,4(A)°? as K -algebras. 


Proof. For any a € A we consider the right multiplication map, 
tq: AA, ra(x)=xa forallx eA. 


One sees that this is an A-module homomorphism, so that rz € End, (A) for every 
aéA. 

Conversely, we claim that every element in End,(A) is of this form, that is, we 
have End4(A) = {rq|a € A}. In fact, let g@ € End,(A) and let a := g(14); then 
for every x € A we have 


p(x) = p(x la) = xg(1a) = xa = rq (x), 
that is g = rq, proving the claim. We define therefore a map 
w:A— Enda(A)”? , (a) = ra. 
Then w is surjective, as we have just seen. It is also injective: If (a) = w(a’) then 
for all x € A we have xa = xa’, and taking x = 14 shows a =a’. 
We will now complete the proof of the lemma, by showing that yw is a 


homomorphism of K-algebras. First, the map w is K-linear: For every A, u € K 
and a,b, x € A we have 


Pratub(x) = x(Aa + ub) = A(xa) + (xb) = Ara(x) + Mro(x) = Ara + Lrh) (x) 
(where the second equality uses axiom (Alg) from Definition 1.1). Therefore, 


W (Aa + Wb) = rats = Ava + Urp = AW(a) + pY(d). 
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Moreover, it is clear that W114) = idg. Finally, we show that y preserves the 
multiplication. For every a, b, x € A we have 


rab(X) = x(ab) = (xa)b = rp(va(x)) = (ra * Th) ) 


and hence 


W (ab) = rap = W(a) * Wd). 


Note that here we used the multiplication in the opposite algebra. Oo 


As promised, we will now analyse endomorphisms of direct sums of A-modules. 
In analogy to the definition of matrix algebras in linear algebra, if we start with 
a direct sum of A-modules, we can define a matrix algebra where the entries are 
homomorphisms between the direct summands. If U, W are A-modules, then we 
write Hom,(U, W) for the vector space of all A-module homomorphisms U > W, 
a subspace of the K-linear maps from U to W. 


Lemma 5.5. Let A be a K-algebra. Given finitely many A-modules Uj,..., U;, 
we consider r x r-matrices whose (i, j)-entry is an A-module homomorphism from 
U; to Uj, 


Pll --- Pir 
A= : | | Giz € Homa(U;, Ui) 
Pri -++ Orr 


Then A becomes a K-algebra with respect to matrix addition and matrix multipli- 
cation, where the product of two matrix entries is composition of maps. 


Proof. \t is clear that matrix addition and scalar multiplication turn A into a K- 
vector space (where homomorphisms are added pointwise as usual). Furthermore, 
matrix multiplication induces a multiplication on A. To see this, consider the 
product of two elements g = (g;;) and yw = (yj;) from A. The product gy has 
as the (i, j)-entry the homomorphism }~/_, gic © Wej, Which is indeed an element 
from Hom, (Uj, U;), as needed. The identity element in A is the diagonal matrix 
with diagonal entries idy,,...,idy,. All axioms follow from the usual rules for 
matrix addition and matrix multiplication. oO 


In linear algebra one identifies the algebra of endomorphisms of an n- 
dimensional K-vector space with the algebra M,(K) of n x n-matrices over 
K. In analogy, we can identify the algebra of endomorphisms of a direct sum of 
A-modules with the matrix algebra as introduced in Lemma 5.5. 


Lemma 5.6. Let A be a K-algebra, suppose U,,...,U, are A-modules and 
V := U, ®...@U,, their direct sum. Then the algebra A from Lemma 5.5 is 
isomorphic as a K-algebra to the endomorphism algebra End,(V). 
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Proof. For every i € {1,..., 7} we consider the projections 2; : V — U; and the 
embeddings x; : U; — V. These are A-module homomorphisms and they satisfy 
ed, kj out = idy. 

Now let y € End,(V) be an arbitrary element. Then for every i, j € {1,...,7r} 
we define 


Vij = ™ oy oK; € Homa(U;, Uj). 


This leads us to define the following map 


®:End4(V) ~ A, yrRh : : EA. 
Yri +++ Vrr 
We are going to show that ® is an isomorphism of K-algebras, thus proving the 


lemma. Let B, y € End,(V). For every pair of scalars a,b € K the (i, j)-entry in 
@®(aB + by) is 


mo (aB+ by)oKj =al(mjo BoKwj)+d(mjoyok;), 


which is equal to the sum of the (i, j)-entries of the matrices a®(B) and b®(y). 
Thus, ® is a K-linear map. Furthermore, it is clear from the definition that 


®(lEnda(v)) = Pidy) = 1a, 


the diagonal matrix with identity maps on the diagonal, since 7; ox; = Ofori # j 
and 7; o kj = idy, for all i. Next we show that ® is multiplicative. The (i, j)-entry 
in the product ®(6)®(y) is given by 


r r 
Y> Bie o vei = ) mj 0 Bokeom oy ok; 


f=1 l=1 


; 
=mjoBo() Keom)oyok; 


l=1 
=m 0(Boidyoy)okj = (Boy)ij. 
Thus, &(6 o y) = (8) P(y). 


It remains to show that ® is bijective. For injectivity suppose that ®(y) = 0, that 
is, yij = 0 for all i, 7. Then we get 


ta r 
y =idy oy oidy =() Kjom)oyo() Kjomy) 
i=1 j=l 


5.2 Towards the Artin-Wedderburn Theorem 109 


ror Ft 
=) ) ee @ioyonjon = >) opp ony =O. 


i=l j=1 i=1 j=l] 


To show that © is surjective, let A € A be an arbitrary element, with (i, j)-entry 4j;;. 
We have to find a preimage under ®. To this end, we define 


ror 
y:= > So kk ode ome € Endy (V). 


k=] f=1 


Using that 7; ox, = O fori A k and 7; ox; = idy, we then obtain for every 
i,j €{1,...,r} that 


r 1 


Vij = MOV OK) =TMO(D. YD KE OAL OM) OK; 


k=1 €=1 
r r 
=o) monn ode ome ox; = hij. 
k=1 €=1 
Thus, ®(y) = A and © is surjective. oO 


Theorem 5.7. Let A be a K-algebraand let V = S\®...®S;, where S,..., S; are 
simple A-modules. Then there exist positive integers r and n,,...,n,, and division 
algebras D,,..., Dy over K such that 


End4(V) = Mn, (D1) x ... x Mn, (Dr). 
Proof. The crucial input is Schur’s lemma (see Theorem 3.33) which we recall now. 
If $; and S$; are simple A-modules then Hom,(5;, Sj) = 0 if S; and S; are not 
isomorphic, and otherwise we have that End, ($;) is a division algebra over K. 


We label the summands of the module V so that isomorphic ones are grouped 
together, explicitly we take 


Si =i = Sn; Sny +l — Sny-+ng> co) Snyt..tn,_41 ee Sny+...tn,=St 


and there are no other isomorphisms. That is, we have r different isomorphism types 
amongst the S;, and they come with multiplicities n|,...,,;. Define 


D, := Endg(S}), D2 := Enda (Sn,41), ---, Dp = Enda (Sp)4.040,,40)5 


these are division algebras, by Schur’s lemma. Then Lemma 5.6 and Schur’s lemma 
show that the endomorphism algebra of V can be written as a matrix algebra, with 
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block matrices 


Mn, (D1) 0 
Enda(V) = A = (Homa(S;, Si))i,j = oh 
0 Mn, (Dr) 
= Mn, (D1) x ... x Mn, (D,). 


oO 


We will now consider the algebras in Theorem 5.7 in more detail. In particular, 
we want to show that they are semisimple K-algebras. This is part of the Artin— 
Wedderburn theorem, which will come in the next section. 

Example 4.19 is a special case, and we have seen that for every field K the 
algebras M,,(K) x ... x Mn,(K) are semisimple. The proof for the algebras in 
Theorem 5.7 is essentially the same. 


Lemma 5.8. 


(a) Let D be a division algebra over K. Then for every n € N the matrix algebra 
M,(D) is a semisimple K -algebra. Moreover, the opposite algebra M,(D)°? is 
isomorphic to M,(D°?), as a K -algebra. 

(b) Let Di, ..., D, be division algebras over K. Then for any nj,...,ny € N the 
direct product My,(D,) x ... xX Mn,(D,) is a semisimple K -algebra. 


Proof. (a) Let A = M,(D), and let D” be the natural A-module. We claim that this 
is a simple module. The proof of this is exactly the same as the proof for D = K in 
Example 2.14, since there we only used that non-zero elements have inverses (and 
not that elements commute). As for the case D = K, we see that A as an A-module 
is the direct sum A = C; @ C2 ®... ® Cy, where C; consists of the matrices 
in A which are zero outside the i-th column. As for the case D = K, each C; is 
isomorphic to the natural module D”, as an A-module. This shows that A is a direct 
sum of simple submodules and hence is a semisimple algebra. 

We show now that the opposite algebra M,(D)°? is isomorphic to M,(D??). 
Note that both algebras have the same underlying K-vector space. Let t be the 
map which takes an n x n-matrix to its transpose. That is, if a = (ajj) € Mn(D) 
then t(a) is the matrix with (s, f)-entry equal to a;;. Then t defines a K-linear 
isomorphism on the vector space M,,(D). We show that t is an algebra isomorphism 
M,(D)?? — M,(D°?). The identity elements in both algebras are the identity 
matrices, and t takes the identity to the identity. It remains to show that for 
a,b € M,(D)°? we have t(a « b) is equal to t(a)t (dD). 


(i) We have t(a « b) = t(ba), and this has (s, t)-entry equal to the (t, s)-entry of 
the matrix product ba, which is 


n 
S  bgajs: 
j=l 
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(ii) Now we write t(a) = (aij), where dj; = aji, and similarly let t(b) = (bij). 
We compute t(a)t(b) in M,(D°?). This has (s, t)-entry equal to 


n n n 
Sasi * bj, = yas * by = Y > bijajs 
j=l j=l j=l 


(where in the first step we removed the * and in the second step we removed the 
+.) This holds for all s, t, hence t(a * b) = t(a)t(b). 


(b) By part (a) we know that M,,(D) is a semisimple algebra. Now part (b) follows 
directly using Corollary 4.18, which shows that finite direct products of semisimple 
algebras are semisimple. oO 


5.3. The Artin—Wedderburn Theorem 


We have seen that any K-algebra M,,,(D1) x ... x Mn,(D,) is semisimple, where 
D,..., D, are division algebras over K. The Artin—Wedderburn theorem shows 
that up to isomorphism, every semisimple K -algebra is of this form. 


Theorem 5.9 (Artin-—Wedderburn Theorem). Let K bea field and A a semisim- 
ple K-algebra. Then there exist positive integers r and nj,...,n,, and division 
algebras D,,..., D; over K such that 


A & My, (D1) x... X My, (Dr). 


Conversely, each K -algebra of the form Mn, (D1) x ... * Mn, (D,) is semisimple. 


We will refer to this direct product as the Artin-Wedderburn decomposition of 
the semisimple algebra A. 


Proof. The last statement has been proved in Lemma 5.8. 

Suppose that A is a eae K-algebra. By Remark 4.10, A as an A-module 
is a finite direct sum A = S| ®...@S; with simple A-submodules 5S), ..., S;. Now 
Theorem 2 - mes that there exist positive integers r andn,,...,n, and division 
algebras D lees _D, over K such that 


End, (A) ~ My, (D1) x ... x My, (D,). 
We can now deduce the structure of the algebra A, namely 


A = End,a(A)°? (by Lemma 5.4) 
= (Mn, (D1) x... Mp, (D,))°? 
= My, (D1)°? x ... x Mn, (D,)%? 
= My, (Di?) x... x Mn,(De?). (by Lemma 5.8) 
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We set Dj := De? (note that this is also a division algebra, since reversing the order 


in the multiplication does not affect whether elements are invertible). oO 


Remark 5.10. Note that a matrix algebra M,,(D) is commutative if and only if 
n = | and D isa field. Therefore, let A be a commutative semisimple K -algebra. 
Then the Artin—Wedderburn decomposition of A has the form 


A= M,(D)) x... xX M,(D,) = D, x... x Dy, 


where D; are fields containing K. From the start, D; is the endomorphism algebra 
of a simple A-module. Furthermore, taking Dj as the i-th factor in the above product 
decomposition, it is a simple A-module, and hence this simple module is identified 
with its endomorphism algebra. 


In the rest of this section we will derive some consequences from the Artin— 
Wedderburn theorem and we also want to determine the Artin—Wedderburn decom- 
position for some classes of semisimple algebras explicitly. 

We will now see that one can read off the number and the dimensions of simple 
modules of a semisimple algebra from the Artin—Wedderburn decomposition. This 
is especially nice when the underlying field is algebraically closed, such as the field 
of complex numbers. 


Corollary 5.11. 


(a) Let D\,..., D; be division algebras over K, and let nj,...,n;- be positive 
integers. The semisimple K-algebra Mn,(D\) Xx ... X Mn,(D,) has precisely 
r simple modules, up to isomorphism. The K -vector space dimensions of these 
simple modules are nidimx D,,,...,n,;dimx D,. (Note that these dimensions 
of simple modules need not be finite.) 

(b) Suppose the field K is algebraically closed, and that A is a finite-dimensional 
semisimple K-algebra. Then there exist positive integers n,,...,n, Such that 


A & My, (K) x... X My, (K). 


Then A has precisely r simple modules, up to isomorphism, of dimensions 
Nijeos5 Me: 


Proof. (a) We apply Corollary 3.31 to describe the simple modules: Let 
A= A,x...x A; bea direct product of K-algebras. Then the simple A-modules are 
given precisely by the simple A;-modules (where 1 < i < r) such that the factors 
Aj; for j # i act as zero. In our situation, A = M,,(D1) x ... x Mn,(D,) and 
the simple A-modules are given by the simple M,, (D;)-modules fori = 1,...,r. 
As observed in the proof of Lemma 5.8, each matrix algebra M;,,(D;) is a direct 
sum of submodules, each isomorphic to the natural module Dy ; then Theorem 3.19 
implies that M,,(D;) has a unique simple module, namely D:* Therefore, A has 
precisely r simple modules, up to isomorphism, as claimed. Clearly, the dimensions 
of these simple A-modules are dimx De =n;dimx D;. 


5.3. The Artin-Wedderburn Theorem 113 


(b) Since A is finite-dimensional by assumption, every simple A-module is finite- 
dimensional, see Corollary 3.20. By the assumption on K, Schur’s lemma (see 
Theorem 3.33) shows that End4(S) = K for every simple A-module S. These 
are the division algebras appearing in the Artin—Wedderburn decomposition, hence 
A = Mn, (K) x ... x Mn, (K). The statements on the number and the dimensions 
of simple modules follow from part (a). Oo 


Remark 5.12. Note that in the proof above we described explicit versions of the 
simple modules for the algebra M,,(D1) x ... x Mn,(D,). For each i, take the 
natural module Dy as a module for the i-th component, and for j 4 i the j-th 
component acts as zero. 

We will now find the Artin—Wedderburn decomposition for semisimple algebras 
of the form A = K[X]/(f). Recall from Proposition 4.14 that A is semisimple 


if and only if f = fi -...- f; with pairwise coprime irreducible polynomials 
Pisce gtr 

Proposition 5.13. Let A = K[X]/(f), where f © K[X] is a non-constant 
polynomial and f = fi -...+ f is a product of pairwise coprime irreducible 


polynomials f\,..., f- € K[X]. Then the Artin—Wedderburn decomposition of the 
semisimple algebra A has the form 


A= M1(K[X]/(fi)) x... x Mi(K[X]/(f,)) = KLXI/(fi) x... x KLXV/(fr)- 


Moreover, A has r simple modules, up to isomorphism, of dimensions 
deg(fi),..., deg(f;) (where deg denotes the degree of a polynomial). 


Note that this recovers the Chinese Remainder Theorem in this case. Note also 
that this Artin—Wedderburn decomposition depends on the field K. We will consider 
the cases K = R and K = C explicitly at the end of the section. 


Proof. By Proposition 4.23 the simple A-modules are up to isomorphism the 
modules K[X]/(f;) for 1 < i < r. We may apply Remark 5.10, which shows that 
A is isomorphic to D; x ... x D; where D; are fields. If we label the components 
so that D; is the endomorphism algebra of K[X]/(/;) then by the remark again, this 
simple module can be identified with D;, and the claim follows. oO 


Example 5.14. 


(1) Let K be an algebraically closed field, for example K = C. Then the 
irreducible polynomials in K[X] are precisely the polynomials of degree 1. 
So the semisimple algebras A = K[X]/(f) appear for polynomials of the form 
f =(X-A1)-...-(X —4,) for pairwise different 41,...,A, € K. (Note that 
we can assume f to be monic since (f) = (uf) for every non-zero u € K.) 
Then Proposition 5.13 gives the Artin—Wedderburn decomposition 


A@ BX = 49) Mas RBIRV OR RD ER EK, 
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In particular, A has precisely r simple modules, up to isomorphism, and they 
are all 1-dimensional. 

Note that the Artin—Wedderburn decomposition in this situation also follows 
from Proposition 5.2; in Exercise 5.11 it is shown how to construct the 
orthogonal idempotent decomposition of the identity of A, which then gives 
an explicit Artin-Wedderburn decomposition. 

If K is arbitrary and f is a product of pairwise coprime irreducible polynomials 
of degree 1, then K[X]/(/f) also has the Artin—Wedderburn decomposition as 
in (1). For example, this applies when K = Z, and f(X) = X? — X, this 
has roots precisely the elements in Z, and therefore is a product of pairwise 
coprime linear factors. 

Let K = R. The irreducible polynomials in R[X] have degree | or 2 (where a 
degree 2 polynomial is irreducible if and only if it has no real root). In fact, for 
any polynomial in R[X] take a root z € C; then (X — z)(X —Z) € R[X] isa 
factor. Thus we consider semisimple algebras R[X]/(f) where 


f= fir... fr 81+ +++ 8s 


with pairwise coprime irreducible polynomials f; of degree 1 and g; of 
degree 2. Set S; := R[X]/(fi) fori = 1,...,r and T; := R[X]/(g;) for 
j = 1,...,s. By Exercise 3.10 we have that End4(S;) = R fori = 1,...,r 
and Endy(7;) = C for j = 1,...,5. So, by Remark 5.10, the Artin— 
Wedderburn decomposition takes the form 


A=Rx...xRxCx...xC. 
ee a 


r Ss 


In particular, A has precisely r + s simple modules, up to isomorphism, r of 
them of dimension | and s of dimension 2. 


EXERCISES 


5.1. Find all semisimple C-algebras of dimension 9, up to isomorphism. 
5.2. Find all 4-dimensional semisimple R-algebras, up to isomorphism. You may 


use without proof that there are no 3-dimensional division algebras over R 
and that the quaternions H form the only 4-dimensional real division algebra, 
up to isomorphism. 


5.3. Find all semisimple Z2-algebras, up to isomorphism (where Z2 is the field 


with two elements). 


5.4. Let K bea field and A a semisimple K -algebra. 
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aoe 


5.6. 


5.7. 


5.8. 


5.9. 


5.10. 


(a) Show that the centre Z(A) of A is isomorphic to a direct product of 
fields; in particular, the centre of a semisimple algebra is a commutative, 
semisimple algebra. 

(b) Suppose A is a finite-dimensional semisimple algebra over K . Suppose x 
is an element in the centre Z(A). Show that if x is nilpotent then x = 0. 


Let K be a field and A a K-algebra. We consider the matrix algebra M,,(A) 
with entries in A; note that this is again a K -algebra. 


(a) For A = M,,(K) show that M,(Min(K)) = Mnm(K) as K-algebras. 

(b) Let A= A; x... A, bea direct product of K-algebras. Show that then 
M)(A) = M,(A1) x ... X My(A,) as K-algebras. 

(c) Show that if A is a semisimple K-algebra then M,(A) is also a 
semisimple K -algebra. 


Let A = A, x ... x A; be a direct product of K-algebras. Show that all 

two-sided ideals of A are of the form /; x ... x J, where I; is a two-sided 

ideal of A; for all j = 1,...,r. 

(a) Let D be a division algebra over K . Show that the matrix algebra M,,(D) 
only has the trivial two-sided ideals 0 and M,,(D). 

(b) Let A be a semisimple K-algebra. Determine all two-sided ideals of A 
and in particular give the number of these ideals. 

Consider the C-algebra A := C[X, Y|/(X?, Y?, XY) (note that A is 

commutative and 3-dimensional). Find all two-sided ideals of A which have 

dimension 1 as a C-vector space. Deduce from this (using the previous 

exercise) that A is not a semisimple algebra. 

Let A be a K-algebra, and ¢ € A be an idempotent, that is, e? = e. 


(a) Verify that eAe = {eae|a € A} is a K-algebra. 

(b) Consider the A-module Ae and show that every A-module homomor- 
phism Ae — Ae is of the form x +> xb for some b = ebe € eAe. 

(c) By following the strategy of Lemma 5.4, show that eAe = End, (Ae)? 
as K-algebras. 


Let A be a commutative semisimple K-algebra, where A = S; ©... @® S, 
with S; simple A-modules. By Lemma 5.1 we know S$; = Ag;, where g; are 
idempotents of A. Deduce from Exercise 5.9 that the endomorphism algebra 
End, (Ae;) can be identified with Ae;. 


. Consider the K-algebra A = K[X]/J where J = (f) and f = TTja1 (X -Ai) 


with pairwise distinct A; « K. Fori = 1,...,r we define elements 


c =] [@i-aj)eK and e = (1/ei) |] [X-a) +1 eA. 
J#i iti 


(a) For alli show that (X + J)e; = Aje; in A, that is, ¢; is an eigenvector for 
the action of the coset of X. 


116 


5 The Structure of Semisimple Algebras: The Artin-Wedderburn Theorem 


(b) Deduce from (a) that e;¢; = 0 fori 4 j. Moreover, show that ge? = &. 
(c) Show that ej +...+6¢, = 14. 


. Let K = Z, and let f = X? — X. Consider the algebra A = K[X]/(f) as an 


A-module. Explain how Exercise 5.11 can be applied to express A as a direct 
sum of 1-dimensional modules. (Hint: The roots of X? — X are precisely the 
elements of Z,, by Lagrange’s theorem from elementary group theory. Hence 
XP — X factors into p distinct linear factors in Zp[X].) 


Chapter 6 ®) 
Semisimple Group Algebras od 
and Maschke’s Theorem 


The Artin—Wedderburn theorem gives a complete description of the structure of 
semisimple algebras. We will now investigate when a group algebra of a finite 
group is semisimple, this is answered by Maschke’s theorem. If this is the case, 
then we will see how the Artin—Wedderburn decomposition of the group algebra 
gives information about the group, and vice versa. 


6.1 Maschke’s Theorem 


Let G be a finite group and let K be a field. The main idea of the proof of Maschke’s 
theorem is more general: Given any K-linear map between K G-modules, one can 
construct a K G-module homomorphism, by ‘averaging over the group’. 


Lemma 6.1. Let G be a finite group and let K be a field. Suppose M and N are 
KG-modules, and f : M > N is a K-linear map. Define 


T(f):M>N, me S > x(f(x'm)). 


xEG 


Then T (f) is a K G-module homomorphism. 


Proof. We check that T(f) is K-linear. Let a, 8 € K and mj ,mz2 € M. Using that 
multiplication by elements in KG is linear, and that f is linear, we get 


T (fam, + Bm) = x(f(al(am, + Bm2))) 


xEG 


= So x(fQe lam + x7! Bm) 


xeEG 
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=o x(af (x!) + Bf(a!m)) 


xEG 


=aT(f)(m) + BT(f)(m2). 


To see that T(f) is indeed a K G-module homomorphism it suffices to check, by 
Remark 2.21, that the action of T(f) commutes with the action of elements in the 
group basis of KG. So take y € G, then we have for all m € M that 


T(f)(ym) = D> x(f Qe ym)) = YS yor!x) F(T! x)! m)). 
xeEG xEeG 


But for a fixed y € G, as x varies through all the elements of G, so does y~!x. 


Hence we get from above that 


T(f)(ym) = D5 y¥(f(E'm)) = yT(F)(m), 
xeG 
which shows that T(f) is a K G-module homomorphism. Oo 


Example 6.2. As an illustration of the above lemma, consider a cyclic group G of 
order 2, generated by an element g, and let M = N be the regular CG-module (that 
is, CG with left multiplication). Any C-linear map f : CG — CG is given by a 


2 x 2-matrix (< ‘) € M2(C), with respect to the standard basis {1, g} of CG. 
c 


Then f defines a CG-module homomorphism if and only if this matrix commutes 


with the matrix describing the action of g with respect to the same basis, which is 
(° 5) . We compute the map T(f). Since g = g~! in G we have 


T(f)Q) = fF) + ef(g') =a t+cg + (b+ dg) = (at+d)+ (b+ og 


and similarly 


T(f)(g) = f(g) + ef(g-'g) = (b+ 0) + (at+a)g. 


So the linear map T(f) is, with respect to the standard basis {1, g}, given by the 


matrix 
a+db+c 
b+cat+d)- 
One checks that it commutes with (? hence T(f) is indeed a CG-module 


homomorphism. 
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We will now state and prove Maschke’s theorem. This is an easy and completely 
general criterion to decide when a group algebra of a finite group is semisimple. 


Theorem 6.3 (Maschke’s Theorem). Let K be a field and G a finite group. Then 
the group algebra KG is semisimple if and only if the characteristic of K does not 
divide the order of G. 


Proof. Assume first that the characteristic of K does not divide the group order |G]. 
By definition the group algebra K G is semisimple if and only if K G is semisimple 
as a K G-module. So let W be a submodule of KG, then by Theorem 4.3 we must 
show that W has a complement, that is, there is a K G-submodule C of KG such 
thatW @C = KG. 

Considered as K-vector spaces there is certainly a K-subspace V such that 
W @®V = KG (this is the standard result from linear algebra that every linearly 
independent subset can be completed to a basis). Let f : KG — W be the 
projection onto W with kernel V; note that this is just a K-linear map. By 
assumption, |G| is invertible in K and using Lemma 6.1 we can define 


1 


y:KGoOW, y:=— 
|G| 


T(f). 


Note that y is a K G-module homomorphism by Lemma 6.1.S0 C := ker(y) C KG 
is a K G-submodule. 

We apply Lemma 2.30, with M = KG, and with N = N’ = W, and where 
y : KG — Wiis the map z of the lemma and j : W > KG is the inclusion map. 
We will show that y o j is the identity map on W, hence is an isomorphism. Then 
Lemma 2.30 shows that KG = W @ C is a direct sum of K G-submodules, that is, 
W has a complement. 

Let w € W, then for all g €¢ G we have g~!w € W andso f(g7!w) = g-!w. 
Therefore gf(g~!w) = w and 


1 1 
geG 


geG 


Hence, y o j is the identity map, as required. 

For the converse of Maschke’s Theorem, suppose KG is a semisimple algebra. 
We have to show that the characteristic of the field K does not divide the order of 
G. Consider the element w := > ecg & € KG, and observe that 


xw=w  forallx €G. (6.1) 


Therefore, the 1-dimensional K-subspace U = span{w} is a K G-submodule of 
KG. We assume that KG is a semisimple algebra, hence there is a K G-submodule 
C of KG such that KG = U @ C (see Theorem 4.3). Write the identity element 
in the form lkg = u +c withu € U andc € C. Then u is non-zero, since 
otherwise we would have KG = KGc C C ¥#¥ KG, a contradiction. Now, 
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u = Aw and 0 ¥ A € K. By (6.1), we deduce that w? = |G|w, but also 
w = wlxeg = wiaw) + we. We have we € C since C is a K G-submodule, 
and it follows that 


w—AlGlwe UNC =0. 


Now, w # 0 and therefore |G| must be non-zero in K. oO 


Note that when the field K has characteristic 0 the condition in Maschke’s 
theorem is satisfied for every finite group G and hence KG is semisimple. 


6.2 Some Consequences of Maschke’s Theorem 


Suppose G is a finite group, then by Maschke’s Theorem the group algebra 
CG is semisimple. We can therefore apply the Artin—Wedderburn theorem (see 
Corollary 5.11 (b)) and obtain that 


CG = My, (C) x Mn, (C) x... x Mn, (C) 


for some positive integers 11, ..., 1%. This Artin-Wedderburn decomposition of the 
group algebra CG gives us new information. 


Theorem 6.4. Let G be a finite group, and let 
CG = My, (C) xX Mn, (C) x... X Mn, (C) 


be the Artin—Wedderburn decomposition of the group algebra CG. Then the 
following hold: 


(a) The group algebra CG has precisely k simple modules, up to isomorphism, and 
the dimensions of these simple modules aren, n2,..., Nk. 

(b) We have |G| = 1 n?. 

(c) The group G is abelian if and only if all simple CG-modules are of dimension 1. 


Proof. (a) This follows directly from Corollary 5.11. 
(b) This follows from comparing C-vector space dimensions on both sides in the 
Artin—Wedderburn decomposition. 
(c) If G is abelian then the group algebra CG is commutative. Therefore, by 
Proposition 5.2 we have CG = Cx Cx...xC. By part (a), all simple CG-modules 
are 1-dimensional. 

Conversely, if all simple CG-modules are 1-dimensional, then again by part (a) 
the Artin—Wedderburn decomposition has the form CG = C x C x... x C. Hence 
CG is commutative and therefore G is abelian. Oo 
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Remark 6.5. The statements of Theorem 6.4 need not hold if the field is not 
algebraically closed. For instance, consider the group algebra RC3 where C3 is the 
cyclic group of order 3. This algebra is isomorphic to the algebra R[X]/(X? — 1), 
see Example 1.27. In R[X], we have the factorization X3-1 = (X-1)(X24+ X41) 
into irreducible polynomials. Hence, by Example 5.14 the algebra has Artin— 
Wedderburn decomposition 


RC; = M\(R) x M\(C) = Rx C. 


Moreover, it has two simple modules, up to isomorphism, of dimensions | and 2, by 
Proposition 3.23. Thus all parts of Theorem 6.4 do not hold in this case. 


Exercise 6.1. Consider the group algebra RC4 of the cyclic group C4 of order 4 over 
the real numbers. Determine the Artin-Wedderburn decomposition of this algebra 
and also the number and the dimensions of the simple modules. 


Remark 6.6. We would like to explore examples of Artin—Wedderburn decompo- 
sitions for groups which are not abelian. We do this using subgroups of small 
symmetric groups. Recall that S,, is the group of all permutations of {1, 2,...,n}, 
it contains n! elements. It has as a normal subgroup the alternating group, Ay, 
of even permutations, of order “, and the factor group S,/A, has two elements. 
A permutation is even if it can be expressed as the product of an even number of 
2-cycles. For n > 5, the group A, is the only normal subgroup of S, except the 
identity subgroup and S,, itself. 

Let n = 4, then the non-trivial normal subgroups of S4 are Aq and also the Klein 
4-group. This is the subgroup of S4 which consists of the identity together with all 
elements of the form (a b)(c d) where {a, b,c, d} = {1, 2,3, 4}. We denote it by 
V4. It is contained in Aq and therefore it is also a normal subgroup of A4. 


Example 6.7. We can sometimes find the dimensions of simple modules from the 
numerical data obtained from the Artin—Wedderburn decomposition. Let G = $3 be 
the symmetric group on three letters. Apart from the trivial module there is another 
1-dimensional CG-module given by the sign of a permutation, see Exercise 6.2. 
Moreover, by Theorem 6.4 (c) there must exist a simple CG-module of dimension 
> 1 since $3 is not abelian. From Theorem 6.4 (b) we get 


k 
6=14+1+ 5 nj. 
i=3 


The only possible solution for this is 6 = 1 + 1 + 2?, that is, the group algebra CS3 
has three simple modules, up to isomorphism, of dimensions 1, 1, 2. 
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Exercise 6.2. Let G = S,, the group of permutations of {1,2,...,}. Recall that 
every permutation g € G is either even or odd. Define 


1 g iseven 
ota | —1g isodd 
Deduce that this defines a representation o : G — GL,(C), usually called the sign 
representation. Describe the corresponding CG-module. 


6.3 One-Dimensional Simple Modules and Commutator 
Groups 


In Example 6.7 we found the dimensions of the simple modules for the group 
algebra CS3 from the numerical data coming from the Artin-Wedderburn decom- 
position as in Theorem 6.4, and knowing that the group algebra is not commutative. 
In general, one needs further information if one wants to find the dimensions of 
simple modules for a group algebra CG. For instance, take the alternating group 
Ag. We ask for the integers n; in Theorem 6.4, that is the sizes of the matrix blocks 
in the Artin—Wedderburn decomposition of CA4. That is, we must express 12 as a 
sum of squares of integers, not all equal to 1 (but at least one summand equal to 
1, coming from the trivial module). The possibilities are 12 = 1+ 1+ 1+ 3, or 
12 = 1414141427427, oralso as 12 = 1+1+1+14+14+1+1+1+2”. Fortunately, 
there is further general information on the number of 1-dimensional (simple) CG- 
modules, which uses the group theoretic description of the largest abelian factor 
group of G. 

We briefly recall a notion from elementary group theory. For a finite group G, the 
commutator subgroup G’ is defined as the subgroup of G generated by all elements 
of the form [x, y] := xyx~!y—! for x, y € G; then we have: 


(i) G’ is anormal subgroup of G. 
(ii) Let N be a normal subgroup of G. Then the factor group G/N is abelian if and 
only if G’ C N. In particular, G/G’ is abelian. 


Details can be found, for example, in the book by Smith and Tabachnikova in this 
series.! 

This allows us to determine the number of one-dimensional simple modules for 
a group algebra CG, that is, the number of factors C in the Artin-Wedderburn 
decomposition. 


'G. Smith, O. Tabachnikova, Topics in Group Theory. Springer Undergraduate Mathematics Series. 
Springer-Verlag London, Ltd., London, 2000. xvi+255 pp. 
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Corollary 6.8. Let G be a finite group. Then the number of 1-dimensional simple 
CG-modules (up to isomorphism) is equal to the order of the factor group G/G’, in 
particular it divides the order of G. 


Proof. Let V be a 1-dimensional CG-module, say V = span{v}. We claim that 
an element n € G’ acts trivially on V. It is enough to prove this for an element 
n = [x, y] with x, y € G. There exist scalars a, 8 € C such that x -v = av and 
y-v= Bv. Then 


[x,y]-v= (xyxly7!) v= apa Bolo =v 


and the claim follows. 

The bijection in Lemma 2.43 (with N = G’) preserves dimensions, so we get 
a bijection between 1-dimensional representations of C(G/G’) and 1-dimensional 
CG-modules on which G’ acts as identity, that is, with 1-dimensional CG-modules 
(by what we have seen above). 

The group G/G’ is abelian, so the 1-dimensional C(G/G’)-modules are pre- 
cisely the simple C(G/G’)-modules, by Corollary 3.38 (note that by Corollary 3.20 
every simple C(G/G’)-module is finite-dimensional). By Theorem 6.4 the number 
of these is |G/G’|. Oo 


Example 6.9. We return to the example at the beginning of this section. Consider 
the alternating group A4 of order 12, we determine the commutator subgroup Aj. As 
we have mentioned, the Klein 4-group V4 = {id, (1 2)(3 4), (1 3)(24), (1 4)(23)} 
is a normal subgroup in Ay. The factor group has order 3, hence is cyclic and in 
particular abelian. Thus we obtain A’, C V4. On the other hand, every element in V4 
is a commutator in Aq, for example (1 2)(34) = [1 23), (1 24)]. Thus, Ai = V4 
and Corollary 6.8 shows that CA4 has precisely |A4/V4| = 3 one-dimensional 
simple modules. This information is sufficient to determine the number and the 
dimensions of the simple CA4-modules. By Theorem 6.4 we know that 


12 = |Ag| = 17 4:17 41° 4+n34...4n2 withn; > 2. 


The only possibility is that k = 4 and ng = 3. Hence, CA, has four simple 
modules (up to isomorphism), of dimensions 1, 1, 1,3, and its Artin—Wedderburn 
decomposition is 


CAg=CxCxCx MC). 


Example 6.10. Let G be the dihedral group of order 10, as in Exercise 2.20. Then 
by Exercise 3.14, the dimension of any simple CG-module is at most 2. The trivial 
module is 1-dimensional, and by Theorem 6.4 there must be a simple CG-module 
of dimension 2 since G is not abelian. From Theorem 6.4 we have now 


10=a-1+b-4 
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with positive integers a and b. By Corollary 6.8, the number a divides 10, the order 
of G. The only solution is that a = 2 and b = 2. So there are two non-isomorphic 
2-dimensional simple CG-modules. The Artin—Wedderburn decomposition has the 
form 


CG =CxCx MC) x M2(C). 


6.4 Artin-—Wedderburn Decomposition and Conjugacy 
Classes 


The number of matrix blocks in the Artin-Wedderburn decomposition of the group 
algebra CG for G a finite group also has an interpretation in terms of the group G. 
Namely it is equal to the number of conjugacy classes of the group. We will see this 
by showing that both numbers are equal to the dimension of the centre of CG. 

Let K be an arbitrary field, and let G be a finite group. Recall that the conjugacy 
class of an element x € G is the set {gxg~! | g € G}. For example, if G is the 
symmetric group S, then the conjugacy class of an element g € G consists precisely 
of all elements which have the same cycle type. For each conjugacy class C of the 
group G we consider its ‘class sum’ 


C:= >) ge KG. 
geCc 


Proposition 6.11. Let G be a finite group, and let K be an arbitrary field. Then the 
class sums C := ae, g, as C varies through the conjugacy classes of G, form a 
K-basis of the centre Z(K G) of the group algebra KG. 


Proof. We begin by showing that each class sum C is contained in the centre of 
KG. It suffices to show that xC = Cx for all x € G. Note that with g also xgx7! 
varies through all elements of the conjugacy class C. Then we have 


which is equivalent to xC = Cx. 

Since each g € G occurs in precisely one conjugacy class it is clear that the class 
sums C for the different conjugacy classes C are linearly independent over K. 

It remains to show that the class sums span the centre. Let w = )°.-g @yx be an 
element in the centre Z(K G). Then for every g € G we have 


-1 —1 
w=gwg = > Angxg = > Qy-lyg)- 
xeEG yeG 
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The group elements form a basis of KG, we compare coefficients and deduce that 


Ay =a forall g,x €G, 


glxg 
that is, the coefficients a, are constant on conjugacy classes. So we can write each 
element w € Z(KG) in the form 


w=) act, 
Cc 


where the sum is over the different conjugacy classes C of G. Hence the class sums 
span the centre Z(K G) as a K-vector space. oO 


We now return to the Artin—Wedderburn decomposition of CG, and relate the 
number of matrix blocks occurring there to the number of conjugacy classes of G. 


Theorem 6.12. Let G be a finite group and let CG = My,(C) x ... X Mn, (C) be 
the Artin-Wedderburn decomposition of the group algebra CG. Then the following 
are equal: 


(i) The number k of matrix blocks. 
(ii) The number of conjugacy classes of G. 
(iii) The number of simple CG-modules, up to isomorphism. 


Proof. By Theorem 6.4, the numbers in (i) and (iii) are equal. In order to prove 
the equality of the numbers in (i) and (ii) we consider the centres of the algebras. 
The centre of CG has dimension equal to the number of conjugacy classes of G, by 
Proposition 6.11. On the other hand, the centre of M,,,(C) x ... x Mn,(C) is equal 
to Z(M,, (C)) x ... x Z(Mn, (C)) and this has dimension equal to k, the number of 
matrix blocks, by Exercise 3.16. oO 


Example 6.13. We consider the symmetric group S4 on four letters. As we have 
mentioned, the conjugacy classes of symmetric groups are determined by the cycle 
type. There are five cycle types for elements of S4, we have the identity, 2-cycles, 3- 
cycles, 4-cycles and products of two disjoint 2-cycles. Hence, by Theorem 6.12, 
there are five matrix blocks in the Artin—Wedderburn decomposition of CS4, at 
least one of them has size 1. One can see directly that there is a unique solution 
for expressing 24 = |S4| as a sum of five squares where at least one of them is 
equal to 1. Furthermore, we can see from Remark 6.6 and the fact that S4/V4 is 
not abelian, that the commutator subgroup of S4 is A4. So CS4 has precisely two 
1-dimensional simple modules (the trivial and the sign module), by Corollary 6.8. 
From Theorem 6.4 (b) we get 


24 = [Sq] = 17 +17 +2 +72 +n? with n; > 2. 


The only possible solution (up to labelling) is n3 = 2 and ng = n5 = 3. So 
CS, has five simple modules, of dimensions 1, 1, 2, 3, 3, and the Artin-Wedderburn 
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decomposition has the form 


CS, = Cx Cx M2(C) x M3(C) x M3(C). 


Remark 6.14. The consequences of Maschke’s Theorem as discussed also hold if 
the field K is not C but is some algebraically closed field whose characteristic does 
not divide the order of G. 


EXERCISES 


6.3. 


6.4. 


6.5. 


6.6. 


Let G = D, be the dihedral group of order 2n (that is, the symmetry group 
of a regular n-gon). Determine the Artin-Wedderburn decomposition of the 
group algebra CD,,. (Hint: Apply Exercise 3.14.) 

Let G = S3 be the symmetric group of order 6 and A = CG. We consider 
the elements 0 = (123) and t = (12) in S3. We want to show directly 
that this group algebra is a direct product of three matrix algebras. (We know 
from Example 6.7 that there should be two blocks of size 1 and one block of 
size 2.) 


(a) Let ex := (1 +t)(1 +o +07); show that ex are idempotents in the 
centre of A, and that e,e_ = 0. 

(b) Let f = 3(1 +a@!o + wo?) where w € Cisa primitive 3rd root of 
unity. Let fj := tft~!. Show that f and f; are orthogonal idempotents, 
and that 


fa gees es ee 


(c) Show that span{ f, ft, tf, fi} is an algebra, isomorphic to M2(C). 
(d) Apply the above calculations, and show directly that A is isomorphic to 
a direct product of three matrix algebras. 


Let S, be the symmetric group on n letters, where n > 2. It acts on the C- 

vector space V := {(v1,...,Un) € C"| ~ 3 vj = O} by permuting the 

coordinates, that is, 0 - (vj,..., Un) = (o(1), +++» Vo(n)) for allo € S, (and 
extension by linearity). Show that V is a simple CS, -module. 

(a) Let A, be the alternating group on n letters. Consider the CS,,-module V 
from Exercise 6.5, and view it as a CA,-module, by restricting the action. 
Show that V is also simple as a module for CAy. 

(b) Show that the group As has five conjugacy classes. 

(c) By applying (a) and (b), and Theorem 6.4, and using the known fact that 
AS = As, find the dimensions of the simple CA5-modules and describe 
the Artin—Wedderburn decomposition of the group algebra CAs. 
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6.7. 


6.8. 


6.9. 


(a) Let G1, G2 be two abelian groups of the same order. Explain why CG, 
and CG? have the same Artin—Wedderburn decomposition, and hence are 
isomorphic as C-algebras. 

(b) Let G be any non-abelian group of order 8. Show that there is a unique 
possibility for the Artin-Wedderburn decomposition of CG. 

Let G = {+1,+i,+j,+k} be the quaternion group, as defined in 

Remark 1.9. 


(i) Show that the commutator subgroup of G is the cyclic group generated 
by the element —1. 
(ii) Determine the number of simple CG-modules (up to isomorphism) and 
their dimensions. 
(iii) Compare the Artin—Wedderburn decomposition of CG with that of the 
group algebra of the dihedral group Dg of order 8 (that is, the symmetry 
group of the square). Are the group algebras CG and C D4 isomorphic? 


In each of the following cases, does there exist a finite group G such that the 
Artin—Wedderburn decomposition of the group algebra CG has the following 
form? 


(i) M3(C), 

(ii) C x Mx(C), 
(iii) C x C x M2(O), 
(iv) C x C x M3(C). 


Chapter 7 ® 
Indecomposable Modules cet 


We have seen that for a semisimple algebra, any non-zero module is a direct sum of 
simple modules (see Theorem 4.11). We investigate now how this generalizes when 
we consider finite-dimensional modules. If the algebra is not semisimple, one needs 
to consider indecomposable modules instead of just simple modules, and then one 
might hope that any finite-dimensional module is a direct sum of indecomposable 
modules. We will show that this is indeed the case. In addition, we will show that 
a direct sum decomposition into indecomposable summands is essentially unique; 
this is known as the Krull—Schmidt Theorem. 

In Chap. 3 we have studied simple modules, which are building blocks for 
arbitrary modules. They might be thought of as analogues of “elementary particles’, 
and then indecomposable modules could be viewed as analogues of ‘molecules’. 
Throughout this chapter, A is a K-algebra where K is a field. 


7.1 Indecomposable Modules 


In this section we define indecomposable modules and discuss several examples. 
In addition, we will show that every finite-dimensional module is a direct sum of 
indecomposable modules. 


Definition 7.1. Let A be a K-algebra, and assume M is a non-zero A-module. Then 
M is called indecomposable if it cannot be written as a direct sum M = U @ V for 
non-zero submodules U and V. Otherwise, M is called decomposable. 


Remark 7.2. 


(1) Every simple module is indecomposable. 
(2) Consider the algebra A = K[X]/(X‘) for some t > 2, recall that the A-modules 
are of the form Vy with @ the linear map of the underlying vector space V 
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given by the action of the coset of X, and note that a’ = 0. Let Vy be the 
2-dimensional A-module where a has matrix 


(00) 

00 

with respect to some basis. It has a unique one-dimensional submodule 

(spanned by the first basis vector). So it is not simple, and it is indecomposable, 

since otherwise it would be a direct sum of two 1-dimensional submodules. 

Let A = K[X]/(X‘) where t > 2, and let M = A as an A-module. By the 

submodule correspondence, every non-zero submodule of M is of the form 

(g)/(X") where g divides X‘ but g is not a scalar multiple of X‘. That is, we 

can take g = X” forr < t. We see that any such submodule contains the 

element X‘—! + (X‘). This means that any two non-zero submodules of M have 

a non-zero intersection. Therefore M must be indecomposable. 

(4) Let A be a semisimple K-algebra. Then an A-module is simple if and only 
if it is indecomposable. Indeed, by (1) we know that a simple module is 
indecomposable. For the converse, let M be an indecomposable A-module and 
let U C M be a non-zero submodule; we must show that U = M. Since A 
is a semisimple algebra, the module M is semisimple (see Theorem 4.11). So 
by Theorem 4.3, the submodule U has a complement, that is, M = U @ C for 
some A-submodule C of M. But M is indecomposable, and U 4 0,so C = 0 
and then U = M. 


(3 


wm 


This means that to study indecomposable modules, we should focus on algebras 
which are not semisimple. 


Suppose A is a K-algebra and M an A-module such that M = U @ V with 
U, V non-zero submodules of M. Then in particular, this is a direct sum of K- 
vector spaces. In linear algebra, having a direct sum decomposition M = U @ V 
of a non-zero vector space M is the same as specifying a projection, ¢ say, which 
maps V to zero, and is the identity on U. If U and V are A-submodules of M 
then ¢ is an A-module homomorphism, for example by observing that ¢ = 10m 
where z : M — U is the canonical surjection, andi : U — M< is the inclusion 
homomorphism (see Example 2.22). Then U = e(M) and V = (idy — €)(M), and 
e* =e, and (idy — €)* = idy —e. 

Recall that an idempotent of an algebra is an element ¢ in this algebra such that 
e” = ¢. We see that from the above direct sum decomposition of M as an A-module 


we get an idempotent ¢ in the endomorphism algebra End, (M). 


Lemma 7.3. Let A be a K-algebra, and let M be a non-zero A-module. Then M is 
indecomposable if and only if the endomorphism algebra Enda (M) does not contain 
any idempotents except 0 and idy. 


Proof. Assume first that M is indecomposable. Suppose ¢ € End, (M) is an idem- 
potent, then since idjy = ¢+(idy—e) we have M = ¢(M)+(idy—e)(M). Moreover, 
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this sum is direct: if x € e€(M)M (idy — €)(M) then e(m) = x = (idy — €)(n) with 
m,n € M, and then 


x = e(m) = €*(m) = e(idy — €)(m) = e(m) — &*(m) = 0. 


Therefore, M = e(M) @ (idy — €)(M) is a direct sum of A-submodules. Since 
M is indecomposable, ¢€(M) = 0 or (idy — ¢)(M) = 0. That is, ¢ = 0 or else 
idy — ¢ = 0, which means ¢ = idy. 

For the converse, if M = U @ V, where U and V are submodules of M, then as 
we have seen above, the projectione : M > M withe(u+v) =u foru ec U,vEe V 
is an idempotent in End4(M). By assumption, ¢ is zero or the identity, which means 
that U = 0 or V = 0. Hence M is indecomposable. Oo 


Example 7.4. Submodules, or factor modules of indecomposable modules need not 
be indecomposable. As an example, consider the path algebra A := KQ of the 
Kronecker quiver as in Example 1.13, 


(1) We consider the A-submodule M := Ae; = spanf{e,,a,b} of A, and 
U := span{a, b}. Each element in the basis {e1, e2,a,b} of A acts on U by 
scalars, and hence U and every subspace of U is an A-submodule, and U is the 
direct sum of non-zero A-submodules 


U = span{a, b} = span{a} ® span{b}. 


However, M is indecomposable. We will prove this using the criterion of 
Lemma 7.3. Let ¢ : M — M be an A-module homomorphism with ¢* = e, 
then we must show that ¢ = idy or e = 0. We have e(e;M) = e;e(M) C eM, 
but e; M is spanned by e1, so e(e;) = Ae; for some scalar A € K. Next, note 
a = ae, and therefore 


€(a) = €(ae}) = ae(ey) = a(Ae}) = A(ae,) = Aa. 


Similarly, since b = be, we have e(b) = Ab. We have proved that ¢ = A - idy. 
Now, 6? = © and therefore A? = A and hence A = 0 or A = 1. That is, € is the 
zero map, or the identity map. 

Let N be the A-module with basis {v;, vj, v2} where e; N has basis {v;, v}} and 
e2N has basis {v2} and where the action of a and b is defined by 


(2 


wa 


av} = v2, av, =0, av2=0 and by; =0, bv; = v2, bv2 =0. 


We see that U := span{v2} is an A-submodule of N. The factor module 
N/U has basis consisting of the cosets of v1, Uh and from the definition, 
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each element in the basis {e1, e2,a, b} of A acts by scalar multiplication on 
N/U. As before, this implies that N/U is a direct sum of two 1-dimensional 
modules. On the other hand, we claim that N is indecomposable; to show 
this we want to use Lemma 7.3, as in (1). So let ¢ € End,(JN), then 
€(v2) = €(e2U2) = e2€(v2) € e2N and hence é(v2) = Av2, forsome A € K. 
Moreover, €(v1) = €(e101) = e,e(v1) € e1N, so e(vy) = wry + pv, for some 
uu, p € K. Using that bv; = 0 and bv, = v2 this implies that p = 0. Then 
Av2 = &(v2) = &(avj) = ae(vj) = fu2, hence AX = yp and e(v1) = Arq. 
Similarly, one shows e(v}) = Av}, that is, we get ¢ = 1 - idy. If e* = ¢ then 
é€ =Oore = idy. 


We will now show that every non-zero finite-dimensional module can be written as 
a direct sum of indecomposable modules. 


Theorem 7.5. Let A be a K-algebra, and let M be anon-zero finite-dimensional A- 
module. Then M can be expressed as a direct sum of finitely many indecomposable 
A-submodules. 


Proof. We use induction on the vector space dimension dimx M. If dimgx M = 1, 
then M is a simple A-module, hence is an indecomposable A-module, and we 
are done. So let dimx M > 1. If M is indecomposable, there is nothing to do. 
Otherwise, MV = U @ V with non-zero A-submodules U and V of M. Then both U 
and V have strictly smaller dimension than M. Hence by the inductive hypothesis, 
each of U and V can be written as a direct sum of finitely many indecomposable 
A-submodules. Since M = U @ V, it follows that M can be expressed as a direct 
sum of finitely many indecomposable A-submodules. oO 


Remark 7.6. There is a more general version of Theorem 7.5. Recall from Sect. 3.3 
that an A-module M is said to be of finite length if M@ has a composition series; 
in this case, the length £(M) of M is defined as the length of a composition series 
of M (which is uniquely determined by the Jordan—Hdlder theorem). If we replace 
‘dimension’ in the above theorem and its proof by ‘length’ then everything works 
the same, noting that proper submodules of a module of finite length have strictly 
smaller lengths, by Proposition 3.17. We get therefore that any non-zero module 
of finite length can be expressed as a direct sum of finitely many indecomposable 
submodules. 


There are many modules which cannot be expressed as a finite direct sum 
of indecomposable modules. For example, let K = @, and let R be the set 
of real numbers. Then R is a vector space over @, hence is a Q-module. The 
indecomposable Q-modules are the 1-dimensional @-vector spaces. Since R has 
infinite dimension over Q, it cannot be a finite direct sum of indecomposable 
Q-modules. This shows that the condition that the module is finite-dimensional (or 
has finite length) in Theorem 7.5 cannot be removed. 
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7.2 Fitting’s Lemma and Local Algebras 


We would like to have criteria which tell us when a given module is indecomposable. 
Obviously Definition 7.1 is not so helpful; we would need to inspect all submodules 
of a given module. One criterion is Lemma 7.3; in this section we will look for 
further information from linear algebra. 

Given a linear transformation of a finite-dimensional vector space, one gets a 
direct sum decomposition of the vector space, in terms of the kernel and the image 
of some power of the linear transformation. 


Lemma 7.7 (Fitting’s Lemma I). Let K be a field. Assume V is a finite- 
dimensional K-vector space, and @ : V — V is a linear transformation. Then 
there is some n > | such that the following hold: 


(i) Forallk > Owe have ker(6") = ker(6"**) and im(@”) = im(@"**). 
(ii) V =ker(@") @ im(6"). 


Proof. This is elementary linear algebra, but since it is important, we give the proof. 
(i) We have inclusions of subspaces 

ker(0) C ker(67) C ker(67) C... CV (7.1) 
and 


V > im(6) D im(6’) D im(6*) D... (7.2) 


Since V is finite-dimensional, the ascending chain (7.1) cannot contain 
infinitely many strict inequalities, so there exists some nj; > 1 such that 
ker(0”!) = ker(6"'*+*) for all k > 0. Similarly, for the descending chain (7.2) 
there is some nz > 1 such that im(@”2) = im(6”2+*) for all k > 0. Setting n as the 
maximum of 1, and n2 proves (1). 


(ii) We show ker(@”) 9 im(@”) = O and ker(O”) + im(6”) = V. Let 
x € ker(@”) NM im(O”), that is, 6”(x) = 0 and x = O"(y) for some y € V. 
We substitute, and then we have that 0 = 6"(x) = 67"(y). This implies 


y € ker(@*") = ker(6”) by part (i), and thus x = 6”"(y) = 0. Hence 
ker(0”) Nim(6”) = 0. Now, by the rank-nullity theorem we have 
dimg V =dim x ker(@”) + dimx im(6”) 
= dim x ker(9”) + dimg im(6”) — dim x (ker(6”) MN im(@”)) 
= dimx (ker(6”) + im(9”)). 


Hence the sum ker(6”)-++im(6”) is equal to V since it is a subspace whose dimension 
is equal to dimx V. oO 


134 7 Indecomposable Modules 


Corollary 7.8. Let A be a K-algebra. Assume M is a finite-dimensional A-module, 
and 60: M — M is an A-module homomorphism. Then there is some n > 1 such 
that M = ker(6”) @ im(6"), a direct sum of A-submodules of M. 


Proof. This follows directly from Lemma 7.7. Indeed, 6 is in particular a linear 
transformation. The map 6” is an A-module homomorphism and therefore its kernel 
and its image are A-submodules of M. Oo 


Corollary 7.9 (Fitting’s Lemma II). Let A be a K-algebra and M a non-zero 
finite-dimensional A-module. Then the following statements are equivalent: 


(i) M is an indecomposable A-module. 
(ii) Every homomorphism 0 € End4(M) is either an isomorphism, or is nilpotent. 


Proof. We first assume that statement (i) holds. By Corollary 7.8, for every 
6 € End,(M) we have M = ker(6”) @ im(6”) as A-modules, for some n > 1. 
But M is indecomposable by assumption, so we conclude that ker(@”) = 0 or 
im(6”) = 0. In the second case we have 6” = 0, that is, 0 is nilpotent. In the 
first case, 0” and hence also @ are injective, and moreover, M = im(6”), therefore 
6” and hence 6 are surjective. So 6 is an isomorphism. 

Conversely, suppose that (ii) holds. To show that M is indecomposable, we 
apply Lemma 7.3. So let ¢ be an endomorphism of M such that e* = ¢. By 


assumption, ¢€ is either nilpotent, or is an isomorphism. In the first case ¢ = 0 
since ¢ = e* = ... = e” for all n > 1. In the second case, im(e) = M 
and ¢ is the identity on M: If m € M then m = e(y) for some y € M, hence 
é(m) = €7(y) =e(y) =m. oO 


Remark 7.10. Corollary 7.9 shows that the endomorphism algebra EF := End4(M) 
of an indecomposable A-module M has the following property: if a € E is not 
invertible, then 1g — a € E is invertible. In fact, if a € E is not invertible then it is 
nilpotent, by Corollary 7.9, say a” = 0. Then we have 


(gtata’t+...ta” )ig—a) =1g=(r—a)\(igtata’t+...+a™), 


that is, 1~ — a is invertible. 


Note that in a non-commutative algebra one has to be slightly careful when 
speaking of invertible elements. More precisely, one should speak of elements which 
have a left inverse or a right inverse, respectively. If for some element both a left 
inverse and a right inverse exist, then they coincide (since invertible elements form 
a group). 

Algebras (or more generally rings) with the property in Remark 7.10 appear 
naturally in many places in mathematics. We now study them in some more detail. 


Theorem 7.11. Assume A is any K-algebra, then the following are equivalent: 


(i) The set N of elements x € A which do not have a left inverse is a left ideal of A. 
(ii) For alla € A, at least one of a and 1,4 — a has a left inverse in A. 
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We observe the following: Let N be as in (i). Ifx € N anda e€ A then ax cannot 
have a left inverse in A, since otherwise x would have a left inverse. That is, we 
have ax € N,sothat AN CN. 


Proof. Assume (ii) holds, we show that then N is a left ideal of A. By the above 
observation, we only have to show that N is an additive subgroup of A. Clearly 
0 € N. Now let x, y € N, assume (for a contradiction) that x — y is notin N. Then 
there is some a € A such that a(x — y) = Ly, so that 


(-—a)y = 1,4 -—ax. 


We know that ax does not have a left inverse, and therefore, using (ii) we deduce that 
(—a)y has a left inverse. But then y has a left inverse, and y ¢ N, a contradiction. 
We have now shown that AN is a left ideal of A. 

Now assume (i) holds, we prove that this implies (ii). Assume a € A does not 
have a left inverse in A. We have to show that then 1 4 — a has a left inverse in A. 
If this is false then both a and 14 — a belong to N. By assumption (i), N is closed 
under addition, therefore 14 € N, which is not true. This contradiction shows that 
14 — a must belong to N. Oo 


Definition 7.12. A K-algebra A is called a local algebra (or just local) if it satisfies 
the equivalent conditions from Theorem 7.11. 


Exercise 7.1. Let A be a local K-algebra. Show that the left ideal N in Theo- 
rem 7.11 is a maximal left ideal of A, and that it is the only maximal left ideal 
of A. 


Remark 7.13. Let A be a local K-algebra. By Exercise 7.1 the left ideal N in 
Theorem 7.11 is then precisely the Jacobson radical as defined and studied in 
Sect. 4.3 (see Definition 4.21). In particular, if A is finite-dimensional then this 
unique maximal left ideal is even a two-sided ideal (see Theorem 4.23). 


Lemma 7.14. 


(a) Assume A is a local K-algebra. Then the only idempotents in A are 0 and 14. 
(b) Assume A is a finite-dimensional algebra. Then A is local if and only if the only 
idempotents in A are O and 14. 


Proof. (a) Let ¢ € A be an idempotent. If ¢ has no left inverse, then by 
Theorem 7.11 we know that 14 — ¢ has a left inverse, say a(14 — €¢) = ly for 
some a € A. Then it follows thate = lage = a(l4 — s)e = ae — ae? = 0. 
On the other hand, if ¢ has a left inverse, say be = 1,4 for some b € A, then 
e=l4e=be2?=be=1,4. 

(b) We must show the converse of (a). Assume that 0 and 1, are the only 
idempotents in A. We will verify condition (ii) of Theorem 7.11, that is, leta € A, 
then we show that at least one of a and 1,4 — a has a left inverse in A. Consider the 
map 6: A > A defined by 0(x) := xa. This is an A-module homomorphism if we 
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view A as a left A-module. By Corollary 7.8 we have A = ker(6”) @ im(6”) for 
some n > 1. So we have a unique expression 


14 =6€, + €2 with e, € ker(9”), €2 € im(6”). 


By Lemma 5.1, the ¢; are idempotents. By assumption, ¢; = O or €; = Ia. 
Furthermore, by Lemma 5.1 we have A = Ag; @® Aé. If ¢; = O then 
A = im(@”) = Aa” and then a has a left inverse in A (since 14 = ba” for 


some b € A). Otherwise, ¢; = 1, and then A = ker(6”), that is, a” = 0. A 
computation as in Remark 7.10 then shows that 14 — a has a left inverse, namely 
I~ntata?t+...ta"™!. Oo 


We will now investigate some examples. 
Example 7.15. 


(1) Let A = K, the one-dimensional K-algebra. Then for every a € A, at least one 
of a or 14 —a has a left inverse in A and hence A is local, by Theorem 7.11 and 
Definition 7.12. The same argument works to show that every division algebra 
A = D over the field K (see Definition 1.7) is local. 

(2) Let A = M,,(K) where n > 2. Let a := E11, then a and 1, — a do not have 
a left inverse. Hence A is not local. (We have M;(K) = K, which is local, by 
(1).) 

(3) Consider the factor algebra A = K[X]/(f) for a non-constant polynomial 
f € K[X]. Then A is a local algebra if and only if f = g” for some m > 1, 
where g € K[X] is an irreducible polynomial. The proof of this is Exercise 7.6. 


Exercise 7.2. Assume A = K Q, where Q is a quiver with no oriented cycles. Show 
that A is local if and only if Q consists just of one vertex. 


For finite-dimensional modules, we can now characterize indecomposability in 
terms of local endomorphism algebras. 


Corollary 7.16 (Fitting’s Lemma III). Let A be a K-algebra and let M be anon- 
zero finite-dimensional A-module. Then M is an indecomposable A-module if and 
only if the endomorphism algebra End 4(M) is a local algebra. 


Proof. Let E := End,(M). Note that E is finite-dimensional (it is contained in the 
space of all K-linear maps M — M, which is finite-dimensional by elementary 
linear algebra). By Lemma 7.3, the module M is indecomposable if and only if the 
algebra E does not have idempotents other than 0 and idy. By Lemma 7.14 this is 
true if and only if E is local. Oo 


Remark 7.17. All three versions of Fitting’s Lemma have a slightly more general 
version, if one replaces ‘finite dimensional’ by ‘finite length’, see Remark 7.6. 

The assumption that M is finite-dimensional, or has finite length, cannot be 
omitted. For instance, consider the polynomial algebra K[X] as a K[X]-module. 
Multiplication by X defines a K[X]-module homomorphism 6 : K[X] > K[X]. 
For every n € N we have ker(6”) = O and im(6”) = (X”), the ideal generated 


7.3. The Krull-Schmidt Theorem 137 


by X”. But K[X] 4 ker(6”) @ im(6”). So Lemma 7.7 fails for A. Exercise 7.11 
contains further illustrations. 


7.3. The Krull—Schmidt Theorem 


We have seen in Theorem 7.5 that every non-zero finite-dimensional module 
can be decomposed into a finite direct sum of indecomposable modules. The 
fundamental Krull-Schmidt Theorem states that such a decomposition is unique 
up to isomorphism and up to reordering indecomposable summands. This is one of 
the most important results in representation theory. 


Theorem 7.18 (Krull-Schmidt Theorem). Let A be a K-algebra, and let M 
be a non-zero finite-dimensional A-module. Suppose there are two direct sum 
decompositions 


M,e...0M,=M=N,@4...0Ns 


of M into indecomposable A-submodules Mj (1 < i < r) and N; (1 < j < 5). 
Thenr = s, and there is a permutation o such that Mj = Noq) foralli =1,...,r. 


Before starting with the proof, we introduce some notation we will use for the 
canonical homomorphisms associated to a direct sum decomposition, similar to the 
notation used in Lemma 5.6. Let w; : M — M; be the homomorphism defined 
by w(m, +... +m,) = mj, and let i; : Mj — M be the inclusion map. Then 
[tj Ol; = idy, and hence if e; := 4; o wi : M — M then e; is the projection with 
image M; and kernel the direct sum of all M; for j 4 i. Then the e; are orthogonal 
idempotents in End4(M) with idy = )7;_, e7. 

Similarly let vy, : M —+ WN, be the homomorphism defined by 
V(ny +... +s) = ny, and let kK : N; — M be the inclusion. Then y 0 x; 
is the identity map of N;, and if f; := k;o v4, : M — M then f; is the projection 
with image N; and kernel the direct sum of all N; for j 4 t. In addition, the jf; are 
orthogonal idempotents in End, (M) whose sum is the identity idy. 

In the proof below we sometimes identify M; with 1;(M;) and N; with x;(N;), to 
ease notation. 


Proof. We use induction on r, the number of summands in the first decomposition. 
When r = | we have M; = M. This means that M is indecomposable, and we 
conclude that s = 1 and Nj; = M = M,. Assume now that r > 1. 

(1) We will find an isomorphism between N; and some M;. We have 


- 
idy, = v1 0K) =v, cidy ok = > v1 og ox. («) 
i=1 
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The module Nj, is indecomposable and finite-dimensional, so by Corollary 7.9, 
every endomorphism of N is either nilpotent, or is an isomorphism. Assume for a 
contradiction that each summand in the above sum (*) is nilpotent, and hence does 
not have a left inverse. We have that End, (41) is a local algebra, by Corollary 7.16. 
Hence by Theorem 7.11, the set of elements with no left inverse is closed under 
addition, so it follows that the sum also has no left inverse. But the sum is the 
identity of N; which has a left inverse, a contradiction. 

Hence at least one of the summands in (*) is an isomorphism, and we may relabel 
the M; and assume that ¢ is an isomorphism N; — M1, where 


@ i= Vp oe, ok, = VL Ol, OP, OKy. 


Now we apply Lemma 2.30 with M = M,, and Nj = N = N’ and j = 4, 0k; and 
mw = Vv, 011. We obtain 


M, =im(1 0 k1) @ ker(vy 0/1). 


Now, since M is indecomposable and (4; ox; is non-zero we have M; = im(j110k1) 
and ker(v; 0 tj) = 0. Hence the map 41 ok; : Nj — My is surjective. It is also 
injective (since @ = V1 0 t1 o 41 OC Ky is injective). This shows that 41 o x, is an 
isomorphism VN; > M,. 

(2) As a tool for the inductive step, we construct an A-module isomorphism 
y :M — M such that y(N,) = M, and y(N;) = Nj for 2 < j < s. Define 


y:=idy — fiteo fi. 


We first show that y : M — M is an isomorphism. It suffices to show that y 
is injective, by dimensions. Let y(x) = 0 for some x € M. Using that f is an 
idempotent we have 


0= fi) = (foy)(x) = fi) — fo) + (fi oe 0 fide) = (ficero fi)(x). 


By definition, f) oe; o fy = KJ OV, Ol; OM, OK, OV) = Kk} ogo vy with the 
isomorphism @ : N; — M, from (1). Since x; and ¢ are injective, it follows from 
(fi 0 e1 0° fi)(x) = 0 that vj (x) = 0. Then also f\ (x) = (k1 0 v1)(x) = O and this 
implies x = y(x) = 0, as desired. 

We now show that y(NV1) = M, and y(N;) = Nj; for 2 < j < s. From (1) we 
have the isomorphism jz; 0 ky : Nj — Mj, and this is viewed as a homomorphism 
eyo fi: M > M, bye, o fi = 4 o (“1 Ok) O 1, noting that v; is the identity 
on Nj and 1, is the identity on M,. Furthermore, idjy — f; maps N to zero, and in 
total we see that y(N1) = M1. 

Moreover, if x € Nj and j > 2 then x = fj(x) and fi o f; = 0 and it follows 
that y(x) = x. This proves y(Nj;) = Nj. 
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(3) We complete the proof of the Krull—Schmidt Theorem. Note that an isomorphism 
takes a direct sum decomposition to a direct sum decomposition, see Exercise 7.3. 
By (2) we have 


M = y(M)=y(Ni) @ y(N2) ©... By(Ns) = M1 OND... BNs. 
Using the isomorphism theorem, we have 
M.@...@8M, = M/M, = (M,@N2@...@Ns)/M, = N2®...ONs. 
To apply the induction hypothesis, we need two direct sum decompositions of the 
same module. Let M’ := M2 @®... ® M,. We have obtained an isomorphism 
Ww: M'—> N2®...@Ns. Let N= w—!(N;), this is a submodule of M’, and we 


have, again by Exercise 7.3, the direct sum decomposition 


M'=N5®...0 Nj. 


By the induction hypothesis, r — | = s — 1 and there is a permutation o of 
{1,2,3,...,r} with M; = Now = Noy fori > 2 (and o(1) = 1). This completes 
the proof. oO 
EXERCISES 


7.3. Let A bea K-algebra, and M anon-zero A-module. Assume M=U@. ..® U; 
is a direct sum of A-submodules, and assume that y : M — M is an A- 
module isomorphism. Show that then M = y(M) = y(U1) ®... By (U;). 

7.4. Let T,(K) be the K -algebra of upper triangular n x n-matrices. In the natural 
T, (K )-module K” we consider for 0 < i < n the submodules 


Vi = {(A1,---, An)! |A; = 0 for all j > i} = span{ey,..., ei}, 


where e; denotes the i-th standard basis vector. Recall from Exercise 2.14 

that Vo,Vi,...,Vn are the only 7,(K)-submodules of K”, and that 

Vij c= Vi/V; forO < j <i < n) are math) pairwise non-isomorphic 

T, (K )-modules. 

(a) Determine the endomorphism algebra Endz,(x)(Vi,j) for all 
O<j<i<n. 

(b) Deduce that each V;, ; is an indecomposable T,, (K )-module. 


7.5. Recall that for any K-algebra A and every element a € A the map 
6,: A— A,bt+> ba, is an A-module homomorphism. 
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Tels 


7.8. 


719, 


7.10. 


7 Indecomposable Modules 


We consider the algebra A = T,,(K) of upper triangular n x n-matrices. 
Determine for each of the following elements a € T;,,(K) the minimal d « N 
such that ker(94) = ker(04*/) and im(o4) = im(@f*’) for all j € N. 
Moreover, give explicitly the decomposition T,(K) = ker(62) ®@ im(6¢) 
(which exists by the Fitting Lemma, see Corollary 7.7): 


(i) a= E,1; 
(ii) a = Ej. + Eo3 +...+ En-1.03 
Gil) a = Ejyn + Eo, +... + Enn. 


(a) Let A = K[X]/(f) with a non-constant polynomial f € K[X]. Show 
that A is a local algebra if and only f = g” for some irreducible 
polynomial g € K[X] and some m € N (up to multiplication by a non- 
zero scalar in K). 

(b) Which of the following algebras are local? 


(i) QLX]/(X” — 1), where n > 2; 
(ii) Zp[X]/(X? — 1) where p is a prime number; 
(iti) K[X]/(X? — 6X? + 12X — 8). 
Which of the following K-algebras A are local? 


(i) A= T,,(K), the algebra of upper triangular n x n-matrices; 
(ii) A = {a = (aij) € T,(K) | aii = aj; for all i, j}. 


For a field K let K[[X]] := om ac A,X! |A; € K} be the set of formal power 
series. On K[[X]] define the following operations: 


- addition (D7; A;X') + QO; mi X!) = ji + wai) X', 
— scalar multiplication (7; 4; X') = Yo; AA: X", 
— multiplication (9; A: X")()j Mp X4) = De Dia jae i) X* 


(a) Verify that K[[X]] with these operations becomes a commutative 
K-algebra. 

(b) Determine the invertible elements in K[[X]]. 

(c) Show that K[[X]] is a local algebra. 


Let K be a field and A a K-algebra of finite length (as an A-module). 
Show that if A is a local algebra then A has only one simple module, up 
to isomorphism. 

For a field K consider the path algebra K Q of the Kronecker quiver 


oad 
aa 
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For 2 € K we consider a 2-dimensional K-vector space V;, = span{v1, v2}. 
This becomes a K Q-module via the representation ©, : KQ — Endx (V4), 


where 
@x(e1) = fey , Ox(e2) = a 


@,(a) = (° a , ®@) = (? ) ; 


(a) Show that for A # yw the K Q-modules V, and V,, are not isomorphic. 
(b) Show that for all A € K the K Q-module Vj, is indecomposable. 


. Let K[X] be the polynomial algebra. 


(a) Show that K[X] is indecomposable as a K[X ]-module. 

(b) Show that the equivalence in the second version of Fitting’s Lemma 
(Corollary 7.9) does not hold, by giving a K[X]-module endomorphism 
of K[X] which is neither invertible nor nilpotent. 

(c) Show that the equivalence in the third version of Fitting’s Lemma 
(Corollary 7.16) also does not hold for K[X]. 


. (a) By applying the Artin—Wedderburn theorem, characterize which 


semisimple K -algebras are local algebras. 

(b) Let G be a finite group such that the group algebra KG is semisimple 
(that is, the characteristic of K does not divide |G|, by Maschke’s 
theorem). Deduce that KG is not a local algebra, except for the group 
G with one element. 


Chapter 8 ®) 
Representation Type crests 


We have seen in the previous chapter that understanding the finite-dimensional 
modules of an algebra reduces to understanding all indecomposable modules. 
However, we will see some examples which show that this may be too ambitious 
in general: An algebra can have infinitely many indecomposable modules, and 
classifying them appears not to be feasible. Algebras can roughly be divided into 
those that have only finitely many indecomposable modules (finite representation 
type), and those that have infinitely many indecomposable modules (infinite repre- 
sentation type). In this chapter we will introduce the notion of representation type, 
consider some classes of algebras, and determine whether they have finite or infinite 
representation type. 


8.1 Definition and Examples 


We have seen that any finite-dimensional module of a K -algebra A can be expressed 
as a direct sum of indecomposable modules, and moreover, the indecomposable 
summands occuring are unique up to isomorphism (see Theorem 7.18). Therefore, 
for a given algebra A, it is natural to ask how many indecomposable A-modules it 
has, and if possible, to give a complete description up to isomorphism. The notion 
for this is the representation type of an algebra, we introduce this now and give 
several examples, and some reduction methods. 
Throughout K is a field. 


Definition 8.1. A K-algebra A has finite representation type if there are only 
finitely many finite-dimensional indecomposable A-modules, up to isomorphism. 
Otherwise, A is said to be of infinite representation type. 
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Remark 8.2. 


(1) One sometimes alternatively defines finite representation type for an algebra A 
by requesting that there are only finitely many indecomposable A-modules of 
finite length, up to isomorphism. 

For a finite-dimensional algebra A the two versions are the same: That 

is, an A-module has finite length if and only if it is finite-dimensional. This 
follows since in this case every simple A-module is finite-dimensional, see 
Corollary 3.20. 
Isomorphic algebras have the same representation type. To see this, let 
® : A — B be an isomorphism of K-algebras. Then every B-module 
M becomes an A-module by setting a -m = ©(a)m and conversely, 
every A-module becomes a B-module by setting b- m = ©7!(b)m. 
This correspondence preserves dimensions of modules and it preserves 
isomorphisms, and moreover indecomposable A-modules correspond to 
indecomposable B-modules. We shall use this tacitly from now on. 


(2 


~m 


Example 8.3. 


(1) Every semisimple K -algebra has finite representation type. 

In fact, suppose A is a semisimple K-algebra. By Remark 7.2, an A-module 
M is indecomposable if and only if it is simple. By Remark 4.10, the algebra 
A= S| @...@® S, is a direct sum of finitely many simple A-modules. In 
particular, A has finite length as an A-module and then every indecomposable 
(that is, simple) A-module is isomorphic to one of the finitely many A-modules 
S1,..., S¢, by Theorem 3.19. In particular, there are only finitely many finite- 
dimensional indecomposable A-modules, and A has finite representation type. 

Note that in this case it may happen that the algebra A is not finite- 
dimensional, for example it could just be an infinite-dimensional division 
algebra. 

The polynomial algebra K [X] has infinite representation type. 

To see this, take some integer m > 2 and consider the (finite-dimensional) 
K[X]-module W,, = K[X]/(X’). This is indecomposable: In Remark 7.2 
we have seen that it is indecomposable as a module for the factor algebra 
K[X]/(X"), and the argument we gave works here as well: every non-zero 
K[X]-submodule of W,, must contain the coset X”~! + (X”). So W,, cannot 
be expressed as a direct sum of two non-zero submodules. The module W,,, has 
dimension m, and hence different W,,, are not isomorphic. 

(3) For any n € N the algebra A := K[X]/(X") has finite representation type. 
Recall that a finite-dimensional A-module is of the form V, where V is a 
finite-dimensional K-vector space, and a is a linear transformation of V such 
that wa” = O (here a describes the action of the coset of X). Since a” = 0, 
the only eigenvalue of a is 0, so the field K contains all eigenvalues of a. This 
means that there exists a Jordan canonical form for ~ over K. That is, V is the 
direct sum V = V; @...@ V,, where each V; is invariant under a, and each V; 


(2 


wm 
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has a basis such that the matrix of aw on V; is a Jordan block matrix of the form 


0 
10 


1°: 
10 
Since V; is invariant under a, it is an A-submodule. So if Vg, is indecomposable 
then there is only one such direct summand. The matrix of a on V, is then 
just one such Jordan block. Such a module Vy is indeed indecomposable (see 
Exercise 8.1). The Jordan block has size m with m <n since a” = 0, and each 
m with 1 < m <n occurs. The summands for different m are not isomorphic, 


since they have different dimensions. This shows that there are precisely n 
indecomposable A-modules, up to isomorphism. 


More generally, we can determine the representation type of any algebra 
K[X]/(f) when f € K[X] is a non-constant polynomial. We consider a module 
of the form Vy, where q@ is a linear transformation with f(a) = 0. The following 
exercise shows that if the minimal polynomial of a is a power g’ of some irreducible 
polynomial g € K[X] and V, is a cyclic A-module (see Definition 4.4), then Vy is 
indecomposable. A solution can be found in the appendix. 


Exercise 8.1. Assume A = K[X]/(f), where f € K[X] is a non-constant 
polynomial, and let Vy be a finite-dimensional A-module. 


(a) Assume that Vy is a cyclic A-module, and assume the minimal polynomial 
of a is equal to g‘, where g is an irreducible polynomial in K [X]. 


(i) Explain why the map T : Vy > Vg, v + a(v), is an A-module 
homomorphism, and why this also has minimal polynomial g’. 
(ii) Let 6 : Vy — Vy be an A-module homomorphism. Show that ¢ is a 
polynomial in 7, that is, é can be written in the form ¢ = >; a;T' with 
aie K. 
(iii) Show that if 6? = ¢ then d = 0 or @ = idy. Deduce that Vy is an 
indecomposable A-module. 


(b) Suppose that with respect to some basis, w has matrix J, (A), the Jordan block 
of size n with eigenvalue A. Explain why the previous implies that Vy is 
indecomposable. 


Let A = K[X]/(f) as above and assume that Vy is acyclic A-module, generated 
by a vector b, say. We recall from linear algebra how to describe such a module. Let 
h € K[X] be the minimal polynomial of a, we can write it ash = X4 + Dae ci X! 
where c; € K. Then the set of vectors {b, a(b),..., a?—!(b)} is a K-basis of Vy. 
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The matrix of a with respect to this basis is given explicitly by 


0 0 -co 
1 0 0 -c; 
01 0 0 -—c2 
C(h) := : 
*. 0 —eg-2 
aaa eae 


This is sometimes called ‘the companion matrix’ of h. More generally, one 
defines the companion matrix for an arbitrary (not necessarily irreducible) monic 
polynomial h/ in the same way. Then the minimal polynomial of C(h) is equal to h, 
by linear algebra. 

We can now describe all indecomposable modules for the algebras of the form 


K[X]/(f). 


Lemma 8.4. Assume A = K[X]/(f), where f € K[X] is a non-constant 
polynomial. 


(a) The finite-dimensional indecomposable A-modules are, up to isomorphism, 
precisely given by Vy, where a has matrix C(g') with respect to a suitable 
basis, and where g € K[X] is an irreducible polynomial such that g' divides f 
for somet €N. 

(b) A has finite representation type. 


Proof. (a) Assume Vy is an A-module such that a has matrix C(g‘) with respect 
to some basis, and where g is an irreducible polynomial such that g’ divides f. 
Then from the shape of C(g‘) we see that Vy is a cyclic A-module, generated by the 
first vector in this basis. As remarked above, the minimal polynomial of C(g‘), and 
hence of a, is equal to g’. By Exercise 8.1 we then know that Vy is indecomposable. 

For the converse, take a finite-dimensional indecomposable A-module V,, so 
V is a finite-dimensional K-vector space and a is a linear transformation with 
f(a) = 0. We apply two decomposition theorems from linear algebra, a good 
reference for these is the book by Blyth and Robertson in this series.! First, the 
Primary Decomposition Theorem (see for example §3 in the book by Blyth and 
Robertson) shows that any non-zero A-module can be written as direct sum of 
submodules, such that the restriction of a to a summand has minimal polynomial of 
the form g” with g an irreducible polynomial and g” divides f. Second, the Cyclic 
Decomposition Theorem (see for example §6 in the book by Blyth and Robertson) 
shows that an A-module whose minimal polynomial is g” as above, must be a direct 


'T.S. Blyth, E.R. Robertson, Further Linear Algebra. Springer Undergraduate Mathematics Series. 
Springer-Verlag London, Ltd., 2002. 
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sum of cyclic A-modules. Then the minimal polynomial of a cyclic summand must 
divide g” and hence is of the form g’ with t < m. 

We apply these results to Vy. Since Vy is assumed to be indecomposable we see 

that V, must be cyclic and w has minimal polynomial g’ where g is an irreducible 
polynomial such that g’ divides f. By the remark preceding the lemma, we know 
that the matrix of a with respect to some basis is of the form C(g’). 
(b) By part (a), every finite-dimensional indecomposable A-module is of the form 
Va, where a has matrix C(g‘) with respect to a suitable basis, and where g is 
irreducible and g‘ divides f. Note that two such modules for the same factor g‘ 
are isomorphic (see Example 2.23 for modules over the polynomial algebra, but the 
argument carries over immediately to A = K[X]/(f)). 

There are only finitely many factors of f of the form g’ with g an irreducible 
polynomial in K[X]. Hence A has only finitely many finite-dimensional indecom- 
posable A-modules, that is, A has finite representation type. oO 


One may ask what a small algebra of infinite representation type might look like. 
The following is an example: 


Lemma 8.5. For any field K, the 3-dimensional commutative K -algebra 
A := K[X, Y]/(X?, Y”, XY) 
has infinite representation type. 


Proof. Any A-module V is specified by two K-linear maps ay,ay : V > V, 
describing the action on V of the cosets of X and Y in A, respectively. These 
K-linear maps must satisfy the equations 


ay =0, a} =0 and ayay = 0=ayay. (8.1) 


For any n € N anda € K, we define a 2n-dimensional A-module V, (A) as follows. 
Take the vector space K*”, and let the cosets of X and Y act by the K-linear maps 
given by the block matrices 


( ; 7) ( f s) 
ay i= and ay := 
En| 0 JIn(A)] 0 


where E,, is the n x n identity matrix, and 


1A 
In(a) = 1 i. 


1A 
is a Jordan block of size n for the eigenvalue A. One checks that wy and ay satisfy 
the equations in (8.1), that is, this defines an A-module V,, (A). 
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We will now show that V,, (A) is an indecomposable A-module; note that because 
of the different dimensions, for a fixed A, the V,(A) are pairwise non-isomorphic. 
(Even more, for fixed n, the modules V,(A) and V,,(j) are not isomorphic for 
different 2, 4 in K; see Exercise 8.5.) 

By Lemma 7.3 it suffices to show that the only idempotents in the endomorphism 
algebra End4(V;,(A)) are the zero and the identity map. So let g € End4(V,(A)) be 
an idempotent element. In particular, g is a K-linear map of V,(A), so we can write 
A\|A2 
A3|A4 
K. Then ¢g is an A-module homomorphism if and only if this matrix commutes 
with the matrices ay and ay. By using that gay = axy@ we deduce that Ar = 0 
and A; = A4. Moreover, since gay = ay®@, we get that Ay Jn (A) = Jn(A) At. So 


it as a block matrix @ = ( ) where A, A2, A3, A4 aren X n-matrices over 


Q= (4 - ) , where A; commutes with the Jordan block J, (A). 
3)Al 


Assume P- = @, then in particular At = A. We exploit that Aj commutes with 
Jn(A), namely we want to apply Exercise 8.1. Take f = (X — A)”, then Aj is an 
endomorphism of the K[X]/(f)-module V,, where @ is given by J;,(A). This is a 
cyclic K[X]/(f)-module (generated by the first basis vector). We have At = Aj, 
therefore by Exercise 8.1, A; is the zero or the identity matrix. In both cases, since 
@* = ¢ it follows that Az = 0 and hence ¢ is zero or is the identity. This means that 
0 and idy, (,) are the only idempotents in End, (V;,(A)). oO 


In general, it may be a difficult problem to determine the representation type 
of a given algebra. There are some methods which reduce this problem to smaller 
algebras, one of these is the following. 


Proposition 8.6. Let A be a K-algebra and I C A a two-sided ideal with I F A. 
If the factor algebra A/I has infinite representation type then A has infinite 
representation type. 


Proof. Note that if 7 = 0 then there is nothing to do. 

We have seen in Lemma 2.37 that the A/J-modules are in bijection with those 
A-modules M such that 7M = 0. Note that under this bijection, the underlying 
K-vector spaces remain the same, and the actions are related by (a + J)m = am 
for alla € A andm e M. From this it is clear that for any such module M, 
the A/J-submodules are the same as the A-submodules. In particular, M is an 
indecomposable A/J-module if and only if it is an indecomposable A-module, and 
M has finite dimension as an A/J-module if and only if it has finite dimension as 
an A-module. Moreover, two such modules are isomorphic as A/J-modules if and 
only if they are isomorphic as A-modules, roughly since they are not changed but 
just viewed differently. (Details for this are given in Exercise 8.8.) By assumption 
there are infinitely many pairwise non-isomorphic indecomposable A /7-modules of 
finite dimension. By the above remarks they also yield infinitely many pairwise non- 
isomorphic indecomposable A-modules of finite dimension, hence A has infinite 
representation type. Oo 
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Example 8.7. 


(1) Consider the commutative 4-dimensional K-algebra A = K[X, Y]/(X 2 2). 
Let I be the ideal of A generated by the coset of XY. Then A/T is isomorphic 
to the algebra K[X, Y]/(X*, Y*, XY); this has infinite representation type by 
Lemma 8.5. Hence A has infinite representation type by Proposition 8.6. 

(2) More generally, consider the commutative K-algebra A = K[X, Y]/(X", Y") 
for r > 2, this has dimension r?. Let J be the ideal generated by the 
cosets of X?,Y* and XY. Then again A/J is isomorphic to the algebra 
K[X, Y]/(X*, Y?, XY) and hence A has infinite representation type, as in 
part (1). 


The representation type of a direct product of algebras can be determined from 
the representation type of its factors. 


Proposition 8.8. Let A = A, x ... x A; be the direct product of K-algebras 
Aj,...,A,. Then A has finite representation type if and only if all the algebras 
Aj,..., Ay have finite representation type. 


Proof. We have seen that every A-module M can be written as a direct sum 
M=M,®0...@M, where M; = ¢;M, with e; = (0,...,0, 14;,0,..., 0), and M; 
is an A-submodule of M (see Lemma 3.30). 

Now, assume that M is an indecomposable A-module. So there exists a unique i 
such that M = M; and M; =O for j i. Let J = A,x...x Aj_1 x0 Aj41x...x Ar, 
this is an ideal of A and A/J = Aj. The ideal J acts as zero on M. Hence M is 
the inflation of an A;-module (see Remark 2.38). By Lemma 2.37 the submodules 
of M as an A-module are the same as the submodules as an A;-module. Hence the 
indecomposable A-module M is also an indecomposable A;-module. 

Conversely, every indecomposable A;-module M clearly becomes an inde- 
composable A-module by inflation. Again, since A-submodules are the same as 
A;-submodules, M is indecomposable as an A-module. 

So we have shown that the indecomposable A-modules are in bijection with the 
union of the sets of indecomposable A;-modules, for 1 < i < r. Moreover, one sees 
that under this bijection, isomorphic modules correspond to isomorphic modules, 
and modules of finite dimension correspond to modules of finite dimension. 
Therefore (see Definition 8.1), A has finite representation type if and only if each 
A; has finite representation type, as claimed. oO 


8.2 Representation Type for Group Algebras 


In this section we give a complete characterization of group algebras of finite 
groups which have finite representation type. This is a fundamental result in the 
representation theory of finite groups. It turns out that the answer is completely 
determined by the structure of the Sylow p-subgroups of the group. More precisely, 
a group algebra KG over a field K has finite representation type if and only if K 
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has characteristic 0 or K has prime characteristic p > 0 and a Sylow p-subgroup 
of G is cyclic. We recall what we need about Sylow p-subgroups of G. Assume the 
order of G is |G| = p“m, where p does not divide m. Then a Sylow p-subgroup of 
G is a subgroup of G of order p*. Sylow’s Theorem states that such subgroups exist 
and any two such subgroups are conjugate in G and in particular are isomorphic. 

For example, let G be the symmetric group on three letters, it can be generated by 
s,r where s = (1 2) andr = (123) and we have s* = 1,r? = l andsrs = r?. The 
order of G is 6. There is one Sylow 3-subgroup, which is the cyclic group generated 
by r. There are three Sylow 2-subgroups, each of them is generated by a 2-cycle. 

If the field K has characteristic zero then the group algebra K G is semisimple, 
by Maschke’s theorem (see Theorem 6.3). But semisimple algebras have finite 
representation type, see Example 8.3. 

We will now deal with group algebras over fields with characteristic p > 0. We 
need to analyse in more detail a few group algebras of p-groups, that is, of groups 
whose order is a power of p. We start with cyclic p-groups. 


Lemma 8.9. Let G be the cyclic group G = Cpa of order p* where p is prime and 
a > 1, and let K be a field of characteristic p. Then KG = K[{T]/(T?’). 


Proof. Recall from Example 1.27 that for an arbitrary field K the group algebra K G 
is isomorphic to K [X]/(xP" —1).If K has characteristic p then XP 1 =(X-1)", 
this follows from the usual binomial expansion. If we substitute T = X — | then 
KG&K[T]/(T”’). o 


Next, we consider the product of two cyclic groups of order p. 
Lemma 8.10. Let K be a field. 


(a) The group algebra of the direct product Cy x Cp has the form 
K (Cp X Cp) = K[X1, X2]/(XP — 1, X29 - 1). 
(b) Suppose K has characteristic p > 0. Then we have 
K (Cp X Cp) = K[X, Y]/(X?, Y?). 


Proof. (a) We choose g1, g2 € Cp xX Cp generating the two factors of the direct 
product. Moreover, we set J := (X 4 — 1, xe — 1), the ideal generated by the 
polynomials X . — land x3 — |. Then we consider the following map defined by 


W : K[X1, X2] > K(Cp x Cp), X{'X3 & (gi, 85°) 


and linear extension to arbitrary polynomials. One checks that this map is an algebra 
homomorphism. Moreover, each X ‘4 — 1 is contained in the kernel of Y, since 
g? = | in the cyclic group Cy. Hence, J € ker(W). On the other hand, W is clearly 
surjective, so the isomorphism theorem for algebras (see Theorem 1.26) implies that 


K[X1, Xo]/ker(W) = K (Cp x Cp). 
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Now we compare the dimensions (as K-vector spaces). The group algebra on the 
right has dimension p*. The factor algebra K[X1, X2]/I also has dimension p”, 
the cosets of the monomials xy xy with O < a; < p — 1 forma basis. But since 
I C ker(W) these equal dimensions force J = ker(W), which proves the desired 
isomorphism. 

(b) Let K have characteristic p > 0. Then by the binomial formula we have 
x? —1 = (X%; — 1)? fori = 1,2. This means that substituting X; — 1 for X 
and X2 — | for Y yields a well-defined isomorphism 


KX, Y1/(X?, Y?) > KX, Xo) /(X? — 1, X? — 1), 


By part (a) the algebra on the right-hand side is isomorphic to the group algebra 
K (Cp x Cp) and this completes the proof of the claim in (b). oO 


As a first step towards our main goal we can now find the representation type in 
the case of finite p-groups, the answer is easy to describe: 


Theorem 8.11. Let p be a prime number, K a field of characteristic p and let G be 
a finite p-group. Then the group algebra KG has finite representation type if and 
only if G is cyclic. 


To prove this, we will use the following property, which characterizes when a 
p-group is not cyclic. 


Lemma 8.12. [fa finite p-group G is not cyclic then it has a factor group which is 
isomorphic to Cp X Cp. 


Proof. In the case when G is abelian, we can deduce this from the general 
description of a finite abelian group. Indeed, such a group can be written as the 
direct product of cyclic groups, and if there are at least two factors, both necessarily 
p-groups, then there is a factor group as in the lemma. For the proof in the general 
case, we refer to the worked Exercise 8.6. oO 


Proof of Theorem 8.11. Suppose first that G is cyclic, that is, G = Cpa for some 
a € N. Then by Lemma 8.9, we have KG = K{T]/(T”’). We have seen in 
Example 8.3 that this algebra has finite representation type. So KG also has finite 
representation type, by Remark 8.2. 

Conversely, suppose G is not cyclic. We must show that KG has infinite 
representation type. By Lemma 8.12, the group G has a normal subgroup N such 
that the factor group G := G/N is isomorphic to C p x Cp. We construct a surjective 
algebra homomorphism w : KG —> KG, by taking w(g) := gN and extending this 
to linear combinations. This is an algebra homomorphism, that is, it is compatible 
with products since (g;N)(g2N) = g1g2N in the factor group G/N. Clearly w is 
surjective. Let J = ker(w), then KG/I = KG by the isomorphism theorem of 
algebras (see Theorem 1.26). We have seen in Lemma 8.10 that 


KG = K(Cy x Cp) = KIX, Y1/(X", Y”). 
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By Example 8.7, the latter algebra is of infinite representation type. Then the 
isomorphic algebras KG and KG/I also have infinite representation type, by 
Remark 8.2. Since the factor algebra KG/J has infinite representation type, by 
Proposition 8.6 the group algebra K G also has infinite representation type. oO 


In order to determine precisely which group algebras have finite representation 
type, we need new tools to relate modules of a group to modules of a subgroup. 
They are known as ‘restriction’ and ‘induction’, and they are used extensively in 
the representation theory of finite groups. 

The setup is as follows. Assume G is a finite group, and H is a subgroup 
of G. Take a field K. Then the group algebra K H is a subalgebra of KG (see 
Example 1.16). One would therefore like to relate K G-modules and K H-modules. 
(Restriction) If M is any K G-module then by restricting the action of KG to the 
subalgebra K H, the space M becomes a K H-module, called the restriction of M 
to KH. 


(Induction) There is also the process of induction, this is described in detail in 
Chap. A, an appendix on induced modules. We briefly sketch the main construction. 

Let W be a K H-module. Then we can form the tensor product KG @x W of 
vector spaces; this becomes a K G-module, called the induced module, by setting 
x-(g @®w) = xg @ w for all x, g © G and w € W (and extending linearly). We 
then consider the K -subspace 


H = span{fgh @w—g@hw|geG,heH, we W} 
and this is a K G-submodule of KG ®x W. The factor module 
KG @y W := (KG @x W)/H 


is called the K G-module induced from the K H-module W. For convenience one 
writes 


S@nw:=gQ@wt+He KG Quy W. 


The action of KG on this induced module is given by x -(g @y w) = xg @y w and 
by the choice of H we have 


gh@uw=g Syn hw forallg €G, he Handwe W. 


This can be made explicit. We take a system 7 of representatives of the left 
cosets of H in G, that is, G = User tH is a disjoint union; and we can assume 
that the identity element | of the group G is contained in T. Suppose W is finite- 
dimensional, and let {w1,..., wm} be a basis of W as a K-vector space. Then, as a 
K-vector space, the induced module KG @y W has a basis 


{t@y wi |teéT,i=1,...,m}; 


a proof of this fact is given in Proposition A.5 in the appendix. 
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Example 8.13. Let G = 53, the group of permutations of {1, 2,3}. It can be 
generated by s,r where s = (1 2) andr = (1 23). Let H be the subgroup generated 
by r, so that HT is cyclic of order 3. As a system of representatives, we can take 
T = {1,s}. Let W be a 1-dimensional K H-module, and fix a non-zero element 
w € W. Thenrw = aw witha € K anda? = 1. By the above, the induced module 
M := KG @qy W has dimension 2. It has basis {1 ®y w,s @y wh}. We can write 
down the matrices for the action of s andr on M with respect to this basis. Noting 
that rs = sr? we have 


We now collect a few properties of restricted and induced modules, and we 
assume for the rest of this chapter that all modules are finite-dimensional (to identify 
the representation type, this is all we need, see Definition 8.1). 

For the rest of this section we do not distinguish between direct sums and 
direct products (or external direct sums) of modules and always write ©, to avoid 
notational overload (see Definition 2.17 for direct sums of modules which are not a 
priori submodules of a given module). 


Lemma 8.14. Let K be a field, let G be a finite group and H a subgroup of G. 


(a) If M and N are finite-dimensional K G-modules then the restriction of the direct 
sum M © N to KH is the direct sum of the restrictions of M and of N to K H. 

(b) If W is some finite-dimensional K H-module then it is isomorphic to a direct 
summand of the restriction of KG @y W to KH. 

(c) If M is any finite-dimensional K G-module, then the multiplication map 


Lu: KG@yM—M, g@umr gm 


is a well-defined surjective homomorphism of K G-modules. 


Proof. (a) This is clear since both M and WN are invariant under the action of K H. 
(b) As we have seen above, the induced module KG @y W has a basis 


{t@y w;|teT,i=1,...,m}, 


where T is a system of representatives of the left cosets of H in G with | € T, and 
where {Ww 1,..., Wm} is a K-basis of W. 

We now collect suitable basis elements which span K H-submodules. Namely, 
fort € T we set W; := span{t @y w; |i = 1,...,m}. Recall that the K G-action 
on the induced module is by multiplication on the first factor. When we restrict this 
action to K H we get for any h € A thath- (¢ @y w;) = ht @y w;. The element 
ht € G appears in precisely one left coset, that is, there exist unique s ¢ T and 
h € H such that ht = sh; note that for the identity element ¢ = | also s = 1. This 
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implies that 
h- (t @y wi) = ht @y wi =sh@y wi =s @y huj 


and then one checks that W, and rer\(} W, are K H-submodules of KG ®y W. 
Since these are spanned by elements of a basis of KG @y W we obtain a direct 
sum decomposition of K H-modules 


KG@uW=W0| >) W, 
teT\{1} 


Moreover, W; = span{l @y w; |i = 1,...,m} is as a K H-module isomorphic to 
W, an isomorphism W — Wy is given by mapping w; +> | @y w; (and extending 
linearly). 

Thus, W is isomorphic to a direct summand (namely W}) of the restriction of 
KG @qy W to KH (that is, of KG ®y W considered as a K H-module), as claimed. 
(c) Recall the definition of the induced module, namely KG®y7M=(KG@xM)/H. 
If {m,..., m;}isa K-basis of M then a basis of the tensor product of vector spaces 
KG @x M is given by {g ® m; |g € G,i = 1,...,r} (see Definition A.1). As 
is well-known from linear algebra, one can uniquely define a linear map on a 
basis and extend it linearly. In particular, setting g ® m; +> gm; defines a linear 
map KG @x M — M. To see that this extends to a well-defined linear map 
KG @y M — M one has to verify that the subspace H is mapped to zero; indeed, 
for the generators of H we have gh @m — g @hm+t> (gh)m — g(hm), which is 
zero because of the axioms of a module. This shows that we have a well-defined 
linear map « : KG @y M — M< as given in the lemma. The map vw is clearly 
surjective, since for every m € M we have w(1 @y m) = 1-m =m. Finally, pw isa 
K G-module homomorphism since for all x, g € G andm € M we have 


L(x -(g @y m)) = (xg @y mM) = (xg)m = x(gm) = xu(g @y mM). 


This completes the proof of the lemma. oO 


We can now state our first main result in this section, relating the representation 
types of the group algebra of a group G and the group algebra of a subgroup H. 


Theorem 8.15. Let K be a field and let H be a subgroup of a finite group G. Then 
the following holds: 


(a) If KG has finite representation type then K H also has finite representation 


type. 
(b) Suppose that the index |G : A| is invertible in K. Then we have the following. 
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(i) Every finite-dimensional K G-module M is isomorphic to a direct summand 
of the induced K G-module KG @y M. 

(ii) If K H has finite representation type then KG also has finite representation 
type. 


Remark 8.16. Note that the statement in (ii) above does not hold without the 
assumption that the index is invertible in the field K. As an example take a field K 
of prime characteristic p > 0 and consider the cyclic group H = Cy as a subgroup 
of the direct product G = C, x Cy. Then K Cy, has finite representation type, but 
K (Cp x Cp) is of infinite representation type, by Theorem 8.11. 


Proof. (a) By assumption, K G has finite representation type, so let M),..., M; be 
representatives for the isomorphism classes of finite-dimensional indecomposable 
KG-modules. When we restrict these to K H, each of them can be expressed as a 
direct sum of indecomposable K H-modules. From this we obtain a list of finitely 
many indecomposable K H-modules. 

We want to show that any finite-dimensional indecomposable K H-module 
occurs in this list (up to isomorphism). So let W be a finite-dimensional indecom- 
posable K H-module. By Lemma 8.14 we know that W is isomorphic to a direct 
summand of the restriction of KG @y W to KH. We may write the K G-module 
KG@xHWas Mj, ®...®M;j,, where each Mi, is isomorphic to one of Mj, ..., M;. 
We know W is isomorphic to a summand of M;, ® ... ® Mj, restricted to KH, 
and this is the direct sum of the restrictions of the M;, to K H, by the first part 
of Lemma 8.14. Since W is an indecomposable K H-module, the Krull—Schmidt 
theorem (Theorem 7.18) implies that there is some j such that W is isomorphic to 
a direct summand of M; j restricted to K H. Hence W is one of the modules in our 
list, as required. 

(b) We take as in the proof of Lemma 8.14 a system T = {g1,...,g,} of 
representatives for the left cosets of H in G, and 1 € T. 

(i) Let M be a finite-dimensional KG-module. By part (c) of Lemma 8.14, 
the multiplication map w : KG @y M — M is a surjective KG-module 
homomorphism. The idea for the proof is to construct a suitable K G-module 
homomorphism k : M — KG @y M such that wok = idy and then to apply 
Lemma 2.30. We first consider the following map 


“ 
o:M—> KG @uM, mt> "gi @u g,'m. 


i=1 


(The reader might wonder how to get the idea to use this map. It is not 
too hard to see that we have an injective KH-module homomorphism 
i:M—> KG@xyM, m+ 1 @y ™m; the details are given in Proposition A.6 in 
the appendix. To make it a K G-module homomorphism, one mimics the averaging 
formula from the proof of Maschke’s theorem, see Lemma 6.1, leading to the above 
map o.) 
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We first show that o is independent of the choice of the coset representatives 
81,.--,g,- In fact, any other set of representatives has the form g1/1,..., g-h, for 
some hj,...,; € H. Then the above image of m under o reads 


r F r 
Yo siti Ou hy 'g7'm =) gihih;' @u g7'm =) ° gi On gg, 'm=o(m), 


i=l i=l rl 


where for the first equation we have used the defining relations in the induced 
module (coming from the subspace H in the definition of KG @y M). 

Next, we show that o is a K G-module homomorphism. In fact, for every g € G 
and m € M we have 


r r 
o(gm) = Yo gi @u 8; \gm= Yo gi @u (g 'gi)'m. 


i=l i=l 


Setting 2; := g—!g; we get another set of left coset representatives 21,..., 2-. This 
implies that the above sum can be rewritten as 


r r r 
o(gm) =) gi @u (g' gi) 'm=)_ 98 Ou & 'm = 8()_ i Ou B 'm) = go(m), 


i=1 i=1 i=1 


where the last equation holds since we have seen above that o is independent of the 
choice of coset representatives. 
For the composition 4 oo : M — M we obtain for all m € M that 


i ri 
(woa)(m) = Wg ug, 'm)=)_ gig;'m=rm=|G: H\m. 


i=1 i=l 


So far we have not used our assumption that the index |G : H| is invertible in the 
field K, but now it becomes crucial. We set k := ome : M — M. Then from the 
above computation we deduce that “ok = idy. 

As the final step we can now apply Lemma 2.30 to get a direct sum decomposi- 
tion KG @y M = im(x) @ ker(). The map x is injective (since 4 0 k = idy), so 
im(x) = M and the claim follows. 

(ii) By assumption, K H has finite representation type; let Wi,..., Ws be the 
finite-dimensional indecomposable K H-modules, up to isomorphism. It suffices to 
show that every finite-dimensional indecomposable K G-module M is isomorphic 
to a direct summand of one of the KG-modules KG @y W; with 1 <i < s. 
In fact, since these finitely many finite-dimensional modules have only finitely 
many indecomposable summands, it then follows that there are only finitely many 
possibilities for M (up to isomorphism), that is, K G has finite representation type. 
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Consider the K G-module M as a K H-module. We can express it as a direct sum 
of indecomposable K H-modules, that is, there exist a1, ..., as € No such that 


M=(W1®...@W1)@...8 (Ws ®... ® Ws) 
——— —— 


a as 


as a K H-module. Since tensor products commute with finite direct sums (see the 
worked Exercise 8.9 for a proof in the special case of induced modules used here), 
we obtain 


KG @H M = (KG ®y W\)®" ®... 8 (KG @x Ws)®. 


By part (i) we know that M is isomorphic to a direct summand of this induced 
module KG @y M. Since M is indecomposable, the Krull—Schmidt theorem (see 
Theorem 7.18) implies that M is isomorphic to a direct summand of KG @y W; for 
some i € {l,..., s}. oO 


We apply this now, taking for H a Sylow p-subgroup of G, and we come to the 
main result of this section. 


Theorem 8.17. Let K be a field and let G be a finite group. Then the following 
statements are equivalent. 


(i) The group algebra KG has finite representation type. 
(ii) Either K has characteristic 0, or K has characteristic p > 0 and G has a 
cyclic Sylow p-subgroup. 


Proof. We first prove that (i) implies (11). So suppose that KG has finite represen- 
tation type. If K has characteristic zero, there is nothing to prove. So suppose that 
K has characteristic p > 0, and let H be a Sylow p-subgroup of G. Since KG has 
finite representation type, K H also has finite representation type by Theorem 8.15. 
But H is a p-group, so Theorem 8.11 implies that H is a cyclic group, which proves 
part (ii). 

Conversely, suppose (ii) holds. If K has characteristic zero then the group algebra 
KG is semisimple by Maschke’s theorem (see Theorem 6.3). Hence K G is of finite 
representation type by Example 8.3. 

So we are left with the case that K has characteristic p > 0. By assumption 
(ii), G has a cyclic Sylow p-subgroup H. The group algebra KH has finite 
representation type, by Theorem 8.11. Since H is a Sylow p-subgroup, we have 
|G| = p*m and |H| = p%, and the index m = |G : A is not divisible by p and 
hence invertible in K. Then by Theorem 8.15 (part (b)) we conclude that KG has 
finite representation type. Oo 


Remark 8.18. Note that in positive characteristic p the condition in part (ii) of 
the theorem is also satisfied when p does not divide the group order (a Sylow p- 
subgroup is then the trivial group, which is clearly cyclic). In this case the group 
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algebra K G is semisimple, by Maschke’s theorem, which also implies that K G has 
finite representation type. 


Example 8.19. 


(1) Consider the symmetric group G = 83 on three letters. Since |G| = 6, the 
group algebra KS3 is semisimple whenever the characteristic of K is not 2 
or 3. In characteristic 2, a Sylow 2-subgroup is given by ((1 2)), the subgroup 
generated by (1 2), which is clearly cyclic. Similarly, in characteristic 3, a Sylow 
3-subgroup is given by ((123)) which is also cyclic. Hence K $3 has finite 
representation type for all fields K. 

Consider the alternating group G = Ay of order |A4] = 12 = 2? - 3. 
If the field K has characteristic not 2 and 3 then KA4 is semisimple and 
hence has finite representation type. Suppose K has characteristic 3; a Sylow 
3-subgroup is given by ((123)), hence it is cyclic and K Ag is of finite 
representation type. However, a Sylow 2-subgroup of Aq is the Klein four group 
(1 2)(4), (1 3)(24)) = Co x C2, which is not cyclic. Hence, K Aq has infinite 
representation type if K has characteristic 2. 


(2 


wm 


The strategy of the proof of Theorem 8.15 can be extended to construct 
all indecomposable modules for a group algebra KG from the indecomposable 
modules of a group algebra K H when H is a subgroup of G such that the index 
|G : Al is invertible in the field K. We illustrate this important method with an 
example. 


Example 8.20. Assume G is the symmetric group 53; we use the notation as in 
Example 8.13. Assume also that K has characteristic 3. A Sylow 3-subgroup of 
G has order 3, in fact there is only one in this case, which is H generated by 
r = (1 2 3). Recall from the proof of Theorem 8.15 that every indecomposable 
KG-module appears as a direct summand of an induced module KG @y W, for 
some indecomposable K H-module W. 

The group algebra K H is isomorphic to K[T]/(T*), see Lemma 8.9. Recall from 
the proof of Lemma 8.9 that the isomorphism takes the generator r of H to T + 1. 
The algebra K[T]/ (T?) has three indecomposable modules, of dimensions 1, 2, 3, 
and the action of the coset of T is given by Jordan blocks J,,(0) of sizes n = 1, 2,3 
for the eigenvalue 0, see Example 8.3. If we transfer these indecomposable modules 
to indecomposable modules for the isomorphic algebra K H, the action of r is given 
by the matrices J, (0) + En = Jn(1), forn = 1, 2,3, where E,, is the identity matrix. 
(1) Let W = span{w} be the 1-dimensional indecomposable K H-module. The 
action of r on W is given by the matrix J;(1) = £}, that is, W is the trivial 
K H-module. From this we see that H acts trivially on the induced K G-module 
M = KG @¥y W. In fact, for this it suffices to show that r acts trivially 
on M: recall from Example 8.13 that M = span{l @y w,s ®y w}. Clearly 
rd @y w) =r®@®yzw =18y7rTw = 1 &y w. Note that rs = sr? in S3, SO 
r(s @y w) = (sr! @y w) = 8 @y rr !w=s Oy w. 
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So we can view M as a module for the group algebra K (G/H). Since G/H has 
order 2, it is isomorphic to the subgroup (s) of S3 generated by s. So we can also 
view M as a module for the group algebra K (s). As such, it is the direct sum of 
two 1-dimensional submodules, with K-basis (1 + 5s) @y w and (1 — s) @y w, 
respectively. Thus, from M = KG @y W we obtain two 1|-dimensional (hence 
simple) K G-modules 


U; := span{(1+s5) @y w} and V; := span{(1—s) @y w}, 


where U is the trivial K G-module and on V; the element s acts by multiplication 
with —1. These two K G-modules are not isomorphic (due to the different actions 
of s). 

(2) Let W2 be the 2-dimensional indecomposable K H-module. The action of r on 


W2 is given by the matrix Jo(1) = (; OF so we take a basis for W2 as {b1, bo}, 
where rb; = b, + b2 and rb2 = bo. 


The induced module K G ®y W>2 has dimension 4, and a K -basis is given by 
{1 @H b1,1 @a bo, 5 Ox bi, 5 Ou by}, 
see Proposition A.5. One checks that KG ®y W? has the two K G-submodules 
U2 := span{(1+s)@b,, 1—s)@b2} and V2 := span{(l—s) @b1, 1 +s) @b}}. 


From the above basis it is clear that KG @®y W2 = U2 + V2. Moreover, one 
checks that U2 and V2 each have a unique 1-dimensional submodule, namely 
span{(1—s)@yb2} = V; for U2 and span{(1+s5)®yb2} = U, for V2 (where U; and 
V, are the simple K G-modules from (1)). Since these are different it follows that 
U2 V2 = 0 and hence we have a direct sum decomposition K G@y W2 = U2@V2. 

Moreover, it also implies that Uz and V2 are indecomposable K G-modules 
since the only possible direct sum decomposition would be into two different 1- 
dimensional submodules. 

Finally, U2 and V2 are not isomorphic; in fact, an isomorphism would yield 

an isomorphism between the unique 1-dimensional submodules, but these are 
isomorphic to Vj and Uj, respectively. 
(3) This leaves us to compute K G ®@y W3 where W3 is the 3-dimensional indecom- 
posable K H-module. Then we can take W3 = KH (in fact, KH = K{T]/(T?) 
and A = K[T]/(T°) is an indecomposable A-module, see Remark 7.2, so K H is 
an indecomposable K H-module). 

We consider the submodules generated by (1 + 5) ®@y 1 and (1 — s) @y 1. More 
precisely, again using that rs = sr—! in $3 one can check that 


U3 := KG((1+s) @H 1) 


= span{u := (1+ Ss) @y lv:=l1@arts @yr’,w:=1@Hr? +s @Hr} 


160 8 Representation Type 


and 
V3 := KG((1—s) @x 1) 
= span{x := (l—s) @y l,y:= l@yr—s@unr’,z:=1@yr' —s @yr}. 
Note that the K G-action on U3 is given on basis elements by 
Su=uU, SV=W, sw=v andru=v, rv=w, rw=u 
and similarly the K G-action on V3 is given by 
SX=—-X, Sy=-Z, sz=-—yandrx=y, ry=Z, rz=xX. 


From this one checks that U3 and V3 each have a unique 1-dimensional K G- 
submodule, namely span{u + v + w} = U, for U3 and span{x + y + z} = Vi for 
V3. From this one deduces that there is a direct sum decomposition K G = U3 @ V3. 

Moreover, we claim that U3 and V3 are indecomposable K G-modules. For this 
it suffices to show that they are indecomposable when considered as K H-modules 
(with the restricted action); in fact, any direct sum decomposition as K G-modules 
would also be a direct sum decomposition as K H-modules. 

Note that U3 as a K H-module is isomorphic to K H (an isomorphism is given 
on basis elements by u +> 1, v +> r and w +> r?) and this is an indecomposable 
K H-module. Hence U3 is an indecomposable K G-module. Similarly, V3 is an 
indecomposable K G-module. 

Finally, U3 and V3 are not isomorphic; in fact, an isomorphism would yield 
an isomorphism between the unique 1-dimensional submodules, but these are 
isomorphic to U; and Vj, respectively. 

According to the proof of Theorem 8.15 we have now shown that the group 
algebra K $3 fora field K of characteristic 3 has precisely six indecomposable mod- 
ules up to isomorphism, two 1-dimensional modules, two 2-dimensional modules 
and two 3-dimensional modules. Among these only the 1-dimensional modules are 
simple (we have found that each of the other indecomposable modules has a 1- 
dimensional submodule). 


EXERCISES 
8.2. Let A = K[X]/(f), where f © K[X] is non-constant. Write 
f = fi' f°’... fe", where the fj are pairwise coprime irreducible 


polynomials, and a; > 1. Find the number of indecomposable A-modules, 
up to isomorphism. 

8.3. Let A bea K-algebra. Assume M is a finite-dimensional A-module with basis 
B = B, U Bo, where 6, and Bo are non-empty and disjoint. Assume that for 
eacha € A, the matrix of the action of a with respect to this basis has block 
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8.4. 


8.5. 


8.6. 


8.7. 


form 


eas 0 ) 
0 Ma(a))° 


Show that then M is the direct sum M = M, © Mo, where M; is the space 
with basis B;, and the action of a on M,; is given by the matrix Mj (a). 

For any field K, let A = K[X, are Ge y* XY) be the 3-dimensional 
commutative algebra in Lemma 8.5. Find all ideals of A. Show that any 
proper factor algebra of A has dimension one or two, and is of finite 
representation type. 

As in the previous exercise, consider the 3-dimensional commutative K- 
algebra 


A = K[X, Y]/(X?, Y”, XY). 


Forn € N andd € K let V,,(A) be the 2n-dimensional A-module defined in 
the proof of Lemma 8.5. Show that for A # yu € K the A-modules V,, (A) and 
V, (4) are not isomorphic. (Hint: You might try the case n = | first.) 
Assume G is a group of order p” where p is a prime number andn > 1. 
Consider the centre of G, that is, 


Z(G) :={g €G| gx = xg forall x € G}. 


(a) Show that Z(G) has order at least p. (Hint: note that Z(G) consists of 
the elements whose conjugacy class has size 1, and that the number of 
elements with this property must be divisible by p.) 

(b) Show that if Z(G) ¢ G (that is, G is not abelian) then G/Z(G) cannot 
be cyclic. 

(c) Suppose G is not cyclic. Show that then G has a normal subgroup N such 
that G/N is isomorphic to Cp x Cy. When G is abelian, this follows from 
the structure of finite abelian groups. Prove the general case by induction 
onn. 


Let A be a K-algebra. Suppose f : M’ > M andg : M > M" are A- 
module homomorphisms between A-modules such that f is injective, g is 
surjective, and im(f) = ker(g). This is called a short exact sequence and it 
is written as 


f g 


0— M’ —> M —> M” > 0. 
Show that for such a short exact sequence the following statements are 


equivalent. 
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8.8. 


8.9. 


8.10. 


8 Representation Type 


(i) There exists an A-submodule N C M such that M = ker(g) @ N. 


(ii) There exists an A-module homomorphism o : M” — M with 
goo = idyr. 

(iii) There exists an A-module homomorphism t : M —> M’ such that 
to f =idy’. 


A short exact sequence satisfying the equivalent conditions (i)—(iii) is called 
a split short exact sequence. 

Assume A is an algebra and J is a two-sided ideal of A with J ¥ A. 
Suppose M is an A/J-module, recall that we can view it as an A-module 
by am = (a+ 1)m fora € Aandm e€ M. Assume also that N is an A/I- 
module. Show that a map f : M — N is an A-module homomorphism if 
and only if it is an A/7-module homomorphism. Deduce that M and N are 
isomorphic as A-modules if and only if they are isomorphic as A/J-modules. 
Let K be a field, and G a finite group with a subgroup H. Show that for 
every finite-dimensional K H-modules V and W, we have a KG-module 
homomorphism 


KG @x (V ®W) = (KG @y V) © (KG @y W). 


Let G = {+1, +i, +7, +k} be the quaternion group, as defined in Remark 1.9 
(see also Exercise 6.8). 


(a) Determine a normal subgroup WN of G of order 2 and show that G/N is 
isomorphic to C2 x C2. 

(b) For which fields K does the group algebra K G have finite representation 
type? 


. For which fields K does the group algebra K G have finite representation type 


where G is: 


(a) the alternating group G = As of even permutations on five letters, 
(b) the dihedral group G = D,, of order 2n where n > 2, that is, the 
symmetry group of the regular n-gon. 


Chapter 9 ®) 
Representations of Quivers od 


We have seen representations of a quiver in Chap. 2 and we have also seen how to 
relate representations of a quiver Q over a field K and modules for the path algebra 
KQ, and that quiver representations and K Q-modules are basically the same 
(see Sect. 2.5.2). For some tasks, quiver representations are more convenient than 
modules. In this chapter we develop the theory further and study representations of 
quivers in detail. In particular, we want to exploit properties which come from the 
graph structure of the quiver Q. 


9.1 Definitions and Examples 


Throughout we fix a field K. 

We fix a quiver Q, that is, a finite directed graph (see Definition 1.11). We will 
often assume that Q does not have oriented cycles; recall from Exercise 1.2 that this 
is equivalent to the path algebra K Q being finite-dimensional. 

We consider representations of Q over K and recall the definition from Defi- 
nition 2.44. From now on we restrict to finite-dimensional representations, so the 
following is slightly less general than Definition 2.44. 


Definition 9.1. Let Q be a quiver with vertex set Qo and arrow set Q}. 
(a) A representation M of Q over K is given by the following data: 


— a finite-dimensional K-vector space M(i) for each vertex i € Qo, 

— a K-linear map M(a) : M(i) — M(j) for each arrow a € Qj), where 
i> j. 

We write such a representation M as a tuple M = ((M(i))ieQo, (MU (@))aeg,), 

or just M = ((M(i));, (M(@))a). 
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(b) The zero representation O of Q is the representation where to each vertex 
i € Qo we assign the zero vector space. A representation M of Q is called 
non-zero if M(i) # 0 for at least one vertex i € Qo. 


Example 9.2. Let Q be the quiver 


and define a representation M of Q over K by 
M(1)=K, M(2)=K, M(@G)=0, M(4)=K’, M(a)=idx, M(B) =0, M(y)=0. 
We write M using quiver notation as 


idx 


R45 eS 0 = K*, 


Note that the maps starting or ending at a space which is zero can only be zero maps 
and there is no need to write this down. 


In Sect. 2.5.2 we have seen how to view a representation of a quiver Q over the 
field K as a module for the path algebra K Q, and conversely how to view a module 
for K Q as a representation of Q over K. We recall these constructions here, using 
the quiver Q as in Example 9.2. 


Example 9.3. Let Q be the quiver as in Example 9.2. 


(a) Let M be as in Example 9.2. We translate the representation M of Q into 
a KQ-module M. The underlying vector space is 4-dimensional, indeed, 
according to Proposition 2.46 (a) we take M = aes _MiO=K 4 where 


e1M ={(x, 0,0, 0) | x € K} 
e2M ={(0, y,0,0) | y € K} 
e4M ={(0,0, z, w) | z,w € K}. 


Then a(x, y, Zz, w) = (0, x, 0, 0) and B, y act as zero maps. Note that M is the 
direct sum of two K Q-submodules, the summands are e; M @ e2M and eM. 
(b) We give now an example which starts with a module and constructs from this 
a quiver representation. Start with the K Q-module P = (K Q)ez, that is, the 
submodule of K Q generated by the trivial path e2. It has basis {e2, 6, yB}. 
According to Proposition 2.46(b), the representation P of Q corresponding 
to the K Q-module P has the following shape. For each i = 1,2,3,4 we 
set Pi) = e;P = e;(KQ)e2. A basis of this K-vector space is given by 
paths in Q starting at vertex 2 and ending at vertex i. So we get P(1) = 0, 
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P(2) = span{e2}, P(3) = span{f} and P(4) = span{yf}. Moreover, P(B) 
maps e2 + Band P(y) maps B + vy. To arrive at a picture as in Example 9.2, 
we identify each of the one-dimensional spaces with K, and then we can take 
the above linear maps as the identity map: 


idx idx 


0 >K > K —> K. 


The close relation between modules for path algebras and representations of 
quivers means that our definitions and results on modules can be translated to 
representations of quivers. In particular, module homomorphisms become the 
following. 


Definition 9.4. Let Q = (Qo, Q1) be a quiver, and let M and N be representations 
of Q over K. A homomorphism g : M — N of representations consists of a tuple 
(Gi ie Qy Of K-linear maps yg; : M(i) > N(i) for each vertex i € Qo such that for 


each arrow i —> j in Q), the following diagram commutes: 


; M(a) : 
M(i) —— M({) 


a| Ir 


: N(@) ; 
N(i) —— Ni) 
that is, 
gj °oM(a) = Na) og. 


Such a homomorphism g = (9 )i¢Qy9 of representations is called an endomorphism 
if M = N. It is called an isomorphism if all y; are vector space isomorphisms, and 
if so, the representations M and NV are said to be isomorphic. 


Let M be a representation of Q, then there is always the endomorphism ¢ where 
gj is the identity map, for each vertex i. We call this the identity of M; if M is 
translated into a module of the algebra K Q then g corresponds to the identity map. 

As an illustration, we compute the endomorphisms of an explicit representation. 
This will also be used later. It might be surprising that this representation does not 
have any endomorphisms except scalar multiples of the identity, given that the space 
at vertex 4 is 2-dimensional. 


Lemma 9.5. Let Q be the quiver 
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Moreover, let M be the representation of Q with M(i) = K for 1 <i <3 and 
M(4) = K?, and define 
M(a):K > gk. x b> (x, 0) 
M(a2):K > RK’; x b> (0, x) 


M(a3):K > K* X b> (x,X). 


Then every homomorphism g : M — M is a scalar multiple of the identity. 


Proof. Take a homomorphism of representations g : M — WM, that is, 
~ = (@j)1<i<4 Where each gj : M(i) — M(i) is a K-linear map. For i = 1, 2,3 
the map g; : K — K is multiplication by a scalar, say gj(x) = cjx for cj; € K. 
Consider the commutative diagram corresponding to the arrow a, 


ma) —<”. M@) 


ai| | 


MQ) => M@) 
a 


then we have 
(c1x, 0) = (M(a1) 0 G1) (Xx) = (G4 0 M(a1)) (x) = gaa, 0). 


Using the other arrows we similarly find g4(0,x) = (0,cox), and 
ga(x, x) = (c3x, c3x). Using linearity, 


(c3x, €3xX) = a(x, x) = ga(x, 0) + 4(0, x) = (crx, 0) + (CO, cox) = (C1x, C2x). 


Hence for all x € K we have cjx = c3x = cox and therefore c) = cz = C3 =: C. 
Now we deduce for all x, y € K that 


pa(x, y) = vax, 0) + y4(0, y) = (cx, 0) + (0, cy) = (cx, cy) = cx, y), 
SO 94 = cidg2. Thus we have proved that every homomorphism g : M > M isa 
scalar multiple of the identity. Oo 
The analogue of a submodule is a ‘subrepresentation’. 


Definition 9.6. Let M = ((M(i))icQo, (M(@))aeo,) be a representation of a 
quiver Q. 


(a) A representation ¢ = ((U(i))ieQo, (U(@))weo,) Of Q is a subrepresentation 
of M if the following holds: 
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(i) For each vertex i € Qo, the vector space U(i) is a subspace of M(i). 
(ii) For each arrow i = j in Q, the linear map U(a) : U(i) —> U(/) is the 
restriction of M(q) to the subspace U(Z). 


(b) A non-zero representation S of Q is called simple if its only subrepresentations 
are O and S. 


Example 9.7. Let Q be a quiver. 


(1) Every representation M of Q has the trivial subrepresentations O and M. 
(2) For each vertex j € Qo we have a representation S; of Q over K given by 


iy _fKifigj 
s={5 ria! 


and S;(@) = 0 for all wa € Q). Then S; is a simple representation. 

(3) We consider the quiver 1 —*, 2 and the representation M given by 
M(1) = K = M(2) and M(a) = idx. We write this representation in the 
form 


idx 


K —> K. 
Consider the representation U/ given by U(1) = 0, U(2) = K, U(a) = 0. 
This is a subrepresentation of MM. But there is no subrepresentation 7 given by 


T(1) = K, T(2) = 0, T (a) = 0, because the map T (a) is not the restriction of 
M(q) to T(1). 


Exercise 9.1. Let Q be the quiver in Example 9.2, and let M be the representation 


idx idx idx 
> 


K K > K > K. 


Find all subrepresentations of A. How many of them are simple? 


Translating the description of simple modules for finite-dimensional path alge- 
bras (see Sect. 3.4.2, in particular Theorem 3.26) we get the following result. 


Theorem 9.8. Let Q be a quiver without oriented cycles. Then every simple 
representation of Q is isomorphic to one of the simple representations Sj, with 
J € Qo, as defined in Example 9.7 above. Moreover, the representations S;, with 
J € Qo, are pairwise non-isomorphic. 


Instead of translating Theorem 3.26, one could also prove the above theorem 
directly in the language of representations of quivers, see Exercise 9.7. 

For modules of an algebra we have seen in Chap. 7 that the building blocks are 
the indecomposable modules. So we should spell out what this corresponds to for 
representations of quivers. 
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Definition 9.9. Let Q be a quiver and let K be a field. 


(1) Let M = ((M(i));, (M(q@))q) be a representation of Q over K, and assume 
U and Y are subrepresentations of M. Then M is the direct sum of U and V 
if for each i € Qo we have M(i) = U(i) ® V(i) as vector spaces. We write 
M=U6OY. 

(2) A non-zero representation M of Q is called indecomposable if it cannot be 
expressed as the direct sum M = U © V with non-zero subrepresentations 
U and V of M. 


Note that since U/ and V are required to be subrepresentations of M in the above 


definition, for each arrow i mien j in Q, the linear map M(a@) takes U(i) into U(j), 
and it takes V(i) into V(/) (see Definition 9.6). 


Remark 9.10. There is a related notion of a direct product (or external direct sum) 
of representations of a quiver Q, see Exercise 9.13. 


Exercise 9.2. Let Q be the quiver 1 —+ 2 


(1) Consider the representation M of Q as in Example 9.7,so M(1) = M(2) = K, 
and M(a) = idx. Show that M is indecomposable. 

(ii) Let NV be the representation of Q with N(1) = N(2) = K and N(a) = 0. 
Show that NV’ decomposes as the direct sum of the subrepresentations K —> 0 
and 0 —> K. 


In Chap. 7 we have studied indecomposable modules in detail. In particular, we 
have established methods to check whether a certain module is indecomposable. We 
translate some of these to the language of representations of quivers. 

The first result is a restatement of Lemma 7.3. 


Lemma 9.11. Let Q be a quiver and M a non-zero representation of Q over K. 
Then the representation M is indecomposable if and only if the only homomor- 
phisms of representations g : M — M with ¢? = 9 are the zero homomorphism 
and the identity. 


The condition in this lemma is satisfied in particular if all endomorphisms of M 
are scalar multiples of the identity. This gives the following, which is also a conse- 
quence of Corollary 7.16 translated into the language of quiver representations. It 
is the special case where the endomorphism algebra is isomorphic to the field K, 
hence is a local algebra. 


Lemma 9.12. Let Q be a quiver and M a non-zero representation of Q over K. 
Suppose that every homomorphism of representations ¢ : M — M is a scalar 
multiple of the identity. Then the representation M is indecomposable. 
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9.2 Representations of Subquivers 


When studying representations of quivers it is often useful to relate representations 
of a quiver to representations of a ‘subquiver’, a notion we now define. 


Definition 9.13. Assume Q is a quiver with vertex set Qo and arrow set Q}. 


(a) A subquiver of Q is a quiver Q’ = (Qo, Q/,) such that Qj C Qo and Q{ C Qi). 


(b) A subquiver Q’ of Q as above is called a full subquiver if for any two vertices 
i, j € Qo all arrows i =, j of Q are also arrows in Q’. 

Note that since Q’ must be a quiver, it is part of the definition that in a 

subquiver the starting and end points of any arrow are also in the subquiver (see 


Definition 1.11). Thus one cannot choose arbitrary subsets Q © Q} in the above 
definition. 


Example 9.14, Let Q be the quiver 


—, 
Phy We 
B 


We determine the subquivers Q’ of Q with vertex set Q) = {1, 2}. For the arrow set 
we have the following possibilities: 0 = %, O/ = {a}, QO = {B} and QO = {a, B}. 
Of these, only the last quiver is a full subquiver. However, by the preceding remark 
we cannot choose Q' = {a, y} since the vertex 3 is not in Qo. 


Given a quiver Q with a subquiver Q’, we want to relate representations of Q 
with representations of Q’. For our purposes two constructions will be particularly 
useful. We first present the ‘restriction’ of a representation of Q to a representation 
of Q’. Starting with a representation of Q’, we then introduce the ‘extension by 
zero’ which produces a representation of Q. 


Definition 9.15. Let Q = (Qo, Q1) be a quiver and Q’ = (Qo, Q') a subquiver of 
Q. If 


M= (M(i))ie do: (M(«))weQ1) 


is a representation of Q then we can restrict MM to Q’. That is, we define a 
representation M’ of Q’ by 


M' = ((M(i))ico1,, (M(@))aco'): 


The representation M’ is called the restriction of M to Q’. 
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For example, if Q and M are as in Example 9.2, and Q’ is the subquiver 


ty oo A 


then M’ is the representation 
K — 0— K’. 


Conversely, suppose we have a representation of a subquiver Q’ of a quiver Q. 
Then we can extend it to a representation of Q, by assigning arbitrary vector spaces 
and linear maps to the vertices and arrows which are not in the subquiver Q’. So 
there are many ways to extend a representation of Q’ to one of Q (if Q’ # Q). 
Perhaps the easiest construction is to extend ‘by zero’. 


Definition 9.16. Suppose Q is a quiver, which has a subquiver Q’ = (Qj, Q'). 
Suppose 


M! = (M')ico) (M'(@))aco!) 
is a representation of Q’. Then we define a representation M of Q by 


M'(i) ifi € Q) 
0 ifi¢Q 


M'(a) ifa € QO} 


Mio | 0 ifa¢ Q'. 


and M(qa):= | 


This defines a representation of Q, which we call the extension by zero of M’. 


Remark 9.17. Let Q be a quiver and let Q’ be a subquiver of Q. Suppose that 
M' is a representation of Q’ and let M be its extension by zero to Q. It follows 
directly from Definitions 9.15 and 9.16 that the restriction of M/ to Q’ is equal to 
M’. In other words, extension by zero followed by restriction acts as identity on 
representations of Q’. 

But in general, first restricting a representation M of Q to Q’ and then extending 
it by zero does not give back M, because on vertices which are not in Q’ non-zero 
vector spaces in M are replaced by 0. 


As we have seen, indecomposable representations are the building blocks for 
arbitrary representations of quivers (just translate the results on modules for path 
algebras in Chap. 7 to the language of representations of quivers). The extension by 
zero is particularly useful because it preserves indecomposability. 


Lemma 9.18. Assume Q’ is a subquiver of a quiver Q. 


(a) Suppose M’ is a representation of Q’ and M is its extension by zero to Q. If 
M’ is indecomposable then so is M. 
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(b) Suppose M’ and N' are non-isomorphic indecomposable representations of 
QO’. Let M and N be their extensions by zero. Then M and N are non- 
isomorphic representations of Q. 


Proof. (a) Suppose we had M = U @ Y with subrepresentations U/, V of M. 
According to Definition 9.9 we have to show that one of U/ and Y is the zero 
representation. 

Note that the restriction of M to Q’ is M’ (see Remark 9.17). We call U/’ the 
restriction of U/ to Q’ and similarly define V’. Then M' = U’ @ V’ because direct 
sums are compatible with restriction. But M’ is indecomposable, therefore one of 
U’ or V’ is the zero representation, that is, U(i) = 0 for all i € Qo or V(i) = 0 for 
alli € Qo. 

On the other hand, since U/ and VY are subrepresentations and M(i) = O for 
i ¢ Qo (by Definition 9.16), also U(i) = 0 and V(i) = 0 for alli ¢ Qo. 

In total, we get that U(i) = 0 for alli € Qo or V(i) = 0 for all i € Qo, that is, 
one of U/ or VY is the zero representation and hence M is indecomposable. 

(b) Assume for a contradiction that there is an isomorphism g : M > N 
of representations. Then, again using Remark 9.17, if we restrict to vertices and 
arrows in Q’ we get a homomorphism g’ : M’ — WN’. Moreover, since each 
gi : Mi) > N(i) is an isomorphism, ?, is also an isomorphism for each vertex i of 
Q’. This means that g’ is an isomorphism of representations, and M’ is isomorphic 
to NV’, a contradiction. Oo 


There is a very useful reduction: When studying representations of a quiver, it is 
usually enough to study quivers which are connected. This is a consequence of the 
following: 


Lemma 9.19. Assume Q is a quiver which can be expressed as a disjoint union 
Q = Q'U Q” of subquivers with no arrows between Q’ and Q”. Then the 
indecomposable representations of Q are precisely the extensions by zero of the 
indecomposable representations of Q’ and the indecomposable representations 


ore”. 


Proof. Let M' be an indecomposable representation of Q’. We extend it by zero 
and then get an indecomposable representation of Q, by Lemma 9.18. Similarly any 
indecomposable representation of Q” extends to one for Q. 

Conversely, let M be any representation of Q. We show that MM can be expressed 
as a direct sum. By restriction of M (see Definition 9.15) we get representations M’ 
of Q! and M” of Q”. Now let U be the extension by zero of M’, a representation of 
Q, and let V be the extension by zero of M”, also a representation of Q. We claim 
that M=U@YV. 

Take a vertex i in Q. If i € Q’ then U(i) = M’(i) = M(i) and V(i) = O 
and therefore M(i) = U(i) @ V(i). Similarly, if i € Q” we have U(i) = O and 
V(@) = M"(i) = M(i) and M(i) = U(i) @ V(i). Moreover, if a is an arrow of Q 
then it is either in Q’ or in Q”, since by assumption there are no arrows between Q’ 
and Q”. If itis in Q’ then U(a) = M'(a) = M(a) and V(a) = 0, so the map M (a) 
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is compatible with the direct sum decomposition, and the same holds if @ is in Q”. 
This shows that M =U @ V. 

Assume now that M is an indecomposable representation of Q. By the above, 
we have M = U @ JY, therefore one of 7/ or VY must be the zero representation. 
Say U is the zero representation, that is, MM is the extension by zero of M”, a 
representation of Q”. We claim that MM” must be indecomposable: Suppose we 
had M” = X” @ yY” with subrepresentations 7” and YY”. Then we extend 1” 
and Y” by zero and obtain a direct sum decomposition M = % @ XY. Since 
M is indecomposable, one of V or ¥ is the zero representation. But since these 
are obtained as extensions by zero this implies that one of V” or ” is the zero 
representation. Therefore, MM” is indecomposable, as claimed. Oo 


9.3 Stretching Quivers and Representations 


There are further methods to relate representations of different quivers. We will now 
present a general construction which will be very useful later. This construction 
works for quivers without loops; for simplicity we consider from now on only 
quivers without oriented cycles. Recall that the corresponding path algebras are then 
finite-dimensional, see Exercise 1.2. 

Consider two quivers Q and O where O is obtained from Q by replacing one 


vertex i of Q by two vertices i), i2 and one arrow, i; af i2, and by distributing 
the arrows adjacent to i between 7; and iz. The following definition makes this 
construction precise. 


Definition 9.20. Let Q be a quiver without oriented cycles and i a fixed vertex. Let 
T be the set of all arrows adjacent to i, and suppose T = T; U 7, a disjoint union. 
Define Q to be the quiver obtained from Q as follows. 


(i) Replace vertex i by 1} —~> i2 (where i1, i2 are different vertices); 
(ii) Join the arrows in 7; to i1; 
(iii) Join the arrows in 74 to i2. 


In (ii) and (iii) we keep the original orientation of the arrows. We call the new quiver 
Q a stretch of Q. 


By assumption, Q does not have loops, so any arrow adjacent to i either starts at 
i or ends at i but not both, and it belongs either to T; or to T>. Note that if T is large 
then there are many possible stretches of a quiver Q at a given vertex 7, coming from 
different choices of the sets 7; and 7. 

We illustrate the general construction from Definition 9.20 with several 
examples. 
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Example 9.21. 


(1) Let Q be the quiver | —> 2. We stretch this quiver at vertex 2 and take T> = 9, 
and we get the quiver 


(395, 
If we take 7; = Y% then we obtain 
Y 
1—_ 22 == 24. 


(2) Let Q be the quiver | —> 2 —-> 3. Stretching Q at vertex 2, and choosing 
T2 = Y, we obtain the following quiver 


——— ar 


| 


29 


(3) Let Q be the quiver 


There are several stretches of Q at the vertex i, for example we can get the 
quiver 
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or the quiver 


a 
: —-, 
(4) Let Q be the Kronecker quiver | 2. 
4 ~~ 


B 
Stretching the Kronecker quiver at vertex 1 and choosing Tj; = @ and 
T> = {a, B} gives the stretched quiver 


aa 
a 


Alternatively, if we stretch the Kronecker quiver at vertex | and choose 
T, = {a}, T2 = {6} then we obtain the following triangle-shaped quiver 


ig =—=s9 


LA 


1, 


Exercise 9.3. Let O be a quiver with vertex set {1,...,} and n — 1 arrows such 
that for each i with 1 < i < n — 1, there is precisely one arrow between vertices 
i andi + 1, with arbitrary orientation. That is, the underlying graph of Q has the 
shape 


1 2 3 oe n—-1 n 


Show that one can get the quiver O by a finite number of stretches starting with the 
one-vertex quiver, that is, the quiver with one vertex and no arrows. 


Exercise 9.4. Let O be a quiver with vertex set {1,...,2-+ 1} such that there is one 
arrow between vertices i andi-+ 1 foralli = 1,...,m and an arrow betweenn + 1 
and |. That is, the underlying graph of Q has a circular shape 


n+1 
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Suppose that the arrows of Q are oriented so that Q is not an oriented cycle. Show 
that one can obtain Q by a finite number of stretches starting with the Kronecker 
quiver. 


So far, stretching a quiver as in Definition 9.20 is a combinatorial construction 
which produces new quivers from given ones. We can similarly stretch representa- 
tions. Roughly speaking, we replace the vector space M(i) in a representation M 
of Q by two copies of M(i) with the identity map between them, distributing the 
M (qa) with a adjacent to i so that we get a representation of O and keeping the rest 
as it is. 


Definition 9.22. Let Q be a quiver without oriented cycles and let O be the quiver 


obtained from Q by stretching at a fixed vertex i, with a new arrow i as iz and 
where the arrows adjacent to i are the disjoint union T = TUT», see Definition 9.20. 
Given a representation M of Q, define M to be the representation of Q by 


M(i1) = M(i) = M(i2), M(j) = M(j) (for j #1) 
M(y) =idyyy, M(a@) = M(q) (for a any arrow of Q). 


Note that if @ is in 7; then M (aw) must start or end at vertex i,, and similarly for a 
in 7. 


Example 9.23. 


(1) As in Example 9.21 we consider the quiver Q of the form 1 —> 2, and the 
stretched quiver Q : 1 —> 2; —~+ 29. Moreover, let M be the representation 
K “ K of Q. Then the stretched representation M of O has the form 
id id 
K —S K <4 K. As another example, let N, be the representation K —> 0 
of Q. Then the stretched representation V of Q has the form K —> 0 —> 0. 


(2) Let Q be the Kronecker quiver and let / be the representation 


idx 
a 


For the stretched quivers appearing in Example 9.21 we then obtain the 
following stretched representations: 


idx 
K“yx7 2K 


0 
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and 


idx 
— 
An 
Our main focus is on indecomposable representations. The following result is 


very useful because it shows that stretching representations preserves indecompos- 
ability. 


K 
id 


ao 


Lemma 9.24. Let Q be a quiver without oriented cycles and Q a quiver obtained 
by stretching Q. For any representation M of Q we denote by M the representation 
of Q obtained by stretching M (as in Definition 9.22). Then the following holds: 


(a) If M is an indecomposable representation then M is also indecomposable. 
(b) Suppose M and N are representations of Q which are not isomorphic. Then 
M and N are not isomorphic. 


Proof. Assume O is obtained from Q by replacing vertex i by i, =a dy. Take 
two representations M and NV of Q and a homomorphism g : M — WN of the 
stretched representations. Since ¢ is a homomorphism of representations we have 
(see Definition 9.4): 


Gi 0 M(y) = N(y) 0 Gj. 


But M (y) and N (vy) are identity maps by Definition 9.22, and hence ¢;, = Gj,. 
This means that we can define a homomorphism y : M — N of representations 


by setting 9 := 9%, = Qj, and gj := gj for j # i. One checks that the 
relevant diagrams as in Definition 9.4 commute; this follows since the corresponding 
diagrams for @ commute, and since 9, = Gj. 


With this preliminary observation we will now prove the two assertions. 

(a) Consider the case M = N. To show that M is indecomposable it suffices by 
Lemma 9.11 to show that if @* = @ then @ is zero or the identity. By the above 
definition of the homomorphism we see that if ¢7 = @ then also g* = 9. By 
assumption, M is indecomposable and hence, again by Lemma 9.11, g is zero or 
the identity. But then it follows directly from the definition of g that @ is also zero 
or the identity. 

(b) Assume M and N are not isomorphic. Suppose for a contradiction that 
@:M-—- N is an isomorphism of representations, that is, all linear maps 
Qj : M(j) > Nj) are isomorphisms. Then all linear maps g; : M(j) > N(j) are 
also isomorphisms and hence g : M —> N is an isomorphism, a contradiction. O 
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We translate modules over the path algebra to representations of quivers, and 
the Krull-Schmidt theorem translates as well. That is, every (finite-dimensional) 
representation of a quiver Q is a direct sum of indecomposable representations, 
unique up to isomorphism and labelling. Therefore it makes sense to define the 
representation type of a quiver. 

Recall that we have fixed a field K and that we consider only finite-dimensional 
representations of quivers over K, see Definition 9.1. Moreover, we assume 
throughout that quivers have no oriented cycles; this allows us to apply the results 
of Sect. 9.3. 


Definition 9.25. A quiver Q is said to be of finite representation type over 
K if there are only finitely many indecomposable representations of Q, up to 
isomorphism. Otherwise, we say that the quiver has infinite representation type 
over K. 


By our Definition 9.1, a representation of Q always corresponds to a finite- 
dimensional K Q-module. In addition, we assume Q has no oriented cycles and 
hence K Q is finite-dimensional. Therefore the representation type of Q is the same 
as the representation type of the path algebra K Q, as in Definition 8.1. 

In most situations, our arguments will not refer to a particular field K, so we often 
just speak of the representation type of a quiver, without mentioning the underlying 
field K explicitly. 

For determining the representation type of quivers there are some reductions 
which follow from the work done in previous sections. 

Given a quiver Q, since we have seen in Sect. 9.2 that we can relate indecom- 
posable representations of its subquivers to indecomposable representations of Q, 
we might expect that there should be a connection between the representation type 
of subquivers with that of Q. 


Lemma 9.26. Assume Q’ is a subquiver of a quiver Q. If Q' has infinite represen- 
tation type then Q also has infinite representation type. 


Proof. This follows directly from Lemma 9.18. oO 


Furthermore, to identify the representation type, it is enough to consider con- 
nected quivers. 


Lemma 9.27. Assume a quiver Q is the disjoint union of finitely many subquivers 
one 283 a Then Q has finite representation type if and only if all subquivers 
QO”,..., OY” have finite representation type. 


Proof. This follows from Lemma 9.19, by induction on r. oO 
Example 9.28. 


(1) The smallest connected quiver without oriented cycles consists of just one ver- 
tex. A representation of this quiver is given by assigning a (finite-dimensional) 
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(2) 
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vector space to this vertex. Any vector space has a basis, hence it is a direct 
sum of 1|-dimensional subspaces; each subspace is a representation of the 
one-vertex quiver. So there is just one indecomposable representation of the 
one-vertex quiver, it is 1-dimensional. In particular, the one-vertex quiver has 
finite representation type. 

Let Q be the quiver 1 —*, 2. We will determine explicitly its indecomposable 
representations. This will show that Q has finite representation type. 

Let ¥ be an arbitrary representation of Q, that is, we have two 
finite-dimensional vector spaces X(1) and X(2), and a linear map 
T = X(a): X(1) > X(2). We exploit the proof of the rank-nullity theorem 
from linear algebra. 

Choose a basis {b1,..., bn} of the kernel ker(7), and extend it to a basis of 
X (1), say by {c1,..., c-}. Then the image im(7) has basis {T (c1), ..., T(cr)}, 
by the proof of the rank-nullity theorem. Extend this set to a basis of X (2), 
say by {di,...,ds}. With this, we aim at expressing ¥ as a direct sum of 
subrepresentations. 

For each basis vector b; of the kernel of T we get a subrepresentation 5; of 
& of the form 


span{b;} —> 0. 

This is a subrepresentation, since the restriction of T = X(a) to span{b;} 
maps b; to zero. Each of these subrepresentations is isomorphic to the simple 
representation S; as defined in Example 9.7. 

For each basis vector c; we get a subrepresentation C; of V of the form 

span{c;} —> span{T (c;)} 

where the map is given by 7. Each of these representations is indecomposable, 
in fact it is isomorphic to the indecomposable representation M which we 
considered in Exercise 9.2. 

For each basis vector d; we get a subrepresentation D; of V of the form 


0 —> span{d;} 


which is isomorphic to the simple representation S2. 
From the choice of our basis vectors we know that 


X (1) = span{bj,..., bn} ® span{cy,..., c,} 
and that 


X (2) = span{T (ci), ..., T(c-)} ® span{d),..., ds}. 
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This implies that we have a decomposition 
n r Ss 
«=(68) 0(Gz) o(a 
i=1 i=l i=1 


of ¥ as a direct sum of subrepresentations. 

Now assume that ¥ is indecomposable, then there is only one summand in 
total, and hence ¥ is isomorphic to one of 6; = S,,C; = M or Dj = Sp. 

By Theorem 9.8, the representations S; and S2 are not isomorphic. By 
comparing dimensions, M is not isomorphic to S; or S2. So we have proved 
that the quiver Q has precisely three indecomposable representations, up to 
isomorphism. 


Example 9.29. Let Q be the Kronecker quiver, 
a 
— aA 
i < 


We fix an element 2 € K, and we define a representation C, of Q as follows: 
C,() = K,C,(2) = K, Ca (@) = idx and C,(B) = A- idx. 

We claim that the following holds for these representations of the Kronecker 
quiver. 


(a) Cj is isomorphic to C,, if and only if A = pw. 
(b) For any A € K, the representation C, is indecomposable. 


We start by proving (a). Let g : C, — C, be ahomomorphism of representations, 
then we have a commutative diagram of K -linear maps 


Ci(a) 
Cc,(1) —— _ C,(2) 


o1| | 


C,,(@) 
C,(1) ——> C,(2) 
Since C,(a@) and C,,(@) are identity maps, we have yj = @. We also have the 


commutative diagram 


C,(8) 
C0) ——- 0) 


o| |v 


C,(B) 
C,(1) —— C,(2) 
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Since we already know that yg; = ¢2 we obtain that 


AQ) = Ag2 = G20 C)(B) = Cu(B) o G1 = UG. 


If A * yw then g = 0 and therefore we cannot have an isomorphism C, — C,,. This 
proves claim (a). 

We now prove (b). Let 4 = y, then by the above we have computed an arbitrary 
homomorphism of representations g : C, — C,. Indeed, we have gy; = @2 and 
this is a scalar multiple of the identity (since C,(1) = K = C)(2)). Hence every 
homomorphism of C, is a scalar multiple of the identity homomorphism. This shows 
that C, is indecomposable, by Lemma 9.12. 


The previous example shows already that if the field K is infinite, the Kronecker 
quiver Q has infinite representation type. However, Q has infinitely many inde- 
composable representations for arbitrary fields, as we will now show in the next 
example. 


Example 9.30. For any n > 1, we define a representation C of the Kronecker quiver 
as follows. We take C(1) = K” and C(2) = K”", and we define C(a@) = idxn, and 
C() is the linear map given by J, (1), the Jordan block of size n with eigenvalue 1. 
For simplicity, below we identify the maps with their matrices. 

We will show that C is indecomposable. Since the above representations have 
different dimensions for different n, they are not isomorphic, and hence this will 
prove that the Kronecker quiver Q has infinite representation type for arbitrary 
fields. 

Let g : C > C be a homomorphism of representations, with K-linear maps 9 
and g2 on K” corresponding to the vertices of Q (see Definition 9.4). 

Then we have a commutative diagram of K-linear maps 


C(a) 
C(1) —— _C(2) 


o| | 
C(a) 
C(1) —— _ C2) 


Since C(q) is the identity map, it follows that g; = gz. We also have a commutative 
diagram of K-linear maps 


Cis ce) 


o| | 
cay —®. cq) 
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and this gives 
JnQ) o G1 = 920 In(1) = G1 0 Jn). 


That is, g, is a linear transformation of V = K” which commutes with J, (1). 

We assume that y? = 4, that is, 9; = |, and we want to show that ¢ is either 
zero or the identity map; then C is indecomposable by Lemma 9.11, and we are 
done. 

We want to apply Exercise 8.1. Take f = (X — 1)” © K[X], then Veg) 
becomes a K[X]/(f)-module (see Theorem 2.10); in fact, one checks that 
f(JnQ)) = Jn(0)” is the zero matrix. Note that this is a cyclic K[X]/(f)-module 
(generated by the first basis vector). Now, since g; commutes with J, (1), the linear 
map | is even a K[X]/(f)-module homomorphism of Vc,g). We have rr = (1, 
therefore by Exercise 8.1, g} = 0 or g = idx». This shows that ¢ is either zero or 
is the identity, and C is indecomposable, as observed above. 


Suppose we know that a quiver Q has infinite representation type. Recall that in 
Sect. 9.3 we have defined how to stretch quivers and representations. We can exploit 
this and show that the stretch of Q also has infinite representation type. 


Lemma 9.31. Let Q be a quiver without oriented cycles and let a) be a quiver 
which is a stretch of Q (as in Definition 9.20). If Q has infinite representation type 
then Q also has infinite representation type. 


Proof. This follows immediately from Lemma 9.24. oO 


Example 9.32. We have seen in Example 9.30 that the Kronecker quiver has infinite 
representation type over any field K. So by Lemma 9.31 every stretch of the 
Kronecker quiver also has infinite representation type. In particular, the quivers 


—! 
l1—41,7 32 


and 


i 2 


7 


appearing in Example 9.21 have infinite representation type over any field K. 


1, 
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EXERCISES 


9.5. 


9.6. 


9.7. 


9.8. 


9.9. 


9.10. 


Consider the representation defined in Example 9.2. Show that it is the direct 
sum of three indecomposable representations. 

Let Q = (Qo, Q1) be a quiver and let M be a representation of Q. Suppose 
that M = U @ YV is a direct sum of subrepresentations. For each vertex 
i € Qo letg; : MG) = UG) @ Vi) — UV) be the linear map given by 
projecting onto the first summand, and let Wj : U(@i) > Mi) = UG) @ Vi) 
be the inclusion of U(i) into M(i). Show that 9 = (j)icg, : M — U and 
W = (WiieQ) : U > M are homomorphisms of representations. 

(This exercise gives an outline of an alternative proof of Theorem 9.8.) Let 
Q = (Qo, Q1) be a quiver without oriented cycles. For each vertex j € Qo 
let S; be the simple representation of Q defined in Example 9.7. 


(i) Show that for j #4 k € Qo the only homomorphism S; — S, of 
representations is the zero homomorphism. In particular, the different 
Sj are pairwise non-isomorphic. 


Let M be a simple representation of Q. 


(ii) Show that there exists a vertex k € Qo such that M(k) ~ O and 
M (a) = 0 for all arrows a € Qj Starting at k. 

(iti) Let k € Q; be as in (ii). Deduce that M has a subrepresentation U/ with 
U(k) = M(k) and U(i) = Ofori # k. 

(iv) Show that M is isomorphic to the simple representation S,. 


Let Q bea quiver. Let M be a representation of Q such that for a fixed vertex 

j of Q we have M(i) = 0 for alli 4 7. Show that M is isomorphic to a direct 

sum of dimx M(j) many copies of the simple representation Sj. 
Conversely, check that if a representation M of Q is isomorphic to a direct 

sum of copies of S; then M(i) = 0 for alli ¥ j. 

Let Q be a quiver and j a sink of Q, that is, no arrow of Q starts at 7. Let 

a1,..., a; be all the arrows ending at j. Let M be a representation of Q. 


(a) Show that M is a direct sum of subrepresentations, M = ¥ @ J, 
where 


(i) ¥ satisfies Y(k) = M(k) fork € j, and Y(j) = ae im(M(q;)) is 
the sum of the images of the maps M(a;) : M(i) ~ M(j), 

(ii) & is isomorphic to the direct sum of copies of the simple 
representation S;, and the number of copies is equal to 
dimx M(j) — dimx Y(j). 


(b) If M has a direct summand isomorphic to S; then so im(M(q;)) is a 
proper subspace of M(/j). 


Let Q’ be a quiver and j a source of Q’, that is, no arrow of Q’ ends at j. Let 
Bi, ..., By be the arrows starting at j. Let V be a representation of Q’. 
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(a) Consider the subspace X(j) := ‘ea ker(N(6;)) of N(j). As a K- 
vector space we can decompose N(j) = X(j) @ Y(/) for some subspace 
Y(j). Show that NV is a direct sum of subrepresentations, V = XY @ J, 
where 


(i) ¥ satisfies Y(k) = N(k) fork 4 j, and Y(/j) is as above, 
(ii) ¥ is isomorphic to the direct sum of dimx X (j) many copies of the 
simple representation S;. 


(b) If NV has a direct summand isomorphic to Sj then (es , ker(V(6;)) is a 
non-zero subspace of N(j). 


. Let K bea field and let Q = (Qo, Q1) be a quiver. For each vertex i € Qo 


consider the K Q-module P; = K Qe; generated by the trivial path e;. 


(i) Interpret the K Q-module P; as a representation 7; of Q. In particular, 
describe bases for the vector spaces P;(j) for j € Qo. (Hint: Do it first 
for the last quiver in (4) of Example 9.21 and use this as an illustration 
for the general case.) 

(ii) Suppose that Q has no oriented cycles. Show that the representation P; 
of Q is indecomposable. 


. Let Q = (Qo, Q1) be a quiver without oriented cycles and suppose that 


M = ((M(i))icQo, (M(@))aeQ,) iS a representation of Q. Show that the 
following holds. 


(a) The representation M is semisimple (that is, a direct sum of simple 
subrepresentations) if and only if M(a) = 0 for each arrowa € Q}. 
(b) For each vertex i € Qo we set 


soo (i) = {) ker(M(a)) 


S(a)=i 
(where s(a@) denotes the starting vertex of the arrow a). Then 
Socyy = ((soe yy (i) ie Qo, (S(@) = O)weQ,) 


is a semisimple subrepresentation of M, called the socle of M. 
(c) Every semisimple subrepresentation U/ of M is a subrepresentation of 
the socle Soc,yy. 


. This exercise is an analogue of Exercise 2.15, in the language of representa- 


tions of quivers. 

Let M and AN be representations of a quiver Q. The direct product 
(or external direct sum) P = M x WN is the representation of Q with 
P(i) = M(i) x N() for each vertex i of Q (this is the direct product of 
vector spaces, that is, the cartesian product with componentwise addition 
and scalar multiplication). For every arrow a in Q from i to j we set 
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P(a): PG) > P(j), (m,n) & (M(a)(m), N(@)(n)), and we sometimes 
also denote this map by P(a) = M(a) x N(a@). 


(i) Verify that P is a representation of Q. 

(11) Check that the following defines a subrepresentation M of P. For every 
vertex i we set M (i) = {(m, 0)|m € M(i)} and for every arrow a from 
i to j we set M(a) : M(i) > M(j), (m,0) + (M(@)(m), 0). 

Similarly we get a subrepresentation N from NV. 

(iii) Show that P = M ®@ N is a direct sum of the subrepresentations. 

(iv) Consider Mand WN as representations of Q. Show that M is isomorphic 
to M and that AV is isomorphic to NV. 


Chapter 10 ®) 
Diagrams and Roots cost 


Our aim is to determine when a quiver Q with no oriented cycles is of finite 
representation type. This is answered completely by Gabriel’s celebrated theorem, 
which he proved in the 1970s, and the answer is given in terms of the underlying 
graph of Q. This graph is obtained by forgetting the orientation of the arrows in the 
quiver. In this chapter, we describe the relevant graphs and their properties we need; 
these graphs are known as Dynkin diagrams and Euclidean diagrams, and they occur 
in many parts of mathematics. We discuss further tools which we will use to prove 
Gabriel’s theorem, such as the Coxeter transformations. The content of this chapter 
mainly involves basic combinatorics and linear algebra. 

We fix a graph I; later this will be the underlying graph of a quiver. We 
sometimes write F = (Io,1'1), where Ig is the set of vertices and I’; is the set 
of (unoriented) edges of I’. All graphs are assumed to be finite, that is, [9 and Ty 
are finite sets. 


10.1. Dynkin Diagrams and Euclidean Diagrams 


Gabriel’s theorem (which will be proved in the next chapter) states that a connected 
quiver has finite representation type if and only if the underlying graph I is one of 
the Dynkin diagrams of types Ay, forn > 1, D, forn > 4, E6, E7, Eg, which we 
define in Fig. 10.1. 

We have seen some small special cases of Gabriel’s theorem earlier in the 
book. Namely, a quiver of type A, (that is, the one-vertex quiver) has only 
one indecomposable representation by Example 9.28; in particular, it is of finite 
representation type. Moreover, also in Example 9.28 we have shown that the quiver 
1 —~ 2 has finite representation type; note that this quiver has as underlying graph 
a Dynkin diagram of type A2. 
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Fig. 10.1 Dynkin diagrams A 


of types A, D, E. The index n e—__e_—_e-.- #——_e—e 
gives the number of vertices 
in each diagram 
D n ee oe ® e— 
e 
E 6 e e © © © 
e 
E, e © © e e ) 
e 


To deal with the case when I is not a Dynkin diagram, we will only need a small 
list of graphs. These are the Euclidean diagrams, sometimes also called extended 
Dynkin diagrams. They are shown in Fig. 10.2, and are denoted by An forn > 1, 
Dn forn > 4, and Es, E, Es. For example, the Kronecker quiver is a quiver with 
underlying graph a Euclidean diagram of type A1; and we have seen already in 
Example 9.30 that the Kronecker quiver has infinite representation type. 

We refer to graphs in Fig. 10.1 as graphs of type A, D, or E. We say that a quiver 
has Dynkin type if its underlying graph is one of the graphs in Fig. 10.1. Similarly, 
we say that a quiver has Euclidean type if its underlying graph belongs to the list in 
Fig. 10.2. 

In analogy to the definition of a subquiver in Definition 9.13, a subgraph 
I’ = (1%, F}) of a graph I’ is a graph which consists of a subset Pg © Vo of 
the vertices of ’ and a subset CT, of the edges of T. 

The following result shows that we might not need any other graphs than Dynkin 
and Euclidean diagrams. 


Lemma 10.1. Assume TY is a connected graph. If T is not a Dynkin diagram then 
T’ has a subgraph which is a Euclidean diagram. 


Proof. Assume I does not have a Euclidean diagram as a subgraph, we will show 
that then I’ is a Dynkin diagram. 

The Euclidean diagrams of type An are just the cycles; so I does not contain 
a cycle; in particular, it does not have a multiple edge. Since I’ is connected by 
assumption, it must then be a tree. 
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Ay 
, te 
| 
Es ° e | e r) 
e 
E, e e ° | e e © 


E, e e | @ e e e e 


Fig. 10.2 The Euclidean diagrams of types A, D, E. The index plus | gives the number of vertices 
in each diagram 


The graph I’ does not have a subgraph of type D4 and hence every vertex in T° 
is adjacent to at most three other vertices. Moreover, since there is no subgraph of 
type Dn for n > 5, at most one vertex in I is adjacent to three other vertices. In 
total, this means that the graph I is of the form 


7 
ele. 


where we denote the numbers of vertices in the three ‘arms’ by r,s,t > O (the 
central vertex is not counted here, so the total number of vertices is r + s+t-+ 1). 
We may assume thatr <5 <t. 
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By assumption, there is no subgraph in I’ of type Eo and hence r < 1. Ifr =0 
then the graph I’ is a Dynkin diagram of the form As+;+1, and we are done. So 
assume now that r = 1. There is also no subgraph of type E7 and therefore s < 2. 
If s = 1 then the graph is a Dynkin diagram of type D;+3, and again we are done. 

So assume s = 2. Since I’ also does not have a subgraph of type Eg we get 
t < 4. Ift = 2 the graph T is a Dynkin diagram of type E¢, next if t = 3 we have 
the Dynkin diagram E7 and for t = 4 we have Eg. This shows that the graph I’ is 
indeed a Dynkin diagram. Oo 


Exercise 10.1. Let I. be a graph of Euclidean type Dn (so F has n + 1 vertices). 
Show that any subgraph with n vertices is a disjoint union of Dynkin diagrams. 


10.2 The Bilinear Form and the Quadratic Form 


Let I’ be a graph, assume that it does not contain loops, that is, edges with the same 
starting and end point. 

In this section we will define a bilinear form and analyze the corresponding 
quadratic form for such a graph I’. These two forms are defined on Z”, by using 
the standard basis vectors ¢; which form a Z-basis of Z”. We refer to ¢; as a ‘unit 
vector’, it has a | in position i and is zero otherwise. 


Definition 10.2. Let ! = (Mo, I'1) be a graph without loops and label the vertices 
by To = {1,2,..., 7}. 


(a) For any vertices i, j € Tg let dj; be the number of edges in I’ between i and j. 
Note that dj; = dj; (since edges are unoriented). 


(b) We define a symmetric bilinear form (—, —)p : Z” x Z” — Z on the unit vectors 
by 
1 setae —d;j ti Fj 
enedr=]) ifi=j 


and extend it bilinearly to arbitrary elements in Z” x Z". Then x n-matrix Gr 
with (7, j)-entry equal to (¢;, €;)r is called the Gram matrix of the bilinear form 
(— — ) T- 


(c) For each vertex j of I we define the reflection map s; by 
sj:Z° > 2", sj)(a) =a-(a,&;)r &;. 


Remark 10.3. We can extend the definition of s; to a map on R”, and then we can 
write down a matrix with respect to the standard basis of R”. But for our application 
it is important that s; preserves Z", and we work mostly with Z”. 

We record some properties of the above reflection maps, which also justify why 
they are called reflections. Let j be a vertex of the graph I. 


10.2 The Bilinear Form and the Quadratic Form 189 


(i) The map s; is Z-linear. 
(ii) When applied to some vector a € Z”, the map sj; only changes the j-th 
coordinate. 
(ili) sj(€j;) = —6;. 
(iv) s3(a) =a foreacha € Z". 
(v) If there is no edge between different vertices i and j then s;(e;) = &;. 


Exercise 10.2. 


(i) Let I be the graph 1 ——- 2 —— 3 of Dynkin type A3. Write down the Gram 
matrix for the bilinear form (—, —)r. Compute the reflection sz: show that 
$2(a1, 42, 3) = (a1, a) — a2 + 43, 43). 

(ii) Let I be the graph of Euclidean type Aj, that is, the graph with two vertices 
and two edges. The Gram matrix is 


2 -2 
—22/)° 
Compute a formula for the reflections s; and sz. Check also that their matrices 
with respect to the standard basis of R* are 


Pe ge) eee 
Po ie Lg oe Aah 


Example 10.4. We compute explicitly the Gram matrices of the bilinear forms 
corresponding to Dynkin diagrams of type A, D and E, defined in Fig. 10.1. 
Note that the bilinear forms depend on the numbering of the vertices of the graph. 
It is convenient to fix some ‘standard labelling’. For later use, we also fix an 
orientation of the arrows; but note that the bilinear form (—, —)r is independent 
of the orientation. 


Type Ay, 


1 —— 2 «———__. .... «———_n - 1 «——-nn 


Type Dy, 


1 —— 3 ———— 4 ———__.... +n. - 1 «——-nn 


190 10 Diagrams and Roots 


Type Eg 


OO —  ———— —— — ee — 


| 


3 


Then, for E¢ we take the subquiver with vertices 1, 2,..., 6 and similarly for E7. 
With this fixed standard labelling of the Dynkin diagrams, the Gram matrices of 
the bilinear forms are as follows. 


Type An: 
21 0 sances. 0 
-1 2 -10 0 
0-1 2 -1l 
i Shi 
0 0-1 2 -1 
O see ass 0 -1 2 
Type Dy: 


2 0-10 0... 0 
0 2-10 0... 0 
—-1-1 2-10 


0 0-1 2-1". 


Type E,,: We write down the Gram matrix for type E's, which is 


2-10 0 0 0 
-12 0-10 0 
0 2-10 0 
-1-12 -10 
0 0-1 2 -1 0 
0 0-1 2 -1 0 
0 0 0-1 2 -!1 
0 0 0 0-1 2 


oococo 
oo 2 6 So 


0 
0 
0 
0 
0 
0 


ooo 
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The matrices for E¢ and E7 are then obtained by removing the last two rows and 
columns for E¢ and the last row and column for E7. 


Remark 10.5. In the above example we have chosen a certain labelling for each of 
the Dynkin diagrams. In general, let be a graph without loops, and let l’ be the 
graph obtained from I by choosing a different labelling of the vertices. Choosing a 
different labelling means permuting the unit vectors €1,..., &,, and hence the rows 
and columns of the Gram matrix Gr are permuted accordingly. In other words, there 
is a permutation matrix P (that is, a matrix with precisely one entry | in each row 
and column, and zero entries otherwise) describing the basis transformation coming 
from the permutation of the unit vectors, and such that PGr P —! is the Gram matrix 
of the graph I’. Note that any permutation matrix P is orthogonal, hence P~! = P’, 
the transposed matrix, and PGp P-!= PGrP'. 


Given any bilinear form, there is an associated quadratic form. We want to write 
down explicitly the quadratic form associated to the above bilinear form (—, —)r 
for a graphT. 


Definition 10.6. Let [ = (f,1I1) be a graph without loops, and let 

To = {1,..., nm}. 

(a) If Gp is the Gram matrix of the bilinear form (—, —)r as defined in Defini- 
tion 10.2, the associated quadratic form is given as follows 


1 1 n 
qr: Z" >Z, aqr(x)= 3 Or = 5X Grex! = yn = yee 
i=1 


i<j 


That is, x = (X1,x2,...,Xn) € Z" taken as a row vector, or ann x 1|-matrix, 
and then x Gr x‘ is a matrix product. 
(b) The elements of the set Ar := {x € Z” | gr(x) = 1} are called the roots of qr. 


Exercise 10.3. 


(a) Verify that the different expressions for gp(x) in Definition 10.6 are equal. 
(b) Show that the unit vectors are roots, that is, e; € Ar foralli =1,...,n. 


Remark 10.7. Let T be the graph obtained from I by choosing a different labelling 
of the vertices. For the Gram matrices we have Gj. = PGrp P~! with a permutation 
matrix P, see Remark 10.5. The formulas for the corresponding quadratic forms gp 
and qj; are different; however the roots of g- are obtained from the roots of gr by 
permuting coordinates. Namely, there is a bijection Ar — Aj given by x +> x po! 
(recall that we consider x as a row vector). In fact, for x € Z” we have 


-1 1 -1 -—lyt 1 -1 -1 -ly\t 
qp(xP ee cad )Gp(xP y= ait )PGrP (xP) 


= | (P-P)G (P7'(P7!)‘)x? = : Grx' = 
a) r x =a rx = qr(x) 
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where we have used that (P~!)! = P since P is an orthogonal matrix. In particular, 
x is a root of gr if and only if x P~! is a root of dp 


Example 10.8 (Roots in Dynkin Type A). Let I be the Dynkin diagram of type A», 
with standard labelling as in Example 10.4. We will compute the set Ar and show 


|Ar| =n + 1). 


The quadratic form is (see Definition 10.6) 


n n—1 
2 
qr (x) = y xj — ) XiXi41- 
i=l 


i=1 
We complete squares, this gives 


n—-1 
2qr(x) = xj + bee: — xin)? +5. 
i=1 


We want to determine the set of roots Ar, that is, we have to find all x € Z” such 
that 2gr(x) = 2. If so, then |x; —xj41| < 1 for 1 <i <n—1, and |x,| and |x,| also 
are < | (recall that the x; are integers). Precisely two of the numbers |x; — xj+1|, 
|x1|, |x,| are equal to | and all others are zero. 

Letr € {1,...,} be minimal such that x, 4 0 (this exists since x cannot be the 
zero vector, otherwise gr (x) = 0). So x, = +1 and |x;_1 — x-| = |x-| = 1. Then 
among |x; — xj41| withr + 1 <i <n-—1, and |x,| precisely one further | appears. 
So the only possibilities are x = €- + €-41 +... + &s OFX = —&) — p41 —... — &s 
for some s € {r,..., n}. 

Thus we have shown that the roots of a Dynkin diagram of type A, are given by 


Ar = {£(ér + €r41 +... + &s) | 1 <r <nandr <s <n}. 


In particular, the total number of roots in Dynkin type A, is 
[Ar] =2m4+(am—-1I+...424+1=n+1). 


Exercise 10.4. Write down the roots for Dynkin type A3. 


The set of roots has a lot of symmetry; among the many nice properties we show 
here that the set of roots is invariant under the reflections defined in Definition 10.2. 


Lemma 10.9. Let ! = ((0, 11) be a graph without loops and let j be a vertex of 
T. Ifx € Z” is a root of qr then s;(x) is also a root of qr. 
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Proof. We will show that s; preserves the bilinear form (—, —)r: for x € Z" we 
have 


(sj(x), sj@))r = (& — (x, €;)réj,x —(@, ep)resyr 
= (x,x)p —2(x, ef r(ej, or + (x, ef)2(Ej, pr 


= (x, x)r. 


For the last equality we have used that the bilinear form is symmetric and that 
(€;,€;)r = 2 by Definition 10.2. For the corresponding quadratic form we get 


1 1 
gr (sj(x)) = 5 (sj(x), sj@))r = 5 (x, x)r = qr(x). 


Hence if x is a root, that is gr (x) = 1, then gr(s;(x)) = land s;(x)isaroot. O 


We want to show that there are only finitely many roots if C is a Dynkin diagram. 
To do so, we will prove that gr is positive definite and we want to use tools from 
linear algebra. Therefore, we extend the bilinear form (—, —)r and the quadratic 
form qr to R”. That is, for the standard basis we take the same formulae as in 
Definitions 10.2 and 10.6, and we apply them to arbitrary x € R”. 

Recall from linear algebra that a quadratic form g : R” — R” is called positive 
definite if g(x) > O for any non-zero x € R”. Suppose the quadratic form comes 
from a symmetric bilinear form as in our case, where (see Definition 10.6) 


1 1 
qr (x) = 5 (x,x)r= xr Grx'. 


Then the quadratic form is positive definite if and only if, for some labelling, 
the Gram matrix of the symmetric bilinear form is positive definite. Recall from 
linear algebra that a symmetric real matrix is positive definite if and only if all its 
leading principal minors are positive. The leading principal k-minor of ann x n- 
matrix is the determinant of the submatrix obtained by deleting rows and columns 
k+1,k+2,...,n. This is what we will use in the proof of the following result. 


Proposition 10.10. Assume T is a Dynkin diagram. Then the quadratic form qr is 
positive definite. 


Proof. We have seen in Remarks 10.5 and 10.7 how the quadratic forms change 
when the labelling of the vertices is changed. With a different labelling, one only 
permutes the coordinates of an element in R” but this does not affect the condition 
of whether gr (x) > 0 for all non-zero x € R”, that is, the condition of whether gr 
is positive definite. So we can take the standard labelling as in Example 10.4, and it 
suffices to show that the Gram matrices given in Example 10.4 are positive definite. 
(1) We start with the Gram matrix in type A,. Then the leading principal k-minor 
is the determinant of the Gram matrix of type Ax, and there is a recursion formula: 
Write d(A;) for the determinant of the matrix of type A;. Then we have d(A1) = 2 
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and d(A2) = 3. Expanding the determinant by the last row of the matrix we find 
d(Ax) = 2d(Ag_1) — d(Ag_—2) for all k > 3. 


It follows by induction on n that d(An) = n+ 1 for alln € N, and hence all leading 
principal minors are positive. 

(2) Next, consider the Gram matrix of type D, forn > 4. Again, the leading 
principal k-minor for k > 4 is the determinant of the Gram matrix of type Dy. When 
k = 2 we write D> for the submatrix obtained by removing rows and columns with 
labels > 3, and similarly we define D3. We write d(D,) for the determinant of the 
matrix D; for k > 2. We see directly that d(D2) = 4 and d(D3) = 4. Fork > 4 the 
same expansion of the determinant as for type A gives the recursion 


d(Dx) = 2d(Dx-1) — d(Dx-2). 


By induction, we find that for k > 4 we have d(Dx) = 4. In particular, all leading 
principal minors of the Gram matrix of type D,, are positive and hence the quadratic 
form is positive definite. 

(3) Now consider the Gram matrix of type E,, for any n = 6, 7, 8. In Example 10.4 
we have given the Gram matrix for E's; the matrices for Eg or E7 are obtained 
by removing the last two rows and columns, or the last row and column. Direct 
calculations show that the values of the first five leading principal minors of the 
Gram matrix of type Es are 2, 3, 6, 5 and 4. Let n > 6. We expand using the first 
row and find, after one more step, that 


d(En) = 2d(Dn—1) — d(An—2). 
Using the above calculations in (1) and (2) this gives 
d(E,) =2-4-—(n—-1)=9-—n foralln > 6. 
Hence for n = 6,7, 8 all leading principal minors of the Gram matrix for types 


E6, E7 and Eg are positive and hence the associated quadratic form qr is positive 
definite. oO 


Exercise 10.5. Let I’ be the graph of type Aj, as in Exercise 10.2. Verify that the 
quadratic form is 


qr (x) = x2 + x? — 2xyx2 = (x1 — x2)? 


hence it is not positive definite. However gr(x) > 0 for all x € R2 (that is, gp is 
positive semidefinite). 
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Remark 10.11. 


(1) Alternatively one could prove Proposition 10.10 by finding a suitable formula 
for gr(x) as a sum of squares. We have used this strategy for Dynkin type A, 
in Example 10.8. The formula there, 


n—1 
2gr (x) = x7 + > (i — x41) +9, 


i=1 


implies easily that gr(x) > 0 for all non-zero x € R”, that is, the quadratic 
form qr is positive definite for Dynkin type A,. Similarly, one can find suitable 
formulae for the other Dynkin types. See Exercise 10.6 for type Dn. 

Usually, the quadratic form of a graph is not positive definite. If IF is as in 
Exercise 10.5 then obviously gr (x) = 0 for x = (a, a) and arbitrary a. We can 
see another example if we enlarge the Eg-diagram by more vertices and obtain 
E,-diagrams for n > 8, then the computation in the above proof still gives 
d(E,) = 9 — n; but this means that the quadratic form is not positive definite 
forn > 8. 

The previous remarks and Proposition 10.10 are a special case of a very nice 
result which characterises Dynkin and Euclidean diagrams by the associated 
quadratic forms. Namely, let be a connected graph (without loops). Then the 
quadratic form gr is positive definite if and only if T is a Dynkin diagram. 
Moreover, the quadratic form is positive semidefinite, but not positive definite, 
if and only if I is a Euclidean diagram. This is not very difficult but we do not 
need it for the proof of Gabriel’s theorem. 


(2 


wa 


(3 


wm 


Exercise 10.6. Let be the Dynkin diagram of type D, with standard labelling as 
in Example 10.4. Show that for the quadratic form gr we have 


n—1 
Agr (x) = (2x1 — x3)? + (2x2 — x3)? +2 (x Co nat? ox 
i=3 


Deduce that the quadratic form gr is positive definite. 


We want to show that for a Dynkin diagram, the quadratic form has only finitely 
many roots. We have seen this already for Dynkin type A, (with standard labelling) 
in Example 10.8, but now we give a unified proof for all Dynkin types. The crucial 
input is that the quadratic forms are positive definite, as shown in Proposition 10.10. 


Proposition 10.12. Let T be a Dynkin diagram. Then the set Ar of roots is finite. 


Proof. We have seen in Remark 10.7 that changing the labelling of the vertices only 
permutes the entries of the roots. So the statement on finiteness of Ar does not 
depend on the labelling of the diagram, so we can use the standard labelling, as in 
Example 10.4. 
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We view the Gram matrix Gr as areal matrix. It is symmetric, therefore, by linear 
algebra, all its eigenvalues are real and it is diagonalizable by an orthogonal matrix. 
Since gr, and hence Gr, is positive definite, the eigenvalues must be positive. It 
follows that Gr = PDP', where P is orthogonal and D is diagonal with positive 
real diagonal entries. Using the definition of gr we can thus write 


qr (x) = 5°Gre' = ; (x P)D(x Py! (10.1) 


and we want to show that there are at most finitely many roots of qr, that is, solutions 
with x € Z” such that gr(x) = 1 (see Definition 10.6). 
Suppose gr (x) = 1 and write x P = (&,..., &,). Then Equation (10.1) becomes 


n 
2=2¢r(x) =) gi, 
i=1 


where the A; are the positive real diagonal entries of D. 

Then the square of the length of (€1, ..., &,) is bounded; for example, we must 
have g? < 7 for eachi = 1,...,n. Now take R = max{2; |1 <i <n}, 
then we have 


n 
>: gE? <nR. 
i=1 


Since the matrix P is orthogonal, it preserves lengths, so we know 


n n 
See Seer Oe Sak, 
i=l i=l 


Hence there are at most finitely many solutions for (x1,...,x,) € Z” with 
qr (x) = 1, that is, there are only finitely many roots for gr. Oo 


In Example 10.8 we have determined the (finite) set of roots for a Dynkin 
diagram of type A,. Exercise 10.14 asks to find the roots for a Dynkin diagram 
of type D,,. For most graphs, there are infinitely many roots. 


Exercise 10.7. Consider the graph I of type A, as in Exercises 10.2 and 10.5 which 
is the underlying graph of the Kronecker quiver. Show that 


Ar ={(a,at lacZ. 


For the Dynkin diagrams we refine the set Ap of roots, namely we divide the 
roots into ‘positive’ and ‘negative’ roots. 
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Lemma 10.13. Let I be a Dynkin diagram. Suppose x € Z" is a root of qr. Then 
x 0, and either x; > 0 for all t, or x; < O for allt. In the first case we say that x 
is a positive root, and in the second case we call x a negative root. 


Proof. Assume x = (X1,...,Xn) € Z” and x € Ap is a root, that is gp (x) = 1. 
Note that we have x 4 0 since gp(x) = 1. We can sort positive and negative entries 
in x and write x = x+ + x7, where 


xt = ) Xs&s5, and x = ) XpEt 


5,Xs>0 t,x;<0 


(here the ge; are the unit vectors). Moreover, by definition of gp (see Definition 10.6) 
we have 


1 | ‘ ; 
qr) = s.r =s@T text ta ra @tx Yr + qr(xt) + r(x). 


Using the definition of x* and x~ we expand (xt, x~)p and obtain 


@ 2 r= So do xsemlessedr = D> do xsxi(—dst) 2 0 


S,Xs>O0t,x,<0 S,X5>0 t,x;<0 


(for the last equality we used the definition of (—,—)r, see Definition 10.2). 
Since I" is one of the Dynkin diagrams, the quadratic form gr is positive definite 
by Proposition 10.10. In particular, g>(x+) > O and gr(x~) > 0. But since 
x = xt +-x7 is non-zero, at least one of x+ and x~ is non-zero and then 
qr (xt) + qr(x~) > 0, again by positive definiteness. 

In summary, we get 


1 = gr(x) = @*, xr +ar@t) + ¢r@) = ar@*) + ar") > 0. 


Since the quadratic form has integral values, precisely one of gr (xT) and g(x" ) is 
1 and the other is 0. Since qr is positive definite, xt =Oorx” =0, thatis, x = x7 
or x = x*, which proves the claim. Oo 


10.3. The Coxeter Transformation 


In this section we will introduce a particular map, the Coxeter transformation, 
associated to a Dynkin diagram with standard labelling as in Example 10.4. This 
map will later be used to show that for Dynkin diagrams positive roots parametrize 
indecomposable representations. 
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Let I. be one of the Dynkin diagrams, with standard labelling. We have seen in 
Lemma 10.9 that each reflection s;, where j is a vertex of I’, preserves the set Ar of 
roots. Then the set Ar of roots is also preserved by arbitrary products of reflections, 
that is, by any element in the group W, the subgroup of the automorphism group 
Aut(Z") generated by the reflections s;. The Coxeter transformation is an element 
of W and it has special properties. 


Definition 10.14. Assume T° is a Dynkin diagram with standard labelling as in 
Example 10.4. Let s; : Z" > Z", sj(x) = x — (x, €;)re; be the reflections as 
in Definition 10.2. The Coxeter transformation Cy is the map 


Cr = Sn OSp—-1 0...08208,: 2" > Z". 


The Coxeter matrix is the matrix of Cr with respect to the standard basis of R”. 


Example 10.15 (Coxeter Transformation in Dynkin Type A). Let Y be the Dynkin 
diagram of type A, with standard labelling. We describe the Coxeter transformation 
and its action on the roots of gr. To check some of the details, see Exercise 10.8 
below. Let s; be the reflection, as defined in Definition 10.2. Explicitly, we have for 
xX = (X1,X2,...,Xn) € R” that 


(—x1 + x2, .¥2,...,Xn) j=l 
Sj(X) = ¥ (41, - 66, Mj, —Xp AXP A X41 Kits. Xn) 25 jfsn-1 
(x1, see yXn—15Xn-1 — Xn) J= n. 


With this, we compute the Coxeter transformation 
Cpr(x) = Sp 0 Sy] 0... 082 0 84 (X) = (—X1 + 2X2, —X1 + .X3,..., —X1 + Xn, —X1). 


Consider the action of Cr on the set of roots. Recall from Example 10.8 that for the 
Dynkin diagram of type A, the set of roots is given by 


Ar = {ta,5|l<r<s <n}, 


where a5 = € + &-41 +... + &s. Consider the root Cr (a;,s). One checks the 
following formula: 


=e 1 
Craps) = {‘ ae 
—Asn r=l. 
Since also Cr(—x) = —Cr(x), we see that Cr permutes the elements in Ap (in 


fact, this already follows from the fact that this holds for each reflection s;). We 
also see that Cr can take positive roots to negative roots. 
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Exercise 10.8. Check the details when n = 4 in Example 10.15. 


Exercise 10.9. Let P be the graph of type A, as in Exercise 10.2. Define Cp:=s7051. 
Show that with respect to the standard basis of R? this has matrix 


ee! 


Show by induction on k > 1 that C 3 has matrix 


—(2k—1) 2k 
—2k = 2k+1/)° 
For a vector z = (Z1,..-, Zn) € Z” we Say that z > Oif z; > O forall l <i <n, 
and otherwise we write z 7 0. 


Lemma 10.16. Assume I is a Dynkin diagram with standard labelling, and let Cr 
be the Coxeter transformation. Then the following holds. 


(a) Ify € Z" and Cyr(y) = y then y = 0. 
(b) There is a positive number h € N such that et. is the identity map on 2". 
(c) For every0 4x € Z" there is some r = 0 such that Ch(x) F 0. 


Part (a) of this lemma says that the Coxeter transformation has no fixed points 
on Z” except zero. For Dynkin type A this can be deduced from the formulae in 
Example 10.15, see Exercise 10.12. In principle, one could prove this lemma case- 
by-case. But below, we give a unified proof which works for all Dynkin types. As 
we have noted, Cr preserves Ap and the elements of Ap are non-zero. Hence, by 
part (a), Cp does not fix any root. 


Proof. We begin with some preliminary observations. Recall from Definition 10.2 
that for each vertex i of I we have sj(y) = y — (y, €i)ré;. So (y, &))r = Oif and 
only if s;(y) = y. Recall also from Remark 10.3 that . is the identity. 

(a) We will show that Cr(y) = y implies that (y, ¢;)r = O for all i. Then for 


y= i=l yiEéi We get 


2qr(y) = 0, yr = Yi, er = 0 


i=l 


and since the quadratic form gr is positive definite (by Proposition 10.10), it will 
follow that y = 0. 

So suppose that Cr(y) = y. Since s? is the identity this implies 
Sn—1 0..-08](¥) = Sn(y). Since the reflection s; only changes the j-th coordinate, 
the n-th coordinate of sy} 0... 0 S1(y) iS yp, and the n-th coordinate of sy (y) is 
Yn — (Y, €n)r. SO we have (y, én)r = 0. 
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Now we proceed inductively. Since (y, €n)r = 0 then also sy(y) = y by the 
introductory observation. So we have now that s,_10...05,(y) = y. Then applying 
Sn—1 and equating the (m — 1)-th coordinate we get yy-1 = yn—1 — (Y, €n—1)r and 
hence (y, €n—1)r = 0. 

Repeating the argument we eventually get (y, ¢;)r = 0 for all i and then y = 0 
as explained above. 

(b) By Lemma 10.9 we know that each reflection s; permutes the set Ar of roots. 
Hence Cr = Sy 0 ...0 5; also permutes the roots. Since I’ is a Dynkin diagram, the 
set of roots is finite by Proposition 10.12. Hence there is some integer h > 1 such 
that ch fixes each root. Then in particular Ch (€;) = &; for all i, by Exercise 10.3. 
The ¢; form a basis for Z”, and ge is Z-linear (see Remark 10.3), therefore C 5 is 
the identity map on Z”. 

(c) If x # O then we can take r = 0. So assume now that x > 0. Let h be the 
minimal positive integer as in part (b) such that C . is the identity. Then we set 


h-1 
y:=)°Ch@) eZ". 


r=0 


For this particular vector we have 
Cr(y) = Cr(x) + Ch (x) +... + CR) = Cre) +Cp(a) +... + Cf Gtx = y. 


By part (a) we deduce y = 0. Now, x > 0 and x is non-zero. If we had C(x) = 0 
for all r then it would follow that 0 4 y > 0, acontradiction. So there must be some 
r > 1 such that C’x # 0, as required. oO 


The properties in Lemma 10.16 depend crucially on the fact that is a Dynkin 
diagram. For the Coxeter transformation in Exercise 10.9, each part of the lemma 
fails. Indeed, Cr — id is obviously singular, so part (a) does not hold. Furthermore, 
from the matrix of C x in Exercise 10.9 one sees that no power of Cr can be the 
identity, so part (b) does not hold. In addition, for all k > 0 the matrix of C ‘ yields 
Ck (€2) => 0, so part (c) does not hold. 


EXERCISES 


10.10. Let Cr be the Coxeter transformation for Dynkin type A, (with standard 
labelling), see Example 10.15; this permutes the set Ar of roots. 


(a) Find the Cp-orbit of €,, show that it contains each ¢;, and that it has size 
n+l. 

(b) Show that each orbit contains a unique root of the form a;,, for 
1 < t <n, compute its orbit, and verify that it has size n + 1. 

(c) Deduce that C ee is the identity map of R”. 
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10.11. 


10.12. 


10.13. 


10.14. 


10.15. 


Let T be a Dynkin diagram with standard labelling. The Coxeter number 
of TI’ is the smallest positive integer h such that Gs is the identity map of 
IR”. Using the previous Exercise 10.10 show that the Coxeter number of the 
Dynkin diagram of type A, is equal ton + 1. 

Assume Cr is the Coxeter transformation for the Dynkin diagram I" of type 
Ap with standard labelling. Show by using the formula in Example 10.15 that 
Cr(y) = y for y € Z” implies that y = 0. 

Consider the Coxeter transformation Cr for a Dynkin diagram of type An, 
with standard labelling. Show that its matrix with respect to the standard basis 
is given by 


STG cccage 0 

-101 0...0 
Cn = 

: 010 

-10 01 

= | ere 0 


Let f(x) = det(C, — xE),), the characteristic polynomial of C,. 


(a) Check that fi (x) = —x — 1 and fo(x) = x2 txt. 
(b) By using the expansion formula for the last row of the matrix C, — x En, 
show that 


fax) = (-1)" —xfn-1(x)  (forn > 3). 
(c) By induction on n, deduce a formula for f;,(x). Hence show that 


gel 
f(x) = (-1)"—__— 
x-1 
(d) Deduce from this that C,, does not have an eigenvalue equal to 1. Hence 
deduce that Cr(y) = y implies y = 0. 


(Roots in Dynkin type D) Let I be the Dynkin diagram of Type D,, where 
n = 4andn = 5, with standard labelling as in Example 10.4. Use the formula 
for the quadratic form gr given in Exercise 10.6 to determine all roots of gr. 
(Hint: In total there are 2n(n — 1) roots.) 

Compute the reflections and the Coxeter transformation for a Dynkin diagram 
T’ of type Ds with standard labelling. 


(a) Verify that 


Cr (x) = (43-1, 43 —X2, X3+X4—X] —X2, X3+X5—X1 —X2, X3—X] —X2). 
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(b) The map Cr permutes the roots. Find the orbits. 
(c) Show that the Coxeter number of I’ (defined in Exercise 10.11) is equal 
to 8. 


Let I’ be the Dynkin diagram of type A, with standard labelling, and let 
W be the subgroup of Aut(Z”) generated by 51, 52,...,5,. We want to 
show that W is isomorphic to the symmetric group S,41. The group S,+1 
can be defined by generators and relations, where the generators are the 
transpositions T,, T2,...,T, where t; interchanges i and i + 1, and the 
relations are = | and the ‘braid relations’ 


TU+1T = 41 ti41 orl <i<n), tj = t/t; (fori — j| > 1). 
(a) Check that for the unit vectors we have 


si(€i) = — &; 
Si (€i41) =€i41 + i 


Si(€j—-1) =€i-1 + &; 


and that s;(¢;) = ¢; for j ¢ {i,i + 1}. 

(b) Use (a) to show that the s; satisfy the braid relations. 

(c) By (b) and since $7 = |, there is a group homomorphism p : S,4+1 — W 
such that p(t;) = s;. The kernel of o is a normal subgroup of S,+1. 
Using the fact that the only normal subgroups of symmetric groups are 
the alternating groups, and the Klein 4-group when n + 1 = 4, show that 
the kernel of o must be the identity group. Hence p is an isomorphism. 


Chapter 11 ® 
Gabriel’s Theorem Cheek for 


Assume Q is a quiver without oriented cycles, then for any field K the path algebra 
K Q is finite-dimensional (see Exercise 1.2). We want to know when @ is of finite 
representation type; this is answered completely by Gabriel’s theorem. Let Q be the 
underlying graph of Q, which is obtained by ignoring the orientation of the arrows. 
Gabriel’s theorem states that K Q is of finite representation type if and only if Q 
is the disjoint union of Dynkin diagrams of type A, D and E. The relevant Dynkin 
diagrams are listed in Fig. 10.1. So the representation type of Q does not depend on 
the orientation of the arrows. Note that Gabriel’s theorem holds, and is proved here, 
for an arbitrary field K. 


Theorem 11.1 (Gabriel’s Theorem). Assume Q is a quiver without oriented 
cycles, and K is a field. Then Q has finite representation type if and only if the 
underlying graph Q is the disjoint union of Dynkin diagrams of types An forn > 1, 
or D, forn > 4, or E¢, E7, Es. 


Moreover, if a quiver Q has finite representation type, then the indecomposable 
representations are parametrized by the set of positive roots (see Definition 10.6), 
associated to the underlying graph of Q. Dynkin diagrams and roots play a central 
role in Lie theory, and Gabriel’s theorem connects representation theory with Lie 
theory. 


11.1 Reflecting Quivers and Representations 


Gabriel’s theorem states implicitly that the representation type of a quiver depends 
only on the underlying graph but not on the orientation of the arrows. To prove 
this, we will use ‘reflection maps’, which relate representations of two quivers with 
the same underlying graph but where some arrows have different orientation. This 
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construction will show that any two quivers with the same underlying graph I: have 
the same representation type, if I is an arbitrary finite tree. 
Throughout this chapter let K be an arbitrary field. 


Definition 11.2. Let Q be a quiver. A vertex j of Q is called a sink if no arrows in 
Q start at 7. A vertex k of Q is a source if no arrows in Q end at k. 


For example, consider the quiver 1 —> 2 <— 3 <— 4. Then vertices | and 4 
are sources, vertex 2 is a sink and vertex 3 is neither a sink nor a source. 


Exercise 11.1. Let Q be a quiver without oriented cycles. Show that Q contains a 
sink and a source. 


Definition 11.3. Let Q be a quiver and let j be a vertex in Q which is a sink or a 
source. We define a new quiver 0; Q, this is the quiver obtained from Q by reversing 
all arrows adjacent to j, and keeping everything else unchanged. We call 0; Q the 
reflection of Q at the vertex j. Note that if a vertex j is a sink of Q then j isa 
source of 0; Q, and if j is a source of Q then it is a sink of oj Q. We also have that 
ajojQ0=Q. 

Example 11.4. Consider all quivers whose underlying graph is the Dynkin diagram 
of type Aq. Up to labelling of the vertices, there are four possible quivers, 


Q,: 1 « 2 < 3 < 4 
Qo: 1 > 2 <« 3 < 4 
Q3: 1 < 2 > 3 < 4 
Qa: 1 < 2 < 3 > 4 


Then o; Q; = Q2 and 020; Q; = Q3; and moreover 03020; Q; = Q4. Hence each 
Q; can be obtained from Q, by applying reflections. 


This observation is more general: We will now show that if we start with a quiver 
Q whose underlying graph is a tree, and repeatedly apply such reflections, we can 
get all quivers with the same underlying graph. That is, we can choose a vertex 1 
which is a sink or source of Q, then we get the quiver o;, Q. Then one can find a 
sink or source i2 of the quiver o;, Q, and hence we get the quiver o;,0;,Q, and so 
on. If the underlying graph is a tree one can arrange this, and get an arbitrary quiver 
Q’ with the same underlying graph. The idea is to organize this properly. 


Proposition 11.5. Let Q and Q’ be quivers with the same underlying graph and 
assume that this graph is a tree. Then there exists a sequence i,,...,i, of vertices 
of Q such that the following holds: 


(i) The vertex i, is a sink or source in Q. 

(ii) For each j such that 1 < j <r, the vertex i; is a sink or source in the quiver 
Oj,_, --- Oi, Q obtained from Q by successively reflecting at the vertices in the 
sequence. 

(iii) We have Q’ = oj, ...0;, Q. 
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Proof. We prove this by induction on the number n of vertices of Q. Let I" be the 
underlying graph. For n = 1 orn = 2 the statement is clear. So let n > 3 and 
assume, as an inductive hypothesis, that the statement holds for quivers with fewer 
than n vertices. Since [ is a tree, it must have a vertex which is adjacent to only one 
other vertex (in fact, if each vertex has at least two neighbours one can find a cycle 
in the graph). We choose and fix such a vertex, and then we label the vertices so that 
this vertex is n and its unique neighbour is n — 1. 

We remove the vertex n and the (unique) adjacent arrow, that is, the arrow 
between n and n — | from Q and Q’; this gives quivers a) and on , each with n — | 
vertices and which have the same underlying graph I, which is also a tree. 


By the inductive hypothesis, there exists a sequence i;,..., i; of vertices of O 
such that for each j, the vertex i; is a sink or source in oj je Fi Q and such that 
Q' = oj, ...0;,Q. We want to extend this to Q but we have to be careful in cases 


when the vertex i; is equal ton — 1. 

At the first step, we have two cases: either 7; is a sink or source in Q, ori; =n—1 
but is not a sink or source in Q. In the second case, i; must be a sink or source in 
the quiver 0, Q. We set Q) := oj, Q in the first case, and in the second case we set 
OQ := 6; ,On Q. Note that if we remove vertex n and the adjacent arrow from Q) 
we get oj, O. 

If iz is a sink or source in Q™) then set Q™ := 02Q). Otherwise, i2 = n — 1 
and it is a sink or source of o, QO). In this case we set O := 0; 59n O') We note 
that if we remove vertex n and the adjacent arrow from Q) then we get or ere 0. 

We repeat this until we have after ¢ steps a quiver Q™, so that if we remove vertex 
n and the adjacent arrow from Q“?, then we get the quiver Oi, --- Oi 0 = = 0’. Then 
either O = Q’, orif not theno, Q™ = Q’. Intotal we have obtained a sequence of 
reflections in sinks or sources which takes Q to Q’. The parameter r in the statement 
is then equal to ¢ plus the number of times we have inserted the reflection oy. oO 


Example 11.6. We illustrate the proof of Proposition 11.5. Let Q and Q’ be the 
quivers 
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and 


We write down 0,” and QO’ , obtained by removing vertex 5 and the adjacent arrow. 
Then we have 0401 Q = Q’. We extend the sequence to Q and we see that we must 
take twice a reflection at vertex 5, and get 05040501(Q) = Q’. 


Starting with a quiver Q where vertex j is a sink or a source, we have obtained 
a new reflected quiver ojQ. We want to compare the representation type of 
these quivers, and want to construct from a representation M of Q a ‘reflected 
representation’ of the quiver 0; Q. 


11.1.1 The Reflection ZF at a Sink 


We assume that 7 is a sink of the quiver Q. For every representation M of Q we 
will construct from M a representation of 0; Q, denoted by zy (M). The idea is to 
keep the vector space M(r) as it is for any vertex r 4 j, and also to keep the linear 
map M(B) as it is for any arrow £ which does not end at j. We want to find a vector 
space M*(j), and for each arrow a; : i > j in Q, we want to define a linear map 
M* (@;) from M*(j) to M(i), to be constructed using only data from M. We first 
fix some notation, and then we study small examples. 


Definition 11.7. Let j be a sink in the quiver Q. We label the distinct arrows ending 
at j by a1, a2,...,Q;, say aj : i — j. Then we write a; : j — i for the arrows of 
oj Q obtained by reversing the a;. 


Note that with this convention we have ¢ distinct arrows ending at j, but if the 
quiver contains multiple arrows then some starting vertices of the arrows a; may 
coincide; see also Remark 11.13. 


Example 11.8. 


(1) Let t = 1, and take the quivers Q and 0; Q as follows: 


1 > jf and 1 — 7. 
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We start with a representation M of Q, 


May —"% M(j), 


and we want to define a representation of 0; Q, that is, 


- 
may — mt(j), 


and this should only use information from M. There is not much choice, we 
take M*(j) := ker(M(a1)), which is a subspace of M(1), and we take M* (@) 
to be the inclusion map. This defines a representation X*(M) of ojQ. 

(2) Let t = 2, and take the quivers Q and 0; Q as follows: 


fs fa Do and Pe fF 
We start with a representation M of Q, 


way 22 nay = 10): 


Here we can use the construction of the pull-back, which was introduced in 
Chap. 2 (see Exercise 2.16). This takes two linear maps to a fixed vector space 
and constructs from this a new space E, explicitly, 


E = {(m,mz2) € M(1) x M(2) | M(a1) (m1) + M(a2)(m2) = O}. 
Denote the projection maps on E by 21 (m, m2) = mj, and 12(m 1, m2) = m2. 
We define M*(j) := E and M*(@) := m, and Mt (a) := mz. That is, the 


representation =F (M) is then 


12) 


M(1) <— E —> M(2). 
(3) Let t = 3. We take the following quiver Q 


2 
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Then the quiver 0; Q is equal to 


2 
[= 
a a3 
1 —— j — > 3. 


Suppose M is a representation of Q. We want to construct from M a new 
representation ay (M) of the quiver 0; Q. We modify the idea of the previous 
example. 

We set M* (i) = M(i) fori = 1, 2, 3, and we define 


3 
M*(j) = (my, mz, m3) € T] M@ | M(@ (m1) + M @2)(m2) + M(a3)(m3) = 0}. 


i=1 


As the required linear map Mt (ai) : M*( J) — M(i) we take the i-th 
projection, that is 


M* (@)((m,, m2, m3)) = m; fori = 1,2, 3. 


Then uy (M) is a representation of the quiver 0; Q. 

We consider two explicit examples for this construction. 

(i) Let M be the representation of Q with M(i) = K for 1 <i < 3 and 
M(j) = K*, with maps M(q;) given by 


M(a): K > K”, x (x,0) 
M(a2): K > K?, x (0,x) 
M(a3): K > K*, x (x, x). 
Then 
M*(j) = {(m, mz, m3) € K? | (m1, 0) + (0, m2) + (ms, m3) = 0} 
= {(—x,—x,x)| x € K} 


and M+ (@;)((—x, —x, x)) is equal to —x, or to x, respectively. 

(ii) Let M be the representation of Q with M(1) = M(2) = M(3) = O and 
M(j) = K, then DH (M) is the zero representation. Note that M = Sj, the 
simple representation for the vertex j (see Example 9.7). 


The definition of &*(M) in general when | is a sink of a quiver Q is essentially 
same as in the examples. Recall our notation, as in Definition 11.7. We also write 


(M(a1),..., M(a;)) for the linear map from i M(i) to M(j) defined as 


(m1,...,mM+) > M(ay)(my) +... + M(a;) (mz). 
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Definition 11.9. Let Q be a quiver and assume j is a sink in Q. For any 
representation M of Q we define a representation uy (M) of the quiver oj Q as 
follows. We set 


M*(r) = M(r) (r # J); 

{(m,-.., mr) € TT: M@ | (M(@r1), .--, Mla) (my, -.., mr) = 0} (7 = Fj). 
If y is an arrow of Q which does not end at the sink j then we set M*(y) = M(y). 
Fori = 1,...,t we define M*(@;) : M*(j) — M*(i) to be the projection onto 
M(i), that is, M* (@)(m1, ...,m;) = mj. 


To compare the representation types of the quivers Q and oj Q, we need to 
keep track over direct sum decompositions. Fortunately, the construction of xy is 
compatible with taking direct sums: 


Lemma 11.10. Let Q be a quiver and let j be a sink in Q. Let M be a 
representation of Q such that M = X ® Y for subrepresentations X and Y. Then 
we have 


x} (M) = UF (X) @ UF (Y). 


We will prove this later, in Sect. 12.1.1, since the proof is slightly technical. With 
this lemma, we can focus on indecomposable representations of Q. We consider a 
small example. 


Example 11.11. We consider the quiver 1 ay J Tn Example 9.28 we have seen 
that it has precisely three indecomposable representations (up to isomorphism), 
which are listed in the left column of the table below. We now reflect the quiver at the 
sink 2, and we compute the reflected representations Dy (M), using Example 11.8. 
The representations ay (M) are listed in the right column of the following table. 


We see that =e permutes the indecomposable representations other than the simple 
representation S7. Moreover, it takes Sz to the zero representation, and S2 does not 
appear as ae (M) for some M. 


We can generalize the last observation in the example: 


Proposition 11.12. Assume Q is a quiver and j is a sink in Q. Let M be a 
representation of Q. 
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(a) uF (M) is the zero representation if and only if M(r) = 0 for all vertices 
r # j, equivalently M is isomorphic to a direct sum of copies of the simple 
representation Sj. 


(b) up (M) has no subrepresentation isomorphic to the simple representation Sj. 


Proof. (a) Assume first that M(r) = 0 for all r # j then it follows directly from 
Definition 11.9 that =F (M) is the zero representation. Conversely, if =F (M) is 
the zero representation ben forr ~£ j we have 0 = M +(r) = M(r). This condition 
means that M is isomorphic to a direct sum of copies of S;, by Exercise 9.8. 

(b) Suppose for a contradiction that x7 (M) has a subrepresentation isomorphic 


to S;. Then we have a non-zero dimen m := (m,...,m) € M*(j) with 
Mt (&i)(m) = 0 fori = 1,...,f. But by definition, the map M+(q@;) takes 
(m,...,my;) tom;. Therefore mj; = 0 fori = 1,...,¢ andm = 0, a contradiction. 

oO 


Remark 11.13. Let j bea sink of Q, then we take in Definition 11.7 distinct arrows 
ending at j, but we are not excluding that some of these may start at the same vertex. 
For example, take the Kronecker quiver 


then for a representation M of this quiver, to define ay (M) we must take 
M*(j) = {(m,m') € M(1) x M() | M(ai)(m) + M@n)(m’) = 0}. 


We will not introduce extra notation for multiple arrows, since the only time we 
have multiple arrows is for examples using the Kronecker quiver. 


11.1.2. The Reflection ze at a Source 


We assume that j is a source of the quiver Q’. For every representation VV of Q’ 
we will construct from NV a representation of oj Q’, denoted by uF (NV). The idea 
is to keep the vector space N(r) as it is, for any vertex r ~ j, and ‘also to keep the 
linear map N(y) as it is, for any arrow y which does not start at 7. We want to find 
a vector space N~ (j), and for each arrow 6; : j — i, we want to define a linear 
map N~- (Bi) from N(i) to N~(j), to be constructed using only data from \V. We 
first fix some notation, and then we study small examples. 


Definition 11.14. Let j be a source in the quiver Q’. We label the distinct arrows 
starting at j by 61, B2,..., Br, say Bj : j — i. Then we write 6; : i — j for the 
arrows of 0; Q’ obtained by reversing the f;. 
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Example 11.15. 


(1) Let t = 1, and take the quivers Q’ and 0; Q’ as follows: 


(oF ape 
We start with a representation VV of Q’, 


NOY = We), 


and we want to define a representation of 0; Q’, that is, 


rar 
way — nw, 

and this should only use information from \V. There is not much choice, we take 

N“(j) := N(1)/im(N(61)), which is a quotient space of N(1), and we take 

N~ (61) to be the canonical surjection. This defines the representation rN ) 

of 0} Q!. ) 


(2) Let t = 2, and take the quivers Q’ and 0; Q’ as follows: 


wa 


jy PE gn ee 7 we 


We start with a representation VV of Q’, 


N N(B2 
way 22 win 2 Wo. 


Here we can use the construction of the push-out, which was introduced in 
Chap. 2 (see Exercise 2.17). This takes two linear maps starting at the same 
vector space and constructs from this a new space, F, explicitly, 


F =(N(1) x N(2))/C, where C = {(N(B1) (x), N(B2)(a)) | x © NG)I- 


We have then a canonical linear map uw; : N(1) — F defined by 
idm) = (11,0) + C, and similarly w2 : N(2) — F is the map 
f2(n2) = (0,n2) + C. We define N~(j) := F and N~(f,) := jy, and 
N —(B2) := [2. That is, the representation UF (N) is then 


Nd) +> F & NO). 
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Let t = 3. We take the following quiver Q’ 


By Bs 
Then 0; Q’ is the quiver 
2 
la 
1 —> j <— 3 
By Bs 


Let N be a representation of Q’, we want to construct from NV a representation 
uF (NV) of ojQ’. We modify the idea of the previous example. We set 
N- (i) := N(i) fori = 1, 2,3, and we define N (/) to be the quotient space 


N’ (J) = (NQ) x N(2) x NG))/Cn, 


where Cy := {(V (Bi) (x), N(B2)(x), N(B3)(x)) | x € N(j)}. As the required 
linear map N~ (8;) : N(1) > N(/) we take the canonical map 


xh (x,0,0)4+ Cy, 


and similarly we define N~ (B;) for i = 2, 3. Then uF (NV) is a representation 
of the quiver oj Q’. 
We consider two explicit examples. 
(i) Let N be the representation of Q’ with N(i) = K fori = 1, 2,3 and with 
N(j) = K?. Take 
N(B1) (41, x2) = 1 
N (B2)(x1, 2) = x2 
N(B3)(x1, 2) = X1 + 2X2. 


Then N-(j) = (K x K x K)/Cw and 
Cur = {C1 x2,.41 +2) | (1, x2) € K?}. 


We see that Cyy is 2-dimensional and N~(j) is therefore 1-dimensional, 
spanned for instance by (1, 0, 0) + Cy. 
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(ii) Let NV be the representation of Q’ with NG) = O fori = 1, 2,3, and 
N(j) = K, then X> (NV) is the zero representation. Note that V = Sj, the 
simple representation for the vertex /. 


The definition of uF (NV) in general, where j is a source of a quiver Q’, 
essentially the same as in the examples. Recall our notation, as it is fixed ji in 
Definition 11.14. 


Definition 11.16. Let Q’ be a quiver and assume j is a source of Q’. For any 
representation \V of Q’ we define a representation x (NV) of oj Q’ as follows. 


Given NV, then uj (N) is the representation such that 


oe ifr # j 
ee (oe seuores ifr=j, 


where 


Cy = {((N(B1) (x), ---, N(Br)@)) | x € NG}. 


Next, define N~(y) = N(y) if y is an arrow which does not start at j, and for 
1 <i <t define the linear map N~ (6;) : N(@) — N~ (J) by setting 


N~ (B;)(ni) := (0, ...,0,7;,0,...,0) + Cy € N(j) 


with n; € N(i) in the i-th coordinate. 


To compare the representation type of the quivers Q’ and 0; Q’, we need to 
keep track over direct sum decompositions. The construction of &~; is compatible 
with taking direct sums, but the situation is slightly more complicated than for 
=F in Lemma 11.10, since in general &~ does not take subrepresentations to 
subrepresentations, see Exercise 11.12 for an example. 

The direct product of representations has been defined in Exercise 9.13, as an 
analogue of the direct product of modules. 


Lemma 11.17. Let Q’ be a quiver and assume j is a source in Q’. 


(a) Assume N is a representation of Q' and N = X ® Y with subrepresentations 
xX and Y. Then uF (N) is isomorphic to the direct product uF (¥) x yy (Y) 
of representations. 

(b) LetV = uF (¥) x uF (Y) be the direct product representation in part (a). Then 
V has sibrepresenlanbus X and ry where V = X ® ¥, and as representations 
of Q we have X = uF (¥) and ) = = UF (Y). 

(c) Using the isomorphisms in (b) as identifications, we have 


By WW) = By (%) © BF. 
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This lemma will be proved in Sect. 12.1.1. Note that part (b) is a direct 
application of Exercise 9.13, and part (c) follows from parts (a) and (b). So it remains 
to prove part (a) of the lemma, and this is done in Sect. 12.1.1. 

With this result, we focus on indecomposable representations, and we consider a 
small example. 


Example 11.18. We consider the quiver | — + 2, and we reflect at the source 1. 
Recall that the quiver has three indecomposable representations, they are listed 
in the left column of the table below. We compute the reflected representations 
x, (NV), using Example 11.15. The representations X, (V) are listed in the right 
column of the following table. 


We see that 2, permutes the indecomposable representations other than the simple 
representation S|. Moreover, it takes S; to the zero representation, and S; does not 
appear as | (NV) for some NV. 


We can generalize the last observation in this example. 


Proposition 11.19. Assume Q’ is a quiver, and j is a source of Q'. Let N bea 
representation of Q’. 


(a) uF (N) is the zero representation if and only if N(i) = 0 for alli 4 j, equiva- 
lently, N is isomorphic to a direct sum of copies of the simple representation Sj. 
(b) uF (NV) has no direct summand isomorphic to the simple representation Sj. 


Proof. (a) First, if N@) = O for all i # J then it follows directly from 
Definition 11.16 that rN ) is the zero representation. Conversely, assume that 
uy (N) is the zero representation, that is N~ (i) = 0 for each vertex i. In particular, 
fori 4 7 we have N(i) = N (i) = 0. For the last part, see Exercise 9.8. 
(b) Assume for a contradiction that Ly (NV) = X @Y, where ¥ is isomorphic to S;. 
Then N(i) = N~(i) = X(@) @Y@) = Y@ fori S$ j and N~-(j) = X(j) PY) 
and N~(j) # Y(j) since X (j/) is non-zero. We get a contradiction if we show that 
Y(j) is equal to N~ (j). 

By definition Y(j) C N~ (j). Conversely, take an element in N~ (/), it is of the 
form (vj,..., Us) + Cy with v; €¢ N(i). We can write it as 


((vj,0,...,0) + Cry) + (CO, v2, 0,...,0) + Cy) +... + ((0,...,0, ve) + Cy). 
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Now (0,...,0,0;,0,...,0) + Cy = N7~(B))(v;) = Y(B;)(y;)_ since 
vj € N(i) = Y(i) and ¥ is a subrepresentation; moreover, this element lies in 
Y(j) since ¥Y is a subrepresentation. This holds for all i = 1,...,¢, and then the 
sum of these elements is also in Y(j). We have proved N~(j) = Y(j), and have 
the required contradiction. Oo 


Remark 11.20. Let j be a source of the quiver Q’. In Definition 11.14 we take 
distinct arrows starting at j, but we have not excluded that some of these may 
end at the same vertex. For example, let Q’ be the Kronecker quiver with two 
arrows {1,62 from vertex j to vertex 1, then for a representation NV of this 
quiver, to define x; W) we must take N-(j) = (N(1) x N(1))/Cw and 
Cyn = {(N(81)(x), N(B62)(x)) | x € N(j)}. As for the case of a sink, we will 
not introduce extra notation since we only have a multiple arrow in examples with 
the Kronecker quiver but not otherwise. 


11.1.3 Compositions 2; % ; and © ;z . 


Assume j is a sink of a quiver Q. Then j is a source in the reflected quiver 0; Q. If 
M is a representation of Q then =7(M), as in Definition 11.9, is a representation 


of 7; Q. So it makes sense to apply Ly to this representation. We get 
-yt -— yrcyt 
by BPM) := Zp (BPM), 


which is a representation of Q (since 0j0;Q = Q). 
Similarly, if j is a source in a quiver Q’ and N is a representation of Q’ then we 
define > uF (N), which is a representation of Q’. 


Example 11.21. We consider the quiver Q given by 1 —*, 2. The vertex 2 is a sink 
in Q and hence a source in 02 Q. From the table in Example 11.11 we can find the 
composition © = , 


M | =F(M) {a5 UMW) 


Similarly, the vertex 1 is a source in Q and hence a sink in oj Q. For the composition 
xf x1 we get the following, using the table in Example 11.18, 
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We observe in the first table that if / is not the simple representation S2 then 
xy xt (M) is isomorphic to M. Similarly in the second table, if NV’ is not the simple 
representation S; then 3g x, (NV) is isomorphic to NV’. We will see that this is not a 
coincidence. 


Proposition 11.22. Assume j is a sink of a quiver Q and let a,..., a; be the 
arrows in Q ending at j. Suppose M is a representation of Q such that the linear 
map 


t 
(M(a1),...,M(or)): |] M@ — MG) 
i=1 


is surjective. Then the representation uF =F (M) is isomorphic to M. 


This will be proved in the last chapter, see Sect. 12.1.2. The surjectivity condition 
is necessary. Otherwise M would have a direct summand isomorphic to S;, by 
Exercise 9.9, but uF =F (M) does not have such a summand, by Proposition 11.19. 


Example 11.23. Let Q be the quiver of the form 
ae ae =e 


Suppose we take a representation M which satisfies the assumption of the above 
proposition. In Example 11.8 we have seen that =F (M) is the representation 


M(1) —— E —% M(2) 


where 
M* (j) = E = {(mj, mz) € M(1) x M(2)| M(a1)(m1) + M(@2)(mz2) = 0} 


is the pull-back as in Exercise 2.16 and 7, m2 are the projection maps from EF onto 
M(1) and M (2), respectively. 
IfN = yi uy (M) then by Example 11.15 this representation has the form 


Miah Ss Pe a) 


where N- (j) = F = (M(1) x M(2))/E, the push-out as in Exercise 2.17, and p21 
is given by m, b> (m1, 0) + E, and similarly for 2. 
In Exercise 2.18 we have seen that F' is isomorphic to M(j), where an isomor- 
phism g : F > M(j) is given by (m1, m2) + Et M(a1)(m) + M(a2)(m2). 
Then one checks that the tuple (idjy(1), ¢, id(2)) is a homomorphism of rep- 
resentations, and since all maps are isomorphisms, the representations uF uy (M) 
and M are isomorphic. 
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Returning to Example 11.21 we will now show that the observation on 
=e ZX] WW) is not a coincidence. 


Proposition 11.24. Assume j is a source of a quiver Q' and let B,,..., B; be 
the arrows in Q’ starting at j. Suppose N is a representation of Q' such that 
(Yes ker(N (6; )) = 0. Then the representations Ey zy (N) and N are isomorphic. 


This is analogous to Proposition 11.22, and we will also prove it later in the final 
chapter, see Sect. 12.1.2. Again, the condition on the intersection of the kernels 
is necessary. If it does not hold then by Exercise 9.10, VV has a direct summand 
isomorphic to S;. On the other hand, by Proposition 11.12, the representation 
ie hy (NV) does not have such a direct summand. 

The following exercise shows that if we are dealing with indecomposable (but 
not simple) representations, the assumptions of Propositions 11.22 and 11.24 are 
always satisfied. 


Exercise 11.2. Assume Q is a quiver and vertex j of Q is a sink (or a source). 
Let a,...,a@ be the arrows in Q ending (or starting) in j7. Suppose M is 
an indecomposable representation of Q which is not isomorphic to the simple 
representation S;. 


(a) Assume j is a sink. Show that then M(j) = v4 im(M (q;)). 
(b) Assume j is a source. Show that then (}_, ker(M(a;)) = 0. 


Hint: Apply Exercises 9.9 and 9.10. 


For a worked solution of Exercise 11.2, see the Appendix. 
We can now completely describe the action of the reflections xy and Le on 
indecomposable representations. 


Theorem 11.25. Let Q be a quiver. 


(a) Assume j is a sink of Q and M is an indecomposable representation of Q not 
isomorphic to S;. Then ay (M) is indecomposable and not isomorphic to Sj. 

(b) Assume j is a source in Q andN is an indecomposable representation of Q ae 
isomorphic to S;. Then uy (NV) is indecomposable and not isomorphic to Sj. 


(c) Assume j is a sink or a source of Q. The reflections LF give mutually inverse 
bijections between the indecomposable representations not isomorphic to S; of 
Q and of oj Q. 

(d) Assume j is a sink or a source of Q. Then Q has finite representation type if 
and only if so does 0; Q. 


Proof. (a) From the assumption and Exercise 11.2(a) it follows that 
M(j) = yy im(M(q@;)), where a,..., a; are the arrows ending at the sink 
j. We apply Proposition 11.22 and obtain that uF =F (M) = M. If we had 
uy (M) = U @ Y for non-zero subrepresentations V/ and Y then it would follow 
from Lemma 11.17 that 


M =X UT(M) = XW) @ =F (Y). 
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But M is indecomposable by assumption, so one of the summands, say x; (Y), 
is the zero representation. By Proposition 11.19, if V is not the zero representation 
then it is isomorphic to a direct sum of copies of S;. On the other hand, V is a direct 
summand of =F (M) and therefore, by Proposition 11.12, it does not have a direct 
summand isomorphic to S;. It follows that V must be the zero representation, and 
we have a contradiction. This shows that xy (M) is indecomposable. The last part 
also follows from Proposition 11.12. 

Part (b) is proved similarly; see Exercise 11.3 below. 

(c) Say j is a sink of the quiver Q, and Q’ = ojQ. If M is an indecomposable 
representation of Q which is not isomorphic to S; then Exercise 11.2 and Proposi- 
tion 11.22 give that M = =F uy (M). If NV is an indecomposable representation 
of Q’ not isomorphic to Sj then by Exercise 11.2 and Proposition 11.24 we have 
N= ED (N). Part (c) is proved. 

(d) This follows directly from (c). oO 


Exercise 11.3. Write out a proof of part (b) of Theorem 11.25. 


The following consequence of Theorem 11.25 shows that the representation 
type of a quiver does not depend on the orientation of the arrows, as long as the 
underlying graph is a tree. 


Corollary 11.26. Let [ be a graph which is a tree. Then any two quivers with 
underlying graph Y have the same representation type. 


Proof. By Proposition 11.5 we know that any two quivers with underlying graph P° 
are related by a sequence of reflections in sinks or sources, so the corollary follows 
directly from Theorem 11.25. oO 


11.2 Quivers of Infinite Representation Type 


We will now prove that if the underlying graph of Q is not a union of Dynkin 
diagrams then Q has infinite representation type. This is one direction of Gabriel’s 
theorem. As we have seen in Lemma 9.27, it is enough to consider connected 
quivers, and we should deal with smallest connected quivers whose underlying 
graph is not a Dynkin diagram (see Lemma 9.26). 


Proposition 11.27. Assume Q is a connected quiver with no oriented cycles. If the 
underlying graph of Q is not a Dynkin diagram, then Q has infinite representation 


type. 


The proof of Proposition 11.27 will take the entire section. 
By Lemma 10.1 we know that a connected quiver Q whose underlying graph is not 
a Dynkin diagram must have a subquiver Q’ whose underlying graph is a Euclidean 
diagram. By Lemma 9.26, it suffices to show that the subquiver Q’ has infinite 
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representation type. We will do this case-by-case going through the Euclidean 
diagrams listed in Fig. 10.2. 

We start with Euclidean diagrams of type An, which has almost been done 
already. 


Proposition 11.28. Assume Q’ is a quiver without oriented cycles whose underly- 
ing graph is a Euclidean diagram of type Ay. Then Q' is of infinite representation 
type. 


Proof. Let n = 1, then Q’ is the Kronecker quiver, and we have seen in 
Example 9.30 that it has infinite representation type. Now assume n > 1. We 
will stretch the Kronecker quiver repeatedly as described in Definition 9.20; and 
Exercise 9.4 shows that Q’ can be obtained from the Kronecker quiver by finitely 
many stretches. Now Lemma 9.31 implies that Q’ has infinite representation type. 

oO 


We will now deal with quivers whose underlying graphs are other Euclidean 
diagrams as listed in Fig. 10.2. We observe that each of them is a tree. Therefore, by 
Corollary 11.26, in each case we only need to show that it has infinite representation 
type just for one orientation, which we can choose as we like. 

We will use a more general tool. This is inspired by the indecomposable 
representation of the quiver with underlying graph a Dynkin diagram D4 where 
the space at the branch vertex is 2-dimensional, which we have seen a few times. 
In Lemma 9.5 we have proved that for this representation, any endomorphism is a 
scalar multiple of the identity. The following shows that this actually can be used to 
produce many representations of a new quiver obtained by just adding one vertex 
and one arrow. 


Lemma 11.29. Assume Q is a quiver and let K be a field. Suppose Q has a 
representation M such that 


(a) every endomorphism of M is a scalar multiple of the identity, 
(b) there is a vertex k of Q such that dimx M(k) = 2. 


Let a) be the quiver obtained from Q by adjoining a new vertex w together with 
a new arrow wo —> UK. Then for each 4 € K there is an indecomposable 
representation M), of Q which extends M (that is, M is the restriction of M) 
in the sense of Definition 9.15), and such that Mj and M,, are not isomorphic for 
AA U. 

Definition 11.30. We call a representation M satisfying (a) and (b) of 
Lemma 11.29 a special representation. 


Proof. We fix a basis for the vector space M (k) and identify M(k) with K 2 For any 
A € K we extend M to a representation M, of O defined as follows: 


M(i) ifi #@ 


m= {% ifi=o 
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and M,(8) = M(f) for any arrow 6B ¥ a, and My(a) : My(@) > Mk), 
that is, from K to K2, is the map x > (x,Ax). We want to show that My, is 
indecomposable, and that if A 4 w then M, 4 M,. 

Let g : M, — M,, be a homomorphism of representations. Then the restriction 
of ¢ to vertices in Q is ahomomorphism from M to M. By the assumption, this is 
a scalar multiple of the identity. In particular, at the vertex k we have g, = cidx2 
for some c € K. Now, the space at vertex w is the one-dimensional space K, so @ 
is also a scalar multiple of the identity, say g = didx withd € K. Consider the 
commutative diagram 


M (a) 


v| [eu 


M,(a) 
M ,(@) —— M,,(k) 


This gives that for x € M,(@) = K we have 
C(x, AX) = (Ge 0 My (a))(x) = (My (@) © Go) (x) = d(x, UX). 


So for all x € My) (@) = K we have cx = dx and cAx = dux. 

If 1 = pu then we get the only condition cx = dx for all x € K and this clearly 
implies c = d. But since the restriction of g to Q is already a scalar multiple of the 
identity we deduce that every homomorphism g : M, — My, is a scalar multiple 
of the identity. This implies that MM, is indecomposable, by Lemma 9.12. 

If A ~ pw then the above two conditions combine to 


cAx = dx =cux and Adx =Acx = dpux, 


that is, (A — w)cx = O and (A — w)dx = 0. Since A — uw ¥ O it follows that cx = 0 
and dx = 0 forall x € K, and hence c = d = 0. In other words, for A ~ yu the only 
homomorphism g : M, — M,, is the zero homomorphism. In particular, there is 
no isomorphism and M, 4 M,. Oo 


_, We consider now quivers whose underlying graph is a Euclidean diagram of type 
D,. The main work will be for the case n = 4. We take the special representation 
M of the quiver Q with underlying graph of type D4 as in Lemma 9.5, 
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Recall that for the representation M we have M(i) = K fori 4 4and M(4) = K 2. 
Now we take the extended quiver Q as in Lemma 11.29. This is of the form 


and the underlying graph is a Euclidean diagram of type Da. Using the representa- 
tion M of Q from Lemma 9.5 we find by Lemma 11.29 pairwise non-isomorphic 
indecomposable representations M, of a) for each A € K. In particular, the quiver 
O has infinite representation type over any infinite field K. 

However, we want to prove Gabriel’s theorem for arbitrary fields. We will 
therefore construct indecomposable representations of oO of arbitrary dimension, 
which then shows that O always has infinite representation type, independent of the 
field. Roughly speaking, to construct these representations we take direct sums of 
the special representation, and glue them together at vertex 4 using a ‘Jordan block’ 
matrix. To set our notation, we denote by 


Jn = 1° 


the m x m Jordan block matrix with eigenvalue 1. 

In the following, when writing K” or similar, we always mean column vectors; 
for typographical convenience we sometimes write column vectors as transposed 
row vectors. We will write linear maps as matrices, applying them to the left. 


Definition 11.31. Let K be a field and consider the quiver O of type D4 given 
above. Fix an integer m > | and take V = K”, an m-dimensional vector space over 
K. Then take 


V4) = {(1, 2)! |v; € VP = K™. 
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Then we take each of the other spaces as subspaces of V (4): 


V(1) ={(v, 0)' | v € V} 
V(2) ={(0, v)’ |v e V} 
V(3) ={(v, v)’ | ve V} 
V(w) ={(v, Jmv)! | v € Vi. 


The linear maps corresponding to the arrows of O are all taken as inclusions. This 
defines a representation V,, of the quiver Q. 


Lemma 11.32. The representation Vm of the quiver O is indecomposable. 


Proof. To prove this, we use the criterion from Lemma 9.11, that is, we show that 
the only endomorphisms gy : Yn —> Vin of representations such that g* = ¢ are the 
zero and the identity homomorphism. 

Since the spaces V (i) are defined as subspaces of V(4) = K2” and all maps as 
inclusions, any endomorphism ¢ : Vx — Vn of representations is given by a linear 
map V(4) — V(A4) which takes each V(Z) into V(i), fori = 1, 2,3, @. We take g 
as a linear map g : K?” —> K?” and write it as a matrix in block form as 


AB 

CD 
with m x m-matrices A, B, C, D. The linear map gy maps V (1) to V(1), therefore C 
is the zero matrix. Since it maps V(2) to V(2), the matrix B is also the zero matrix. 


Moreover, it maps V (3) to V(3), which implies A = D. It must also map V(@) to 
V(q@), and this is the case if and only if A commutes with J,,. In fact, we have 


(5.5) (os) = (aoe) 


and for this to be contained in V(w) we must have AJj,v = J, Av for all v € K™; 
and if this holds for all v then AJj, = Ji, A. 

We can use the same argument as in the proof of Lemma 8.5 and also in 
Example 9.30, that is, we apply Exercise 8.1. The matrix A is an endomorphism 
of the module Vg for the algebra K[X]/(f), where f = (X — 1)” and where f 
is given by J,,. This is a cyclic module, generated by the first basis element. By 
Exercise 8.1, if A? = A then A is zero or the identity. 

Therefore the only idempotent endomorphisms g : Vin — V, are zero and the 
identity. As mentioned at the beginning of the proof, Lemma 9.11 then gives that 
the representation V,, is indecomposable. oO 
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Note that if we had taken any non-zero A € K as the eigenvalue of the Jordan 
block above we would still have obtained indecomposable representations. We 
chose A = | since this lies in any field. 

The above Lemma | 1.32 shows that the quiver O has infinite representation type 
over any field K.. Indeed, the indecomposable representations V,, are pairwise non- 
isomorphic since they have different dimensions. We will now use this to show 
that every quiver whose underlying graph is of type Dn for n > 4 has infinite 
representation type. Recall that we may choose the orientation as we like, by 
Corollary 11.26. For example, for type Dg it is enough to deal with the above 
quiver O . 


Proposition 11.33. Every quiver whose underlying graph is a Euclidean diagram 
of type Dn for some n > 4 has infinite representation type. 


Proof. Assume first that n = 4. Then O has infinite representation type by 
Lemma 11.32. Indeed, if m; 4 m2 then V,,, and V,,, cannot be isomorphic, as they 
have different dimensions. By Corollary 11.26, any quiver with underlying graph 
Ds has infinite representation type. 

Now assume n > 4. Any quiver of type Dy can be obtained from the above 
quiver O by a finite sequence of stretches in the sense of Definition 9.20. When 
n = 5 this is Example 9.21, and for n > 6 one may replace the branching vertex of 
the D4 quiver by a quiver whose underlying graph is a line with the correct number 
of vertices. By Lemma 9.31, the stretched quiver has infinite representation type, 
and then by Corollary 11.26, every quiver of type Dn has infinite representation 
type. oO 


So far we have shown that every quiver without oriented cycles whose underlying 
graph is a Euclidean diagram of type Ay (n > 1) or Dn (n > A) has infinite 
representation type over any field K; see Propositions 11.28 and 11.33. 

The only Euclidean diagrams in Fig. 10.2 we have not yet dealt with are quivers 
whose underlying graphs are of types Eo, E7, and Eg. The proof that these have 
infinite representation type over any field K will follow the same strategy as for 
type Dy, above. However, the proofs are longer and more technical. Therefore, they 
are postponed to Sect. 12.2. 

Taking these proofs for granted we have now completed the proof of Proposi- 
tion 11.27 which shows that every quiver whose underlying graph is not a union of 
Dynkin diagrams has infinite representation type. 


11.3. Dimension Vectors and Reflections 


The next task is to show that any quiver whose underlying graph is a union of 
Dynkin diagrams has finite representation type. Recall that by Lemma 9.27 we 
need only to look at connected quivers. At the same time we want to parametrize 
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the indecomposable representations. The appropriate invariants for this are the 
dimension vectors, which we will now define. 
Again, we fix a field K and all representations are over K. 


Definition 11.34. Let Q be a quiver and assume ™M is a representation of Q. 
Suppose Q has n vertices; we label the vertices by 1, 2, ... , 7. The dimension vector 
of the representation M is defined to be 


dimM := (dimg M(1),...,dimg M(n)) € Z". 


Note that by definition the dimension vector depends on the labelling of the 
vertices. 


Example 11.35. 


(1) Let Q be a quiver without oriented cycles. By Theorem 9.8, the simple 
representations of Q correspond to the vertices of Q. The simple representation 
Sj; labelled by vertex j has dimension vector ¢ ;, the unit vector. 

(2) In Example 9.28 we have classified the indecomposable representations of 
the quiver 1 —~> 2, with underlying graph a Dynkin diagram Az. We have 
seen that the three indecomposable representations have dimension vectors 
€) = (1, 0), ¢2 = (0, 1) and (1, 1). 


Remark 11.36. Given two isomorphic representations M = N of a quiver Q, then 
for each vertex i the spaces M(i) and N(i) are isomorphic, so they have the same 
dimension and hence dimM = dimNV. That is, M and NV have the same dimension 
vector. We will prove soon that for a Dynkin quiver the dimension vector actually 
determines the indecomposable representation. 

However, this is not true for arbitrary quivers, and we have seen this already: 
in Example 9.29 we have constructed indecomposable representations C, for the 
Kronecker quiver. They all have dimension vector (1, 1), but as we have shown, the 
representations C, for different values of 2 € K are not isomorphic. 


We consider quivers with a fixed underlying graph I’. We will now analyse how 
dimension vectors of representations change if we apply the reflections defined in 
Sect. 11.1 to representations. We recall the definition of the bilinear form of IT, 
and the definition of a reflection of Z”, from Definition 10.2. The bilinear form 


(—,—)p : Z” x Z” = Zis defined on unit vectors by 
oy | dij tft A 
nepr= {5 fii 


where dj; is the number of edges between vertices i and j, and then extended 
bilinearly. Soon we will focus on the case when I’ is a Dynkin diagram, and then 
dij = 0 or 1, but we will also take obtained from the Kronecker quiver, where 
diz =2. 
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For any vertex j of I’ the reflection map is defined as 
ji 2" >Z", sj(a)=a-— (a, €;)ré;. 


We will now see that the reflection maps precisely describe how the dimension 
vectors are changed when a representation is reflected. 


Proposition 11.37. 


(a) Let Q be a quiver with underlying graph Y. Assume j is a sink of Q and 
Q@1,...,Q@; are the arrows in Q ending at j. Let M be a representation 
of O. If Yi-;im(M@)) = M(j) then dimd}(M) = s;@imM). In 
particular, this holds if M is indecomposable and not isomorphic to the simple 
representation Sj. 

(b) Let Q' be a quiver with underlying graph T. Assume j is a source of Q! and 
Bi, ..., B are the arrows in Q' starting at j. Let N be a representation of Q’. If 
(4 ker(N(B))) = = 0 then dim; (NV) = s;(dimNV). In particular, this holds 
if N is indecomposable and not isomorphic to the simple representation Sj. 


Proof. The second parts of the statements of (a) and (b) are part of Exercise 11.2; 
we include a worked solution in the appendix. 
(a) We compare the entries in the vectors dim>} (M) and s ; (dimM), respectively. 
For vertices i # j we have M*(i) = M(i) (see Definition 11.9). So the i-th 
entry in dim=*(M) is equal to dimgx M(i). On the other hand, the i-th entry in 
s;(dimM) also equals dimx M (i) because s; only changes the j-th coordinate (see 
Definition 10.2). 
Now let i = j, then, by Definition 11.9, M*(/) is the kernel of the linear map 


t 
M(1) x... M(Q) > M(j), (mi...) YS M(ai)(mi). 
i=1 


By rank-nullity, and using the assumption, we have 


dim M+(j) = dime (M(1) x... x M(t)) — dimg M(j) 


t 
- (> dimx ue) —dimx M(j). 
i=1 

We set aj = dimx M(i) for abbreviation. Since a},..., a, are the only arrows 
adjacent to the sink j, we have d,; = 0 if a vertex r is not the starting point of 
one of the arrows a@,..., a. Recall that some of these arrows can start at the same 
vertex, so if r is the starting point of one of these arrows then we have d,; arrows 
from r to j. So we can write 


t 
dime M*(j) = (> «| aj > d; jay | — aj. 


reQo\{j} 
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This is the j-th coordinate of the vector dim>; (M). We compare this with the j-th 
coordinate of s;(dim/M). By Definition 10.2 this is 


aj — (dimM, ¢;)r = aj — ( + —d, jay + 2aj), 
reQo\tj} 


which is the same. 
(b) Now let j be a source. Similarly to part (a) it can be seen that fori # j the i-th 
coordinates coincide in the two relevant vectors. 

So it remains to consider the j-th coordinates. By Definition 11.16, the vector 
space N’ (j) is the cokernel of the map 


N(j) > NC) x... x Nt), xh (N(61)(),..., NCB) (X)). 


By our assumption this linear map is injective, hence the image has dimension equal 
to dimgx N(j). We set bj = dimx N(i) for abbreviation and get 


t 
dimx N~(j) = (> dimx no) —dime N(j)= Yo dyjby — dj, 
reQo\\i} 


i=1 
which is the same formula as in part (a) and by what we have seen there, this is the 
j-th coordinate of s; (dim). o 
We illustrate the above result with an example. 
Example 11.38. Asin Example 11.11 we consider the quiver Q of the form | —~> 2 
and reflect at the sink 2. The corresponding reflection map is equal to 


9:27 +2, a=(ai,a7)  a—(a, €2)ré2 = a—(—ay+2a2)€2 = (a1, a1—a2). 


In Example 11.11 we have listed the reflections of the three indecomposable 
representations of Q. In the following table we compare their dimension vectors 
with the vectors s2(dim M). 


M_ — |dimM|s2(dimM)| 57 (M) 


K—o0la,o0| an |x #x 
K“S xla,1| a,o0 |K —o 
o— K|0,1)| ©,-1) |o—o 


This confirms what we have proved in Proposition 11.37. We also see that exluding 
the simple representation Sy in Proposition 11.37 is necessary, observing that 
52(dimS?) is not a dimension vector of a representation. 
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Assume Q is a quiver with underlying graph I’. We assume I" is a Dynkin diagram 
of one of the types Ay, Dn, Eo, E7, Eg (as in Fig. 10.1). Let gp be the quadratic 
form associated to I’, see Definition 10.2. We have studied the set of roots, 


Ar ={x €Z" | qr(x) = 1} 


and we have proved that it is finite (see Proposition 10.12). We have also seen that a 
root x is either positive or negative, see Lemma 10.13. Recall that a non-zero x € Z” 
is positive if x; > 0 for all 7, and it is negative if x; < 0 for alli. 

In this section we will prove the following, which will complete the proof of 
Gabriel’s Theorem: 


Theorem 11.39. Assume Q is a quiver whose underlying graph V is a union of 
Dynkin diagrams of type An (n => 1) or Dy, (n => 4), or Eo, E7, Eg. Then the 
following hold. 


(1) If M is an indecomposable representation of Q then dimM is in Ap. 
(2) Every positive root is equal to dimM for a unique indecomposable representa- 


tion M of Q. 
In particular, Q has finite representation type. 
Before starting with the proof, we consider some small examples. 
Example 11.40. 


(1) Let Q be the quiver 1 —~> 2 with underlying graph the Dynkin diagram Aj. In 
Example 9.28 we have seen that this has three indecomposable representations, 
with dimension vectors €1, €2 and (1, 1). We see that these are precisely the 
positive roots as described in Example 10.8. 

Let Q be the quiver 1 —> 2 <— 3. The Exercises 11.8 and 11.9 prove using 
elementary linear algebra that the above theorem holds for Q. By applying 
reflections X} or X> (see Exercise 11.11), one deduces that the theorem holds 
for any quiver with underlying graph a Dynkin diagram of type A3. 


(2 


wa 


To prove Theorem 11.39 we first show that it suffices to prove it for connected 
quivers. This will follow from the lemma below, suitably adapted to finite unions of 
Dynkin diagrams. 


Lemma 11.41. Let Q = Q' U Q” be a disjoint union of two quivers such that 
the underlying graph T = TY’ UT” is a union of two Dynkin diagrams. Then 
Theorem 11.39 holds for Q if and only if it holds for Q' and for Q”. 


Proof. We label the vertices of Q as {1,...,”’} U{n' +. 1,...,n' + n”} where 
{1,...,n'} are the vertices of Q’ and {n’ + 1,...,n’ +n”} are the vertices of Q”. 
So we can write every dimension vector in the form (x’, x”) with x’ € Z” and 
x" eZ". 
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We have seen in Lemma 9.19 that the indecomposable representations of Q are 
precisely the extensions by zero of the indecomposable representations of Q’ and of 
Q”. This means that the dimension vectors of indecomposable representations of Q 
are all of the form (x’,0,..., 0) or (0,..., 0, x”). The quadratic form for I’ is 


n'+n! 


ar(x) = So x7 — Do dijxix; 
i=1 


i<j 


(see Definition 10.6). Since there are no edges between vertices of I’ and [”, we 
/ ” 
see that for x = (x’,x”) € Z" +” we have 


qr (x) = ari(x’) + arv(x"). (1.1) 


In particular, x = (x’,x”) is a root of I if and only if gp(x') + grr(x”) = 1 
(see Definition 10.6). By assumption, I’ and I” are Dynkin diagrams. Then by 
Proposition 10.10 the quadratic forms qr and gr” are positive definite. Since the 
quadratic forms have integral values, the condition g(x’) +qr”(x”) = 1 thus holds 
if and only if gp/(x’) = 1 and gr”(x”) = 0, or vice versa. Thus, x = (x’, x”) isa 
root of IP if and only if x = (x’,0,...,0) with x’ aroot of [’ or x = (0,...,0, x”) 
with x” a root of 7”. 

Together with the above description of indecomposable representations of Q this 
shows that statement (1) of Theorem 11.39 holds for Q if and only if it holds for Q’ 
and QO”. 

For statement (2) note that the positive roots of I’ are precisely the vectors of the 
form x = (x’,0,..., 0) with x’ a positive root of I’ or x = (0,..., 0, x”) with x” 
a positive root of ’”. From this and Lemma 9.19 one sees that (2) holds for Q if 
and only if it holds for Q’ and Q”. Oo 


Remark 11.42. Observe that on the way the above lemma has proved that if 
lr =I’ UI” isa disjoint union of Dynkin diagrams then the set of roots Ar can be 
interpreted as a union of Ay and Ap, where the roots in Ay and Arp» are extended 
by zeros. 


Let I be a Dynkin diagram as in Fig. 10.1. We do not have to deal with an 
arbitrary quiver, instead it suffices to prove Theorem 11.39 for a fixed orientation 
of the arrows and a fixed labelling of the vertices. That is, we have the following 
reduction: 


Lemma 11.43. To prove (1) and (2) of Theorem 11.39, it is enough to take a quiver 
Q with standard labelling (as in Example 10.4). 


Proof. By Proposition 11.5, we know that any two quivers with underlying graph I" 
a Dynkin diagram are related by a sequence of reflections in sinks or sources. So it 
suffices to show: if j is a sink or source of Q and the theorem holds for Q, then it 
also holds for oj Q. We will write down the details when j is a sink, the other case 
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is analogous (we leave this for Exercise 11.4). Suppose j is a sink. We assume that 
(1) and (2) hold for Q. 

First we show that (1) holds for 0; Q. By Theorem 11.25 any indecomposable 
representation of o;Q is either isomorphic to the simple representation Sj, or 
is of the form =*(M) where M is an indecomposable representation of Q 
not isomorphic to S;. The dimension vector of S; is ¢;, which is in Ap (see 
Exercise 10.3). Moreover, in the second case, the dimension vector of =7(M) is 
s;(dimM), by Proposition 11.37. We have dimM is in Ap by assumption, and by 
Lemma 10.9, s; takes roots to roots. Moreover, s ;(dim/M) is positive since it is the 
dimension vector of a representation. 

We show now that (2) holds for 0; Q. Let x € Ar be a positive root. If x = ¢; 
then x = dimS; and clearly this is the only possibility. So let x 4 €;, we must show 
that there is a unique indecomposable representation of o; Q with dimension vector 
x. Since x # €;, we have y := s;(x) ¥ ej, and this is also a root. It is a positive 
root: Since x is positive and not equal to €;, there is some k # j such that x, > 0 
(in fact, since gr (Ae;) = Mar (€;), the only scalar multiples of €; which are in Ar 
are te ;; see also Proposition 12.16). The reflection map s; changes only the j-th 
coordinate, therefore y, = xx; > 0, and y is a positive root. 

By assumption, there is a unique indecomposable representation M of Q, 
not isomorphic to S;, such that dimM = y. Let N := DF (M). This is an 
indecomposable representation, and dim = s;(y) = x. To prove uniqueness, 
let N’’ be an indecomposable representation of ojQ and dimN’ = x, then 
N’'  S;, hence by Theorem 11.25 there is a unique indecomposable representation 
M’ of O with ETM’) = WN’. Then we have sj(dimM’) = x and hence 
dimM’ = s;(x) = y. Since (2) holds for Q we have M = M’ and then NV = N". 
This proves that (2) also holds for a; Q. oO 


Exercise 11.4. Write down the details for the proof of Lemma 11.43 when the 
vertex j is a source of Q, analogous to the case when the vertex is a sink. 


Assume from now that Q has standard labelling, as in Example 10.4. Then we 
have the following properties: 


(i) Vertex 1 is a sink of Q, and for 2 < j <n, vertex j is a sink of the quiver 
Oj-1.-.-O1 QO; 


(ii) Onon-1...010 = Q. 


Note that the corresponding sequence of reflections 5, 0 5,1 0...05) is the Coxeter 
transformation Cp, where I is the underlying graph of Q (see Definition 10.14). 


Exercise 11.5. Verify (i) and (ii) in detail when Q is of type A, as in Example 10.4. 


By Theorem 11.25, poi takes an indecomposable representation M of Q 
which is not isomorphic to S| to an indecomposable representation of 01 Q not 
isomorphic to S;. Similarly, ay takes an indecomposable representation M of 
oj-1...01Q which is not isomorphic to S; to an indecomposable representa- 
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tion of ojoj-1...0;Q not isomorphic to S;. Moreover, if x = dimM then 
sj(x) = dim=; (M), by Proposition 11.37. 

We also want to consider compositions of these reflections. Let © = D7... a 
If M is an indecomposable representation of Q and &(M) is non-zero then it is 
again an indecomposable representation of Q with dimension vector equal to Cr (x) 
where Cr is the Coxeter transformation. 

The following result proves part (1) of Gabriel’s Theorem 11.39. 


Proposition 11.44. Let Q be a quiver whose underlying graph T is a union of 
Dynkin diagrams. Assume M is an indecomposable representation of Q. Then 
dimM belongs to Ar. 


Proof. By Lemma 11.41 we can assume that I" is connected, and by Lemma 11.43 
we can assume that Q has standard labelling. 

Let M have dimension vector x € Z”. We apply the Coxeter transformation 
C = Cr to x. By Lemma 10.16, there is some r > 0 such that C’ (x) # 0. We must 
have r > | (since x > 0), and we take r minimal with this property. Then there is 
some j such that for 


T = Sj; 05j-10...090C7 | 


we have t(x) 7 0; we also take j minimal. Then s;_1 o...0s, 0 c’—!(x) > 0 but 
applying s; gives t(x) 7 0. Let 


AA ss ty oe 1M): 


By minimality of r and j and by Proposition 11.12, this representation is non- 
zero. (If at some intermediate step we obtained the zero representation then the 
corresponding dimension vector would be a multiple of the unit vector, and the 
associated reflection would produce a vector with non-positive entries, contradicting 
the minimality of r and j.) But the reflections take indecomposable representations 
to indecomposable representations, or to zero, see Theorem 11.25. That is, M’ 
must be indecomposable. Then s; takes the dimension vector of M’ to t(x) # 0. 
This cannot be the dimension vector of a representation. Therefore Theorem 11.25 
implies that M’ = Sj, and hence has dimension vector ¢; € Ar, which is a 
root. Then dimM = (s152.. Sn) ts. .5;-1(€;) and hence it belongs to Ar, 
by Lemma 10.9. oO 


Example 11.45. We give an example to illustrate the proof of Proposition 11.44. 
Consider the quiver Q given by 


1< 2 <— 3 


We have computed a formula for Cp of type A, in Example 10.15, which in this 
case is 


Cr (x1, x2, X3) = (—x1 + 2, —x1 + x3, —X1). 
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By definition © = a xy es Consider an indecomposable representation M of 
Q with dimension vector x = (0, x2, x3) and x2, x3 > 1. We have 


Cr(x) = (x2, x3,0) = 0, C(x) = (—x2 +: x3, —x2, —x2) # 0. 


We know therefore that ©(M) =: NV is a non-zero indecomposable representation 
of Q with dimension vector (x2,x3,0) and X(V) = 0. Since VN ZF S; 
we can say that rw ) must be indecomposable. This has dimension vector 
$1 (x2, x3, 0) = (13 — x2, x3, 0). 

We have s2(x3 — x2,.x3,0) = (x3 — x2, —x2,0) # 0. This is not a dimension 
vector, and it follows that 2} (Z/WV)) = 0 and therefore E(N) = Sz. Hence 
(x3 — x2, x3, 0) = €2 and x3 = 1, x2 = 1 and M has dimension vector (0, 1, 1). 


The following proposition proves part (2) of Gabriel’s theorem, thus completing 
the proof of Theorem 11.39 (recall that part (1) has been proved in Proposi- 
tion 11.44). 


Proposition 11.46. Let Q be a quiver whose underlying graph T is a union of 
Dynkin diagrams. For every positive root x € Ar there is a unique indecomposable 
representation M of Q whose dimension vector is equal to x. 


Proof. By Lemma 11.41 we can assume that I" is connected, and by Lemma 11.43 
we can assume that Q has standard labelling. 

As in the proof of Proposition 11.44 there are r > 1 and j with | < j <n such 
that sj o...05, oC —!(x) # 0 and where r, j are minimal with these properties. 
Let y := sj-10...05,0C"!(x), so that y > 0 but s;(y) 7 0. 

Now, y and s;(y) are in Ar and it follows that y = e; (in fact, y is the 
dimension vector of a representation, and this must be S; since s;(y) # 0). Take 
the representation S; of the quiver oj; ...01Q and let 


May es D7_1 (Sj). 


This is an indecomposable representation of Q and has dimension vector x. 

If M’ is also an indecomposable representation of Q with dimension vector x 
then Diy oats yiE ~!(M’) has dimension vector ¢;, hence is isomorphic to Sj, 
and it follows that M’ is isomorphic to M. Oo 


Gabriel’s theorem allows one to determine all indecomposable representations of 
a quiver of Dynkin type, by knowing the roots of the associated quadratic form. In 
particular, this works for all possible orientations of the arrows of the quiver (see 
Lemma 11.43). 

We illustrate this with an example. 


Example 11.47. We have calculated the roots for the Dynkin diagram I’ of type A, 
in Example 10.8. The positive roots are 


Ars =Ep + Eoi t...+é&s forl<r<s<n. 


232 11 Gabriel’s Theorem 


According to Theorem 11.39, these positive roots are in bijection with the indecom- 
posable representations of any quiver Q with underlying graph I. In particular, any 
such quiver of Dynkin type A, has precisely ne) indecomposable representations 
(up to isomorphism). 

We can write down an indecomposable representation with dimension vector 
a;,s. This should exist independent of the orientation of Q. In fact, we can see this 


directly. Take the representation M where 


Kifr<i<s 
0 else. 


M(i) = 


Suppose @ is an arrowi — j of Q so that 7 =i + 1. Then set 


ne hc 
M@) = idx ifr <i,j<s 

0 else. 
Then these representations are a complete set of indecomposable representations of 
a Dynkin quiver of type Ay. 


Exercise 11.6. Let Q be the quiver of type A, with standard labelling. Verify 
directly that the representation with dimension vector a;., (defined above) is 
indecomposable. 


Let Q be a quiver which is the disjoint union of quivers Q; for 1 < t < m, 
and where each Q, has an underlying graph which is a Dynkin diagram of 
type A, D or E. By Lemma 9.19 the indecomposable representations of Q are 
precisely the extensions by zero of the indecomposable representations of the Q;. 
Now by Remark 11.42, the observation following Lemma 12.41, we deduce that 
the dimension vectors of these indecomposable representations are precisely the 
positive roots of the associated quadratic form. 

We illustrate this with an example. 


Example 11.48. Let Q be the (non-connected) quiver 
1< 2 3<—4<—_5 


which is equal to Q; U Q2 where Q, is 1 <— 2 and Q>2 is 3 <— 4 <— 5. So the 
underlying graph T = Ty UT)? is a union of a Dynkin diagram of type Az and a 
Dynkin diagram of type A3. 

By Lemma 9.19 the indecomposable representations of Q are precisely the 
extensions by zero (see Definition 9.16) of the indecomposable representations of 
Q, and Q2, and by Remark 11.42 the set of roots of IF’ can be interpreted as the 
union of the set of roots of I’) and of Io. 
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Recall the Gram matrix of I’, see Definition 10.2. This has block form, 
G; 0 
Gr = 
( 0 ) 


2 =|: 6 
a=(73)). G2=|]-1 2 -1 
j-=1 2 


where 


This shows that the quadratic form gr is equal to 
gr (X1, X2, X3, X4, X5) = Gr, (X1, X2) + Gry (x3, X4, X5). 


For x € Z°, we get gr (x) = 1 if and only if one of gr, (x1, x2) and qr, (x3, x4, x5) 
is equal to | and the other is zero, since the quadratic forms are positive definite (see 
Proposition 10.10). Hence a root of I is either a root of I’; or a root of T2. 


Exercise 11.7. Explain briefly why this holds in general. That is, if Q is any 
quiver where all connected components are of Dynkin type A, D or E then the 
indecomposable representations of Q are in bijection with the positive roots of the 
quadratic form gr of Q. 


EXERCISES 


11.8. Let Q be the quiver of Dynkin type A3 with orientation 
i243 


Assume M is an indecomposable representation of Q which is not simple. 


(a) Show that M(a,) and M(qa2) must be injective, and that 
M (2) = im(M (q)) + im(M (az). 


(b) Determine all M such that M(1) = 0, by using the classification of inde- 
composable representations for Dynkin type Az. Similarly determine all 
M such that M(3) = 0. 

(c) Assume M(1) and M(3) are non-zero, deduce that then M(2) is non- 
zero. 
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11.9. 


11.10. 


11.11. 


11.12. 


11 Gabriel’s Theorem 


The following exercise uses the linear algebra proof of the dimension 
formula, dimg (X + Y) = dimg X + dimx Y — dimx (X 1 Y) where X, Y 
are subspaces of some finite-dimensional vector space. 

Let Q be as in Exercise 11.8. Take a representation MM of Q which satisfies 
the conditions in part (a) of Exercise 11.8. Let D := im(M(a@1))Nim(M (a2)), 
a subspace of M(2). 


(a) Explain why M (2) has a basis B={x1,...,X@} V1,---, Um} W1,---, Wn} 
such that 


(i) {x1,..., xq} is a basis of D; 
(ii) {x1,...,X¢@} V1,..., Um} is a basis of im(M(a1)); 
(ili) {x1,...,X@} W1,..., Wn} is a basis of im(M (a2)). 


i 


(b) Explain why M(1) has a basis of the form {aj, <a spds Oya cag ts 
where M(a1)(a;) = x;, and M(a1)(a') = vj. Similarly, explain why 
M(3) has a basis {bj,..., ba, bi. ..., 5} such that M(a2)(bj) = xi, 
and M (a2)(b;) = uj. 

(c) Show that each x; gives rise to an indecomposable direct summand of M 
of the form K —> K <— K. Moreover, show that each vj; gives rise to 
an indecomposable direct summand of M of the form K —> K <— 0. 
Similarly each w; gives rise to an indecomposable direct summand of 
M of the form 0 — K <— K. 


Let Q be the quiver of Dynkin type A3 with the orientation as in Exer- 
cise 11.8. Explain how Exercises 11.8 and 11.9 classify the indecomposable 
representations of this quiver of type A3. Confirm that the dimension vectors 
of the indecomposable representations are precisely the positive roots for the 
Dynkin diagram A3. 

Consider quivers whose underlying graph is the Dynkin diagram of type A3. 
We have classified the indecomposable representations for the quiver 


if <2. es 


in the previous exercises. Explain how the general results on reflection maps 
uF imply Gabriel’s theorem for the other two possible orientations. 


The following shows that &~ does not take subrepresentations to subrepre- 
sentations in general. Let Q be the quiver of type A3 with labelling 


eg eee, 


Define a representation NV of Q as follows 


span{ fi} <— span{e,, e2} —> span{ fo} 
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11.13. 


11.14. 


11.15. 


and define the maps by N(61)(e1) = f1 and N(B,)(e2) = 0, and moreover 
N(B2)(e1) = O and N(h2)(e2) = fr. 


(a) Show that Cy; = N(1) x N(2) and hence that N~(j) = 0. 
(b) Let U/ be the subrepresentation of V given by 


span{ fi} <—— span{e1 + e2} —> span{ fa}. 


Compute Cz;, and show that U~ (j) is non-zero. 


Let Q be a quiver and j a sink in Q. We denote by a, ..., a; the arrows of 
Q ending in j. Let M be an indecomposable representation of Q. Show that 
the following statements are equivalent. 


(i) We have ae im(M(qj)) = M(j), alternatively the map 
(M (a1), ..., M(q@;)) is surjective. 
(ii) ZF D7 (M) = M. 
(iii) dim; (M) = s;(dimM). 
(iv) M is not isomorphic to the simple representation Sj. 
(v) =F (M) is indecomposable. 


Formulate and verify an analogue of the previous exercise for the case when 
j is a source in a quiver Q’. 
Consider a quiver with underlying graph I a Dynkin diagram of type D,; 
assume that Q has standard labelling as in Example 10.4. Forn = 4 we 
have seen in Exercise 10.14 that (1, 1, 2, 1) is a root of I; a corresponding 
indecomposable representation has been constructed in Lemma 9.5 (but note 
that the labelling in Lemma 9.5 is not the standard labelling). 

Use the stretching method from Chap. 9, and show that a quiver of type 
D, for n > 4 with standard labelling has indecomposable representations 
with dimension vectors 


(a> Rs Ps 6) 
ee ees ee 


a b c 


for any positive integers a,b and any non-negative integer c such that 
a+b+c=n-2. 
In the following exercises, we take the Kronecker quiver Q of the form 


to illustrate the various constructions and proofs in this chapter. 


236 


11.16. 


11.17. 


11.18. 


11.19. 


11.20. 
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Assume M is an indecomposable representation of the Kronecker quiver Q 
which is not simple. Show that then 


(i) ker(M(a1)) M ker(M(a2)) = 0, 
(ii) im(M (a) + im(M (a2)) = M(2). 


(Hint: Apply Exercises 9.9 and 9.10.) 
Assume M is a representation of the Kronecker quiver Q which satisfies 


M (1) =ker(M (@1)) @ ker(M(a2)) and M(2)=im(M(q1)) =im(M (a2)). 


(a) Show that the restriction of M(a,) to ker(M(az2)) is an isomorphism 
from ker(M(a@2)) to M(2) and also the restriction of M(a2) is an 
isomorphism from ker(M(a1)) to M(1). 

(b) Show that M is decomposable as follows. Take a basis {b;,..., b,} of 
M(2) and take vj,..., v; in ker(M(qa2)) such that M(a1)(v;) = bj. 
Choose also w1,..., wy in ker(M(q1)) such that M(a2)(w;) = Dj. 


(i) Show that {v,,..., v;, W1,..., wy} is a basis for M(1). 
(ii) Deduce that M is a direct sum @j_,.N; of r representations, 
where Nj (1) = span{v;, w;} and Nj; (2) = span{b;}. 
(iti) Show that A, is indecomposable, and each N; is isomorphic to N}. 


Assume M is a representation of the Kronecker quiver such that 
dimx M(1) = 4 and dimgx M(2) = 2. Show by applying the previous 
exercises that M is decomposable. 

With the methods of this chapter we can also classify indecomposable 

representations for the Kronecker quiver Q. Note that we must use the 
reflection X~ in the next exercise since vertex | is a source in Q (and vertex 
2 is a source in 01 Q). 
Let Q be the Kronecker quiver as above, and [I its underlying graph, 
the Euclidean diagram of type A\. The reflections s;, 82 and the Coxeter 
transformation Cr were computed in Exercises 10.2 and 10.9. Assume M is 
an indecomposable representation of Q which is not simple. 


(a) Explain briefly why £5 | (M) is either zero, or is an indecomposable 
representation of Q, and if it is non-zero, show that it has dimension 
vector Cr(}) where (a, b) = dimM. 

(b) Show also that &, 2X, (M) = 0 for M not simple precisely when M 
has dimension vector (2, 1). Construct such an M, either directly, or by 
exploiting that L; (M) = Sp. 

The aim is to classify the indecomposable representations M of the Kro- 

necker quiver Q with dimension vector (a, b), where a > b > 0. 


(a) Ifa > b > O, let (7!) = Cr(f). Check that b} < a, < a and that 
aj —bj =a-—b. 


11.4 Finite Representation Type for Dynkin Quivers 237 


11.21. 


11.22. 


11.23. 


(b) Define a sequence (o*) where (e) = ce (5). Thena>aj,>a>... 
and ax > by. Hence there is a largest r > 0 such that a, > b; > 0. 

(c) Let X = UJ X/. Explain why the representation MN = %’(M) 
is indecomposable with dimension vector (") and X(N) is the zero 
representation. 

(d) Deduce that either V = S;, or X(N) = So. Hence deduce that M 
has dimension vector (a,a — 1) with a > 1. Note that this is a root 
of I’. Explain briefly why this gives a classification of indecomposable 
representations of Q with dimension vector of the form (a, a — 1). 


Suppose M is an indecomposable representation of the Kronecker 
quiver Q with dimension vector (a,b), where 0 < a <_ b. Show that 
(a,b) = (a,a-+ 1) and hence is also a root. (Hint: this is analogous to 
Exercise 11.20.) 

Let A be the 4-dimensional algebra 


At FEY. Ys: 


It has basis the cosets of 1, X, Y, XY; we identify 1, X, Y, XY with their 
cosets in A. Let M be a representation of the Kronecker quiver Q as above, 
we construct an A-module V,, with underlying space Vj, = M(1) x M(2). 
We define the action of X and of Y via matrices, written in block form 


-( 0 0 _7 @ °) 
*=\ Mn) 0)’ *~ \M@) 0) 


(a) Check that x? = 0, y* = 0 and that xy = yx, that is, Vay is an A- 
module. 

(b) Assume M is an indecomposable representation, and at least one of 
the M(q;) is surjective. Show that then Vy, is an indecomposable A- 
module. 

(c) Let M and WV be representations of Q and let gy : Vxy > Vay be an 
isomorphism. Assume at least one of the M(q;) is surjective. Show that 
then M is isomorphic to NV. 


Let A be as in Exercise 11.22. Assume that V is an indecomposable A- 
module on which XY acts as zero. Let U := {v € V | Xv = Oand Yu = O}. 
We assume04U ZV. 


(a) Show that U is an A-submodule of V. 
(b) Write V = W @ U for some subspace W of V. Check that X(W) C U 
and Y(W) CU. 
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(c) Fix a basis of V which is a union of bases of W and of U, write the 


action of X and Y as matrices with respect to this basis. Check that 
these matrices have block form 


oe 0 0 = 0 0 
A, O/}’ y A2 0)" 
Define M = (M(1), M(2), M(a1), M(a2)) to be the representation 


of the Kronecker quiver where M(1) = W and M(2) = U, and 
M(a;) = Aj. 


(d) Show that M is an indecomposable representation. 


11.24. Let Q be the quiver of type Da, 


Let A = K Q/I where / is the ideal spanned by {By, ay, dy}. Identify the 
trivial path e; with the coset e; + J, and identify each arrow of Q with its 
coset in A. Then A is an algebra of dimension 9 where the product of any 
two arrows is zero in A. 


(a) 
(b) 


(c) 
(d) 


Explain briefly why A-modules are the same as representations M of Q 
which satisfy the paths in J, so that, for example, M(B) o M(y) = 0. 
Let M be such a representation corresponding to an A-module. 


(i) Show that the kernel of M(y) gives rise to direct summands 
isomorphic to the simple representation Ss. 

(ii) Assume that M(y) is injective. Show that M is the direct sum of 
two representations, where one has dimension vector (0, 0, d, 0, d), 
with d = dimx M(5), and the other is zero at vertex 5. Moreover, 
the direct summand with dimension vector (0,0,d,0,d) is the 
direct sum of d copies of an indecomposable representation with 
dimension vector (0, 0, 1, 0, 1). 


Deduce that A has finite representation type. 
Why does this not contradict Gabriel’s theorem? 


Chapter 12 ® 
Proofs and Background crests 


In this chapter we will give the proofs, and fill in the details, which were postponed 
in Chap. 11. First we will prove the results on reflection maps from Sect. 11.1, 
namely the compatibility of af and uF with direct sums (see Lemmas 11.10 


and 11.17) and the fact that > | xu j ee to the identity map (under certain 
assumptions), see Propositions 11.22 and 11.24. This is done in Sect. 12.1. 

Secondly, in Sect. 11.2 we have shown that every connected quiver whose 
underlying graph is not a Dynkin diagram has infinite representation type. The 
crucial step is to prove this for a quiver whose underlying graph is a Euclidean 
diagram. We have done this in detail in Sect. 11.2 for types An and Dy. In Sect. 12.2 
below we will provide the technically more involved proofs that quivers of types Eo, 
Ez and Es have infinite representation type. 

Finally, we have two sections containing some background and outlook. We give 
a brief account of root systems as they occur in Lie theory, and we show that the 
set of roots, as defined in Chap. 10, is in fact a root system in this sense. Then we 
provide an informal account of Morita equivalence. 


12.1 Proofs on Reflections of Representations 


In this section we give details for the results on the reflection maps X-. Recall that 
we define these when j is a sink or a source in a quiver Q. We use the notation 
as before: If 7 is a sink of Q then we label the arrows ending at j by aj,..., ay 
(see Definition 11.7), and we let aj : i — j for 1 <i < t. As explained in 
Remark 11.13, there may be multiple arrows, and if so then we identify the relevant 
vertices at which they start (rather than introducing more notation). If j is a source of 
Q then we label the arrows starting at vertex j by 61,..., 6; (see Definition 11.14), 
where 6; : j —> i, and we make the same convention as above in the case of multiple 
arrows, see also Remark 11.20. 
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12.1.1 Invariance Under Direct Sums 


The following is Lemma 11.10, which we restate for convenience. 


Lemma (Lemma 11.10). Suppose Q is a quiver with a sink j, and M is a 
representation of Q. Assume M = X ® JY is a direct sum of subrepresentations, 
then SF (M) = D7 (X) ® =F). 


Proof. We use the notation as in Definition 11.7. Recall that for any representation 
Y of Q, the representation aH (V) is defined as follows (see Definition 11.9): we 
have Vt(r) = V(r) for all vertices r 4 j, and V*(j) is the kernel of the linear 
map 


t t 
(Vii)... Va): [T]V@® +VG), Or...) DIV @)w). 


i=l i=1 


Moreover, if y is an arrow not adjacent to j then we set Vt (y) = V(y); finally 
fori = 1,...,¢ the linear map V*(a@;) : V*(j) ~ Vt(@) = VQ) is defined by 
projecting onto the i-th coordinate. We apply this for V = M and for V = ¥ or Jy. 
(1) We show that uy (ve ) and x7 (Y) are subrepresentations of uF (M): 


We prove it for at (4); the proof for =F) i is analogous. For the definition of 
subrepresentation, see Definition 9.6. 

Ifr # j then Xt(r) = X(r) is a subspace of M(r) = M*(r), since X isa 
subrepresentation of M. If y is an arrow of Q not adjacent to j, sayy: r > 8, 
then we claim that X*(y) is the restriction of M+(y) to X*(r) and it maps into 
X*(s): By definition X*(y) = X(y) and, since X is a subrepresentation, it is the 
restriction of M(y) to X(r) and maps into X(s). In addition, M*(y) = M(y) and 
X+(r) = X(r), and Xt(s) = X(s), hence the claim holds. 

Let r = j, and take w € X*(j), then w = (x1,...,x;) with x; € XQ), 
such that yi X (aj)(xj) = 0. Since ¥ is a subrepresentation of M we have 
xj € X(i) C M(), and 


t t 
Yo M@) x) = D5 XO) = 0, 


i=l i=l 


that is, w € M*(j). Moreover, Xt (a@;)(w) = x1 = M*(a@;)(w), that is, Xt (@;) is 
the restriction of M* (a) to X+(j). We have now proved (1). 

(2) We show now that 57 (M) is the direct sum of D7 (4) and =F O), 
that is, verify Definition 9.9. We must show that for each’ vertex r, we have 
M*(r) = Xt+(r) ® Y*(r) as vector spaces. This is clear forr ¢ j, then since 
M = X @ XY, we have 


M*(r) =M(r) = X(r) OY (r) = XT (1) OY). 
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Letr = j. If w € X*({)N Y*(j) then w = (x,...,x%;) = (1,.-., ¥2) With 
x; € X(i) and y; € Y(i) for eachi. So x; = yj € XG) NYC) = O and w = 0. 
Hence X*(j) N YT(j) = 0. 

We are left to show that M*(j) = Xt(j) + Y*(j). Take an element 
(m,...,m;) € M*(j), then m; € M(i) and yy M(aj)(m;) = 0. Since 
M(i) = X(i) BY @) we have m; = xj + yj with x; € X(i) and y; € Y(z). Therefore 


t t t 
0= )° M(ai)(mi) = )~ M(oi)(xi + yi) = )>(M(@) (Xi) + M(H) ()) 


i=1 i=1 i=l 


t t t t 
= D5 Me@)(xi) + Y) M@)Q) = D2 X@)Ov) + DO Yi) Qi). 


i=1 i=1 i=1 i=1 


Now, because ¥ and ¥Y are subrepresentations, we know that = 2 1 X (aj) (x;) lies in 
X (j) and that x Y (a;)(yi) lies in Y(j). We assume that M(j) = X(j) YG), 
so the intersection of X (j) and Y (j) is zero. It follows that both }*;_, X (aj) (x;)=0 
and yg Y(ai)(yi) = 0. This means that (xj,...,x;) © X*(j/) and 
(y1,---, 2) € YT(j) and hence 


(mj, ..., mr) = (11, -- Xe) + 1-H) E XTC) + YT). 


The other inclusion follows from part (1) since X*(j) and Y*(j) are subspaces of 
M*(j). o 


We now give the proof of the analogous result for the reflection map & . This 
is Lemma 11.17, which has several parts. We explained right after Lemma 11.17 
that it only remains to prove part (a) of that lemma, which we also restate here for 
convenience. 


Lemma (Lemma 11.17 (a)). Suppose Q’ is a quiver with a source j, and N is a 
representation of Q'. Assume N = X ®) is a direct sum of subrepresentations, then 
uF (N) is isomorphic to the direct product UF (¥) x uF (Y) of representations. 


Proof. We use the notation as in Definition 11.14. We recall from Definition 11.16 
how the reflection x; (V) is defined for any representation VY of Q’. For 
vertices r ~ j we set V(r) = V(r), and V-(j) is the factor space 
V-G) = (Vd) x... x V(t))/Cy, where Cy is the image of the linear map 


VV) > VG) x... x V@, ve (V(B))),..., V(Br) (v)). 


In this proof, we will take the direct product of the representations uF (¥) and 
zy (VY), see Exercise 9.13. 

We will first construct an isomorphism of vector spaces N~ (j)=X~ (j) x Y- (Jj), 
and then use this to prove the lemma. Throughout, we write n, for an element in 
N(r), and we use that n, = x, + y, for unique elements x, € X(r) and y, € Y(r). 
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(1) We define a linear map w : N- (j) > X~(j) x Y(/). We set 


W((@1,..., M1) + Cy) = (G1, --- Xr) + Cx, (Vs. - +, Yt) + Cy). 


This is well-defined: If (1;,...,;) € Cy then there is ann € N(j) such that 


(m1,.--, M1) = (N(B1)(M), ..., NB) (@)). 


Since V = X ® Y we can writen = x + y andn; = x; + y; with x € X(j) and 
x; € X(i), and y € Y(j) and y; € Y(i). Moreover, for each i we have 


xi t yi = ni = N(Bi)M) = N(BiI)@) + NB) = XB) + YB). 


We get (%1,...,%1) = (X(61)(),...,X(Br)(~)) © Cy and similarly 
(V1, +++) Yr) € Cy. 

The map w is an isomorphism: Suppose w((m,...,m+) + Cyr) = O then 
(x1,-.-,X+) € Cy, that is, it is equal to (X(61)(x),..., X(B;)(x)) for some 
x € X(j), and similarly we have (y1,...,¥:) = (Y(61)0),.--, Y(B)Q)) for 
some y € Y(j/). It follows that 


ni = xi t yi = X(Bi)@) + YBI)O) = NB) + NBO) = NBA +t y) 


and (n1,...,;) = (N(B1) (a), ..., N(B;)(n)) forn = x + y, hence it lies in Cy. 
This shows that w is injective. The map w is clearly surjective, and we have now 
shown that it is an isomorphism. 

(2) We define a homomorphism of representations 
6 := (6): uN) > x; (4) x x; (Y) as follows. Let n € N7(r), and if 
r#jwriten=x-+yforx € X(r), y € Y(r), then 


@yrFj 


0, = : 
©) ee r= ij. 


For each r, the map 6, is a vector space isomorphism; for r 4 j this holds because 
N r= NYT) =X) OYT)=X (OY (7) 


and for r = j it holds by (1). 

We are left to check that the relevant diagrams commute (see Definition 9.4). 
(i) Let y : r — s be an arrow of Q which is not adjacent to 7, then we must show 
that 0,0 N- (vy) = (X (vy), Y (v)) 06. Taken € N(r) = N(r), then 


(0,0 N (y))(n) = (s 0 N(y))(n) = Os(N(y))@ + y) 
= 5(X(Y)(%) + YQ) = (XA), YO) 
= (X(v), Yy))@, y) = (CX (1), YY) 0). 
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(ii) This leaves us to deal with an arrow B; : i > j, hence we must show that we 
have 0;0N™ (Bj) = (X" (Bi), Y (Bj) 06). Letni € N°) = NG@) = XW OY), 
so that nj = x; + yj with x; € X(i) and y; € Y(i). Then 
(6; oN (B;))(ni) = 0;(O,...,0, nj, 0,..., 0) + Cw) 
= v((0,...,0,7;,0,...,0) + Cy) 
= ((0,...,0,x;,0,...,0) + Cx, (0,...,0, ¥,0,...,0) + Cy) 
= (X" (B))(ai), YB Oi) 
= (X~ (Bi), Y (Bi) Gu, yi) 
= ((X" (Bi), ¥~ (Bj) © Oi) (ni), 


as required. oO 


12.1.2 Compositions of Reflections 


In this section we will give the proofs for the results on compositions of the 
reflection maps LF. More precisely, we have stated in Propositions 11.22 and 11.24 
that under certain assumptions on the representations MM and N we have that 
x, m7 (M) = M and ay; (N) = N, respectively. For our purposes the most 
important case is when M and NV are indecomposable (and not isomorphic to 
the simple representation S;), and then the assumptions are always satisfied (see 


Exercise 11.2). The following two propositions are crucial for the proof that > 


and & give mutually inverse bijections as described in Theorem 11.25. 
We start by proving Proposition 11.22, which we restate here. 


Proposition (Proposition 11.22). Assume j is a sink of a quiver Q and let 
a,..., a; be the arrows in Q ending at j. Suppose M is a representation of Q 
such that the linear map 


t 

(M(a1),..., M(az)) : I] M(i) > M(j), (my, ..-, mt) > M(ay)(m)+...+M (az) (mt) 
i=1 

is surjective. Then the representation uF =F (M) is isomorphic to M. 


Proof. We set N = x7 (M) = Mt and N7 = uN), and we want to show that 
N~ is isomorphic to M. 
(1) We claim that Cyv is equal to M*(j). By definition, we have 


Cy = ((N(@1)(y),---, N@)() Ly € NG}. 
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Now, N(j) = M*(j), and an element y € M*(j) is in particular of the form 


t 
y=(m,...,m) €] [ MO. 


i=1 


The map N(q;) is the projection onto the i-th coordinate, therefore 


(N(@1)(y),---, N@)(y)) = Gn, ..., mr) = y. 


This shows that Cy; = M*(j). 
(2) We define a homomorphism of representations gy = (g,) : N~ — M with 
linear maps g, : N~(r) ~ M(r), as follows. 

Ifr # j then N~(r) = N(r) = Mt (r) = M(r) and we take g, to be the identity 
map, which is an isomorphism. Now let r = j, then 


N-(j)= (11 we) (Cn = (1 Me] /M*(j) 


i=1 i=1 


by part (1), and since N(i) = M*(i) = M(i). We define yj; : N-(j) > M(j) by 


t 
gj((m,...,mr) + Cw) =D) M(ai)(mi) € M(j). 


i=l 


Then gj; is well-defined: If (mj,...,m;) € Cy = M*(j) then by defi- 
nition we have ys M(q;)(m;) = 0. Moreover, gj; is injective: indeed, if 
pee M(a;)(m;) = 0 then (m,...,m;) € Mt(j) = Cy. Furthermore, yj is 
surjective, by assumption, and we have shown that 9; is an isomorphism. 

Finally, we check that g is a homomorphism of representations. If y : r > 5 
is an arrow not adjacent to 7 then N-(y) = M(y), and both g, and @, are the 
identity maps, so the relevant square commutes. This leaves us to consider the maps 
corresponding to the arrows a; : i — j. They are the maps in the diagram 


cme SNAG 3 she 
M(i) = N- (ij) —— NFO) 
| |¢ 


M(q) : 
M(i) ——> MQ) 
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Since g; is the identity map of M(i) and the maps N7 (q;) are induced by inclusion 
maps, we have 


(M (aj) og; (mi) = M(aj (mj) = 9) (CO, ...,0, mj, 0,..., )+Cyy) = (YjoN” (@j)) (mj). 


Thus, g : N7 = uy =F (M) — M is an isomorphism of representations, as 
claimed. Oo 


We will now prove the analogous result for the other composition. We also restate 
this proposition for convenience. 


Proposition (Proposition 11.24). Assume j is a source of a quiver Q' and let 
Bi,.--, By be the arrows in Q' starting at j. Suppose N is a representation of Q’ 
such that (1 ker(N(6;)) = 0. Then the representations > uF (N) and N are 
isomorphic. 

Proof. LetM = uF (N), then we want to show that M+ = xy (M) is isomorphic 
toN. , 

(1) We assume that the intersection of the kernels of the N({;) is zero, therefore the 
linear map 


gj: NG) > Cn, yr (NBD), ---s NBO) 


is injective. It is surjective by definition of Cy;, hence it is an isomorphism. 
(2) We claim that M*(j) = Cyr: By definition 


t 
M*(j) = {(n1,..-,m) € N(I) x... x N(t) | J) M(Bi)(ni) = 0}. 


i=1 


Now, M(B;)(n;) = N~(B;)(ni) = O,...,0,;,0,..., 0+Cy € M(j) = N~(j). 
So 


t 
> M(Bi(ni) = (1, ..., 21) + Cw. 


i=1 


This is zero precisely when (n1,...,+) € Cyy. Hence the claim M*(j) = Cy 
holds. 

(3) Now we define a homomorphism of representations g : V > M* by setting 
y, as the identity map on N(r) = M(r) ifr ~ j and 


gj: Ni) > M*()=Cy, jf) = (NBD), ---, N(B)(Y))- 


Each of these linear maps is an isomorphism, and we are left to check that g is a 
homomorphism of representations. 
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If y : r — s is an arrow which is not adjacent to j then g, and @y are identity 
maps, and N(y) = M*(y), and the relevant diagram commutes. 

Now let 6; : 7 —~> i be an arrow, we require that the following diagram 
commutes: 


NB) 
i) ——= N(i) 


o,| |e 


+ . + . = . 
M*) Ta MO = MO 


Recall that M*(£;) is the projection onto the i-th component, and g; is the identity, 
and so we get for any y € N(j) that 


(M* (B:)ogj)(y) = M*(Bi)(N(B1)Q), --- N(Br(Y) = N (BO) = GioN (Bi), 


as required. Thus, g : N > Mt = DPE, (NY) is an isomorphism of 
representations. o 


12.2 All Euclidean Quivers Are of Infinite Representation 
Type 


We have already proved in Sect. 11.2 that quivers with underlying graphs of type 
An and of type Dn, have infinite representation type, over any field K. We will 
now deal with the three missing Euclidean diagrams Es, Ey and Ee. Recall from 
Corollary 11.26 that the orientation of the arrows does not affect the representation 
type. So it suffices in each case to consider a quiver with a fixed chosen orientation 
of the arrows. We take the labelling as in Example 10.4. However, we do not take 
the orientation as in 10.4. Instead, we take the orientation so that the branch vertex 
is the only sink. This will make the notation easier (then we can always take the 
maps to be inclusions). 

As a Strategy, in each case we will first construct a special representation as in 
Lemma 11.29 (see Definition 11.30). This will already imply infinite representation 
type if the underlying field is infinite. This is not yet sufficient for our purposes 
since we prove Gabriel’s theorem for arbitrary fields. Thus we then construct 
representations of arbitrary dimensions over an arbitrary field and show that they 
are indecomposable. The details for the general case are analogous to those in the 
construction of the special representation. 
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12.2.1 Quivers of Type E Have Infinite Representation Type 


Let Q be the quiver of Dynkin type E¢ with the following labelling and orientation: 


3 


1 > 2 »>4<« 5 < 6 


Lemma 12.1. The quiver Q has a special representation M with dimgx M (3) = 2. 


Proof. We define M to be a representation for which all maps are inclusion maps, so 
we do not need to specify names for the arrows. We take M (4) to be a 3-dimensional 
space, and all other M(Z) are subspaces. 


M(4) = spante, f, 8} 

M (1) = span{g} 

M (2) = span{ f, } 

M(3) = span{e + f, f + g} 
M(5) = span{e, f} 

M (6) = span{e}. 


According to the definition of a special representation (see Definition 11.30) we 
must check that any endomorphism of M is a scalar multiple of the identity. Let 
gy : M — M bea homomorphism of representations. Since all maps are inclusion 
maps, it follows that for each i, the map @; is the restriction of g4 to M(i). 

Therefore ga(g) € M(1) and hence ga(g) = cig for some cy € K. 
Similarly g4(e) € M(6) and g4(e) = coe for some co € K. Furthermore, 
ga(f) € M(2)M M(5) = span{ f} and therefore g4(f) = c3 f for some c3 € K. 

We have ga(e + ff) E M(3) so it must be of the form 
ga(e+ f) =a(e+ f)+b(f + g) fora, b € K. On the other hand, by linearity 


gale + f) = vale) + ga(f) = e+ 03f. 


Now, e, f, g are linearly independent, and we can equate coefficients. We get b = 0 
anda = c2 = ¢3. 

Similarly ga(f + g) =a’(e+ f) + 5'(f + 8) witha’, b’ € K, but it is equal to 
c3f + cig. We deduce a’ = O and b’ = c3 = cy. 

Combining the two calculations above we see that c; = cz = c3. But this means 
that g4 = cyidy 4) and hence ¢ is a scalar multiple of the identity. oO 
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We have therefore found a special representation of Q, with M(3) two- 
dimensional. So if we extend the quiver by a new vertex w and a new arrow 
@ — 3 we get the following extended quiver Q, 


Ww << 8 


| 


——_————— ne 


This quiver O has underlying graph a Euclidean diagram of type Eo. By 
Lemma 11.29 we can construct pairwise non-isomorphic indecomposable represen- 
tations M), of O for A € K. In particular, the quiver O has infinite representation 
type if the field K is infinite. 

We will now define representations of arbitrary large dimension, for the above 
quiver O of type Es. Then we will show that these representations are indecompos- 
able. 


Definition 12.2. We fix m € N, and we define a representation V = V,, of 0, 
where V (4) has dimension 3m and all other spaces are subspaces, and all the linear 
maps are inclusions. That is, let 


V@A= span{é},...,€m, fi,--- fins 81>-++s&m} 


and define the other spaces as follows, 


V(1) = span{gi,..., gm} 

V(2) = span{fi,---5 fins 81,--+> 8m} 

V(3) =span{e, + fi,...,€m+ fm, fit 81,---.fm+ 8m} 

V(5) = span{e},...,e@m, fi,---, fin} 

V (6) = span{e1,..., em} 

V(@) = span{e + fi, (e2 + fa) + (Sf + 81), ---s Cm + Sm) + Gm-1 + &m-1)}- 


Remark 12.3. If we look at the restriction of Y,,, to the subquiver Q of type E¢ then 
we see that it is the direct sum of m copies of the special representation defined in 
the proof of Lemma 12.1. The proof that the representation Y,,, is indecomposable 
is thus similar to the proof of Lemma 11.29. 


Lemma 12.4. For every m €N, the representation Vm of a) is indecomposable. 


12.2 All Euclidean Quivers Are of Infinite Representation Type 249 


Proof. To prove that the representation is indecomposable, we use the criterion in 
Lemma 9.11. So we take a homomorphism ¢ : V,, > V,, of representations and 
assume y? = g. Then it suffices to show that g is the zero homomorphism or the 
identity. 

Since all maps in the representation V,, are inclusion maps, any homomorphism 
of representations g : Vi, > Vj» is given by a linear map g4 : V(4) > V(4) such 
that ga(V(j)) CS VJ) for all 7 of 0. We just write g instead of g4, to simplify 
notation. 

We observe that V(S5) 9 V(w) = span{e; + fi}. Since V(5) and V(q@) are 
invariant under ¢, it follows that e; + f| is an eigenvector of g. Moreover, since 
y* = by assumption, the corresponding eigenvalue is 0 or 1. We may assume that 
y(e; + fi) = O since otherwise we can replace the representation y by idy, — ¢. 
This gives by linearity that g(e1) = —@(/1) and this lies in V(6) MN V(2), which is 
zero, so that 


g(e1) =0= (fi). 


Consider now ¢(g}), this lies in V(1), and we also have 


(91) = o(fi) + O(g1) = o(fi + 81) € VQ). 


But V1) N VG) = _ 0, therefore g(g;) = 0. In total we know that 
g(e1) = 9(fi) = v(g1) = 9. 

To prove that g is the zero map, we show by induction that 
per) = O( fk) = 9(gx) = Oforalll <k <m. 

The case k = 1 has been shown above. For the inductive step we have by linearity 
of g that 


pecs) + O( fet) = (enti + fet) 


= pers + Seti) + eCfk) + (gx) (by the induction hypothesis) 


= p(t + Sk+1) + Sk + 8k))- 
Since ¢ preserves the spaces spanned by the e; and the fj, this element now belongs 
to V(5)NV(@) = span{e;+ fi}. Hence g(ex4.1+ fe+1) = A(ei+ fi) for some scalar 
i. € K. Now using our assumption g” = ¢ and that g(e;4+ f1) = v(e1)+ (fi) = 0 


by induction hypothesis, it follows that g(ex41 + fx+1) = 0. From this we deduce 
by linearity that 


(enti) = —9(fr+1) € V(6)N V(2) = 0. 


Furthermore, we can then deduce that 


O(eK+i) = OC fet) + O(ee+1) = OCfet1 + Be41) © VON VG) =0. 
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We have shown that g(ex41) = @(fe+i1) = 9(gr+1) = 0. This completes the 
inductive step. 

So we have proved that g is the zero homomorphism and hence that the 
representation V,, is indecomposable. Oo 


Since they have different dimensions, the representations V,, for different m are 
pairwise non-isomorphic, and hence the quiver O has infinite representation type, 
over any field K. By the arguments at the beginning of this section, this also shows 
that every quiver with underlying graph of type E 6 has infinite representation type, 
over any field K. 


12.2.2 Quivers of Type E; Have Infinite Representation Type 


Let Q be the quiver of Dynkin type £7 with the following labelling and orientation: 


3 


| 


ee —— 


Lemma 12.5. The quiver Q has a special representation M with dimx M(1) = 2. 


Proof. We define a representation M of this quiver for which all maps are inclusion 
maps, so we do not specify names for the arrows. We take M(4) to be a 4- 
dimensional space, and all other spaces are subspaces. 

M(A) = span{e, f, g, h} 

M(1) = span{ f — g,e +h} 

M(2) =span{fe+ fre+g,e+h} 

M (3) = span{g, h} 

M(5) = spante, f, g} 

M (6) = span{e, f} 

M(7) = spanf{e}. 

Note that indeed for each arrow in Q the space corresponding to the starting 


vertex is a subspace of the space corresponding to the end vertex. The only arrow 
for which this is not immediate is | —~> 2, and here we have M(1) C M(2) since 


f-g=(et+f)—(Cr+g). 
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According to Definition 11.30 we have to show that every endomorphism of 
M is a scalar multiple of the identity. So let gp : M — M be a homomorphism 
of representations. Then since all maps for M are inclusions it follows that 
gi : M(i) > M() is the restriction of g4 to M(i), for eachi = 1,...,7. 

First, ga(e) € M(7) and hence ga(e) = cye for some cy € K. Next 
ga(g) € M(5) 1 M(3), which is spanned by g, so g4(g) = cog for some c2 € K. 

Furthermore, g4(e+ f) € M(6)OM(2) = span{e+ f}, so ga(e+ f) = c3(e+ f) 
for some c3 € K. Similarly we get ga(f — g) € M(5) 1 M(1) = span{ f — g} and 
hence g4(f — ag) a ca(f — g) with cq € K. Finally, 
ya(g — h) € M(2) MG) = span{g — hj and thus g4(g — h) = cs(g — h) 
for some cs € K. 

Now consider g4(f). Using linearity we have two expressions 


ya(f) = gale + f) — gale) = c3(e + f) — cle 
ya(f) = va(f — g) + ga(g) = ca(f — g) +028. 


Since e, f, g are linearly independent, we can equate coefficients and get 
C3 - Cc) = 0, C3 = C4 and ct -— c= 0. Thus, we have qj=2a=— %3 = C4. 
This already implies that the basis elements e, g, f are mapped by ¢4 to the same 
scalar multiple of themselves. 

It remains to deal with the fourth basis element h. We observe that 


gale +h) € M(1) 9 (M(7) + M(3)) = span{e + h}, 


so ga(e + h) = c6o(e + h) with ce € K. Again using linearity this gives us two 
expressions for g4(h), namely 


path) = —pa(g —h) + ga(g) = (C2 — €5)g + e5h 
path) = gale +h) — gale) = (co — c1)e + coh. 
By equating coefficients we obtain ce — cy = 0, cz — c5 = 0 and cs = cg. But this 


means that h is mapped by ¢ 4 to the same scalar multiple of itself as e, f, g. Hence 
the homomorphism g : M — M isa scalar multiple of the identity, as claimed. 0 


We now have a special representation M of the quiver Q with M(1) two- 
dimensional. So if we extend the quiver by a new vertex w and a new arrow w —> 1 
then we obtain the quiver Q as shown below, 
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The underlying graph of 0 is a Euclidean diagram of type Ey. By Lemma 11.29, 
the quiver O has infinite representation type if the field K is infinite. 

We will now show that Q has infinite representation type, for arbitrary fields. We 
construct representations of arbitrary dimension and show that they are indecom- 
posable. Recall from Corollary 11.26 that then every quiver with underlying graph 
Ey has infinite representation type. 


Definition 12.6. Fix an integer m € N and define a representation V = Vi, of 
Q where all maps are inclusions, and all spaces V(i) are subspaces of the 4m- 
dimensional K -vector space 


V (4) = span{e;, fi, gi,hi | 1 <i < m}. 


The subspaces assigned to the other vertices of O are defined as follows: 


V(@) = span{ fi — g1, (fi — gi) + (4i-1 + Ai-1) | 2 <i < m} 

Vd) = span{ fi — gi,e; thi | 1<i <m} 

V(2) = span{e; + fi,ei + gi,e; thi | 1 <i <m}j 

V (3) = span{g;, 4; | 1 <i < m} 

V(S5) = span{e;, fi, gi | 1 <i < m} 

V(6) = span{e;, f; | 1 <i < m} 

V(7) = span{e; | 1 <i < m}. 
Lemma 12.7. For every m € N, the representation Vy» of the quiver 0 is 
indecomposable. 


Proof. We write briefly YV = V,,. To prove that V is indecomposable, we use 
Lemma 9.11. So let gy : V — V be a homomorphism with yg? = g. Then we 
have to show that ¢ is zero or the identity. 

Since all maps in Y are inclusions, the morphism ¢ is given by a single linear 
map, which we also denote by g, on V(4) such that all subspaces V(i), where 
i € {1,..., 7, @}, are invariant under ¢ (see Definition 9.4). 

First we note that V(w) N V(5) = span{ fi — gi}. Therefore f; — g; must be an 
eigenvector of g. Again, we may assume that y(f; — g1) = 0 (since g* = ¢ the 
eigenvalue is 0 or 1, and if necessary we may replace g by idy — ). Then 


e(fi) = (a1) € VO)N VG) =0. 
From this we can deduce that 
pei) = o(e1) + O(f) = Ger + fi) Ee VON V2) =0 


and similarly that g(h1) = g(e; +1) € V3)NVC) =0. 
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Then we prove by induction on k that if g(ex) = o( fe) = (ge) = G(hk) = 0 


and k < m then also g(ex41) = 9(fe+1) = O(8k+1) = GCAK+1) = 9. 
By the inductive hypothesis and by linearity we have 


P(fk+1 — Sk+1) = OC Seti — Skt1 + ek + he) € V(5)O V@) = span{ fi — gi}. 
Thus, there exists a scalar 4 € K such that p(fx+1 — ge41) = M(fi — gi). Since 


gy? = g and 9(f,) = 0 = ¢(g1) we conclude that o( fx41 — gx41) = 0. But then 
we have 


P(fk+1) = O(gk+1) € V(6)N V(3) = 0. 
Now we proceed as above, that is, we have 
p(eK+1) = G(CR+1) + Ofer) = Olek + fet) E VO) NV(2) =0 
and then also 
O(hk+1) = lene + hes) € VB)N VC) =0. 


It follows that g = 0 and then Lemma 9.11 implies that the representation V = V,, 
is indecomposable. Oo 


12.2.3 Quivers of Type Es Have Infinite Representation Type 


Now we consider the quiver Q of type Eg with labelling and orientation as follows: 


3 


| 


(—— + 9. 4 2 7 


Lemma 12.8. The quiver Q has a special representation M with dimx M(8) = 2. 


Proof. We define a representation M of this quiver for which all maps are inclusion 
maps, so we do not specify names of the arrows. We take M (4) to be a 6-dimensional 
space, and all other spaces are subspaces. 

M (A) = span{e, f, g,h, k,l} 

M (1) = span{e, 1} 

M(2) = spante, f, 8,1} 
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M(3)=spanfh+le+gt+k,e+f +h} 
M(5) = span{e, f, g,h, k} 

M(6) = span{ f, g, h, k} 

M(7) = span{g, h, k} 

M(8) = span{h, k}. 


According to Definition 11.30 we have to show that every endomorphism of M 
is a scalar multiple of the identity. So let g : MA — M be a homomorphism of 
representations. Then as before each linear map g; : M(i) — M(i) is the restriction 
of g4 to M(i). We again use that each subspace M(i) is invariant under gq to get 
restrictions for gq. 

First, ga(g) = cig for some cy € K since ga(g) € M(2)M M(7) = span{g}. 
Similarly, g4(e) € M(1) NM M(5) = span{e}, so ga(e) = cre for some cz € K. 
Moreover, we have g4(k) € M(8), thus ga(k) = ck + zh for c,z € K. With this, 
we have by linearity 


ga(tet+g+k)=coe+cigt+ (ck + zh). 


But this must lie in M(3). Since / and f do not occur in the above expression, it 
follows from the definition of M (3) that g4(e + g + k) must be a scalar multiple of 
e+g+k and hence z = 0 andc, = cz = c. In particular, g4(k) = ck. 

We may write ga(l) = ue + vl with u,v € K since it is in M(1), and 
ga(h) = rh+sk withr,s € K since it is in M(8). We have ga(h + 1) € M(3). In 
ga(h) + ga(J), basis vectors g and f do not occur, and it follows that ga(h + 1) is a 
scalar multiple of h + 7. Hence 


ga(l) = vl, ga(h) = rh, andv=r. 


We can write g4(f)=af +bg witha, b € K since itis in M(2) 1 M(6)=span{ f, g}. 
Now we have by linearity that 


gale + f th) =coe+ (af +bg) +rh € M(3). 


Since the basis vectors / and k do not occur in this expression, it follows that 
ga(e + f +h) is a scalar multiple of e+ f +h. Sob = O anda = cp =r; in 
particular, we have g4(f) = af. 

In total we have now seen that c = cy) = cp =a =r = v, So all six basis vectors 
of M(4) are mapped to the same scalar multiple of themselves. This proves that g4 
is a scalar multiple of the identity, and then so is g. Oo 
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We extend now the quiver Q by a new vertex w and a new arrow w —> 8. Hence 
we consider the following quiver Q whose underlying graph is a Euclidean diagram 
of type Eg: 


3 


| 


1 ——~ 2 ——> 4 —— 5 «<—— 6 «+——_7 «+ 8 +——_ 


The result in Lemma 12.8 together with Lemma 11.29 already yields that a) has 
infinite representation type over every infinite field K. But since we prove Gabriel’s 
theorem for arbitrary fields, we need to show that a) has infinite representation 
type over any field K. To this end we now define representations of arbitrary 
large dimensions and afterwards show that they are indeed indecomposable. The 
construction is inspired by the special representation of Q just considered; in fact, 
the restriction to the subquiver Q is a direct sum of copies of the above special 
representation. 


Definition 12.9. Fix an integer m € N. We will define a representation V = Vy of 
the above quiver Q where all maps are inclusions, and all spaces V (i) are subspaces 
of V (4), a 6m-dimensional vector space over K. We give the bases of the spaces. 

V(4) = span{e;, fi, gihi, kisi | 1 <i <m) 

V(1) = spanfe;, 7; | 1 <i < m} 

V(2) = span{e;, fi, gi,fi | 1 <i <m} 

V(3) = span{h; +h, ep +eitkh.e; + fithi|l1<is<m} 

V(S) = span{e;, fi, gi, hi, ki | 1 <i < m} 

V (6) = span{ fi, 81, Mi, ki | 1 <i < m} 

V(7) = span{gi, hi, ki | 1 <i < m} 

V (8) = span{h;, kj | 1 <i < m} 

V(@) = span{h,, ho + ky, h3 +ko,..., hm + km_1}. 
Lemma 12.10. For every m € N, the representation Vy», of the quiver O is 
indecomposable. 


Proof. We briefly write V := Y,,. To show that V is indecomposable we use the 
criterion in Lemma 9.11, that is, we show that the only endomorphisms g : V > V 
of representations satisfying y? = g are zero and the identity. 

As before, since all maps are given by inclusions, any endomorphism g on V 
is given by a linear map V(4) — V(4), which we also denote by g, such that 
g(V(i)) € VG@) for all vertices i of 0. 
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The space V (4) is the direct sum of six subspaces, each of dimension m, spanned 
by the basis vectors with the same letter. We write E for the span of the set 
{e1,..-,@m}, and similarly we define subspaces F, G, H, K and L. 

(1) We show that g leaves each of these six subspaces of V (4) invariant: 

(i) We have g(e;) € VU) N V(5) = E. Similarly, g(g;) € V7) V(2) = G. 

(ii) We show now that g(h;) is in H and that g(/;) is in L: To do so, we compute 
g(hi +1) = g(hi) + (i). First, g(h;) is in V(8), whichis H @ K. Moreover, (J; ) 
is in V(1), that is, in E @ L. Therefore y(h; + /;) isin H ® K @ E @ L. Secondly, 
since h; + 1; € V(3), its image g(h; + J;) is also in V(3). If expressed in terms of 
the basis of V(3), there cannot be any e; + gj + kj; occuring since this involves a 
non-zero element in G. Similarly no basis vector e; + f; + h; can occur. It follows 
that g(h; + 1;) is in H © L. This implies that g(h;) cannot involve any non-zero 
element in K, so it must lie in H. Similarly g(/;) must lie in L. 

In the following steps, the strategy is similar to that in (ii). 

(iii) We show that g(k;) is in K. To prove this, we compute 


ple: + gi + ki) = 9G + gi) + v(Ki). 


We know ¢(e;+9;) € E®G and g(k;) € V(8) = H@K and therefore y(e;+g8;+k;) 
lies in E © G @ A @ K. On the other hand, g(e; + g; + kj) lies in V (3). It cannot 
involve a basis element in which some lj occurs, or some f;, and it follows that it 
must be in the span of the elements of the form e; + g; + k;. Therefore it follows 
that p(k;) € K. 

(iv) We claim that g(f;) is in F. It lies in V(6) M V(2), so it is in F @ G. We 
compute g(e; + fj + hi) = gle; + hi) + oC fj). By parts (1) and (ii), we know 
y(e; + h;) isin E @ H and therefore g(e; +h))+ ¢(fi) isn E@GHOF@G.On 
the other hand, it lies in V(3) and since it cannot involve a basis vector with a k; or 
1; we deduce that it must be in E © F © H. Therefore g( f;) cannot involve any g; 
and hence it belongs of F. 

(2) Consider g(h1). It belongs to H and also to V(@), so it is a scalar multiple of 1, 
that is, h; is an eigenvector of gy. Since y* = ¢, the eigenvalue is 0 or |. As before, 
we may assume that y(h;) = 0, otherwise we replace ¢ by idy 4) — ¢@. 

(3) We show that g(/;) = 0 = g(e1) = g(f1) and g(g1) = g(k1) = 0. First we 
have g(h; +1) = (41) + 9) = o(h) € LN V(3) = O. Next, we have 


glei t+ fit+hi) = vei + fi) + (hi) = ger + fi) € (E ® F)N V(3) = 0, 
hence g(e;) = —g(fi) € EN F = 0. Similarly 
pler+git+hki) = g(e1) + o(g1 +k) = 9(g1 + ki) € (GS K)N V3) =0 


and furthermore g(g1) = —g(k1) € GN K =0. 
By (2) and (3) we have that all basis vectors with index | are mapped to zero 


by ¢. 
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(4) Now one proves by induction on r that if g maps each of h,, 1-, e-, fr, gy and 
k, to zero, and if r < m then it also maps all basis vectors hy+41, Jp+1, @r41, fr+i, 
8r+1 and k,+1 to zero. The arguments are the same as in step (3), and similar to 
those in the proofs for E¢ and £7, so we will omit the details. 

Combining (2), (3) and (4) shows that g = 0. We have therefore proved that V,, 
is indecomposable. Oo 


Since they have different dimensions, the indecomposable representations in 
Lemma 12.10 are pairwise non-isomorphic. This shows that the quiver O has infinite 
representation type over any field K. In Corollary 11.26 we have seen that the 
representation type is independent of the orientation of the arrows, as long as the 
underlying graph is a tree, as is the case here. Therefore we have proved that every 
quiver with underlying graph Es has infinite representation type, over any field K. 


12.3 Root Systems 


Root systems were first discovered in Lie algebras, as collections of eigenvec- 
tors of certain diagonalizable linear maps; they form a key tool in the famous 
Cartan—Killing classification of simple Lie algebras over the complex numbers. 
Subsequently, root systems have been found in many other contexts, and it is 
therefore convenient to use an axiomatic definition. 

We will only give a brief account of root systems here; for more details we refer 
to the book by Erdmann and Wildon in this series.! 

Let E be a finite-dimensional real vector space with an inner product (—, —). 
Given a non-zero vector v € E, let s, be the reflection in the hyperplane 
perpendicular to v. It is given by the formula 


2(x, v) 
(v, v) 


Sy(x) =x — 


v foreveryx € E. 


2(x,v) 
(v,v) * 


Definition 12.11. A subset R of E is a root system if it satisfies the following: 


(R1) R is finite, it spans E and0O ¢ R. 

(R2) Ifq@ € R, the only scalar multiples of w in R are +a. 

(R3) Ifq@ € R then the reflection sy permutes the elements of R. 
(R4) Ifa, B € R then (8, a) € Z. 


Then s,(v) = —v, and if (y, v) = 0 then s,(y) = y. Write (x, v) := 


The elements of the root system R are called roots. 


'K. Erdmann, M.J. Wildon, Introduction to Lie algebras. Springer Undergraduate Mathematics 
Series. Springer-Verlag London, Ltd., London, 2006. x+251 pp. 
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Remark 12.12. Condition (R4) is closely related to the possible angles between two 
roots. Ifa, B € R and @ is the angle between @ and 6 then 


_, (a, B)” 
(a, B) . (B, a) = PB 


and this is an integer by (R4). So there are only finitely many possibilities for the 
numbers (6, @). 


= 4cos?(9) < 4 


Definition 12.13. Let R be a root system in E. A base of R is a subset B of R such 
that 


(i) B is a vector space basis of E. 
(ii) Every 6B € R can be written as 


B= 0 kat 


acB 


with ky, € Z and where all non-zero coefficients ky have the same sign. 


One can show that every root system has a base. With this, R = Rt U R7, where 
R™ is the set of all 8 where the signs are positive, and R~ is the set of all 8 where 
signs are negative. Call R* the set of ‘positive roots’ , and R~ the set of ‘negative 
roots’. 

We fix a base B = {a1,..., @,} of the root system R. Note that the cardinality n 
of B is the vector space dimension of E. The Cartan matrix of R is the (integral) 
matrix with (i, j)-entry (aj, @;). 

Root systems are classified by their Cartan matrices. We consider root systems 
whose Cartan matrices are symmetric, known as ‘simply laced’ root systems. One 
can show that for these root systems, if i # j then (a;, @;) is equal to 0 or to —1. 


Definition 12.14. Let R be a simply laced root system and let B = {a1,..., @,} be 
a base of R. The Dynkin diagram of R is the graph Ir, with vertices {1,2,..., 7}, 
and there is an edge between vertices i and j if (a;,a;) #0. 


The classification of root systems via Dynkin diagrams then takes the following 
form. Recall that the Dynkin diagrams of type A, D, E were given in Fig. 10.1. 


Theorem 12.15. The Dynkin diagrams for simply laced root systems are the unions 
of Dynkin diagrams of type Ay (forn = 1), Dn (forn => 4) and Ee, Ez and Ex. 


Now we relate this to quivers. Let Q be a connected quiver without oriented 
cycles, with underlying graph I’. We have defined the symmetric bilinear form 
(—,—)r on Z” x 2", see Definition 10.2. With the same Gram matrix we get a 
symmetric bilinear form on R” x R”. 

Let I be a union of Dynkin diagrams. Then the quadratic form gr corresponding 
to the above symmetric bilinear form is positive definite; in fact, Proposition 10.10 
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shows this for a single Dynkin diagram, and the general case can be deduced from 
the formula (11.1) in the proof of Lemma 11.41. 

Hence, (—, —)r is an inner product. So we consider the vector space E = R” 
with the inner product (—, —)r, where n is the number of vertices of I’. 


Proposition 12.16. Let Q be a quiver whose underlying graph T is a union of 
Dynkin diagrams of type A, D, or E. Let qr be the quadratic form associated to 
T, and let Ap = {x € Z" | qr(x) = 1} be the set of roots, as in Definition 10.6. 
Then Ar is a root system in E = R", as in Definition 12.11. It has a base (as in 
Definition 12.13) consisting of the unit vectors of Z". The associated Cartan matrix 
is the Gram matrix of (—, —)r. 


Proof. (R1) We have seen that Ar is finite (see Proposition 10.12 and 
Remark 11.42). Since the unit vectors are roots (see Exercise 10.3), the set Ar spans 
E = R". From the definition of gr (see Definition 10.6) we see that gr (0) = 0, that 
is, the zero vector is not in Ap. 

(R2) Let x € Ap and € R such that Ax € Ap. Then we have gr(Ax) = Mar (x). 
They are both equal to 1 if and only if A = +1. 

(R3) We have proved in Lemma 10.9 that a reflection s; permutes the elements of Ar 
but a similar computation shows that for any y € Ar we have gr(sy(x)) = gr (x): 
Since y € Ar we have (y, y)r = 2gr(y) = 2; then 


2 ’ 
Sy(X) =x — 2, Yr v=x-—(x,y)r y foreveryx € E. 


(y, yr 


It follows that 


(sy(x), sy(@))r = (&@- @ yr y,x—- (yr y)r 
= (x,x)p — 2x, )R+, WFO, Yr 


= (x, x)r. 


Thus, gr(sy(x)) = 5(sy(x), sy(x))r = 4(x,x)r = gr(x) and hence sy permutes 
the elements in Ar. 

(R4) We have for x, y € Ap that (y, y) =2qp(y) = 2 and hence (x, y) =(x, y)r €Z. 

This proves that Arp satisfies the axioms of a root system. 

We now show that the unit vectors form a base of the root system Arp (in the sense 
of Definition 12.13): the unit vectors clearly form a vector space basis of E = R”; 
moreover, they satisfy the property (11) as in Definition 12.13, as we have seen in 
Lemma 10.13. 

As noted, for unit vectors €;, €; we have that (¢;, ¢;) is equal to (¢;, €;)r; this says 
that the Cartan matrix of the root system Ar is the same as the Gram matrix in 
Definition 10.2. Oo 
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A precise definition of Morita equivalence needs the setting of categories and 
functors (and it can be found in more advanced texts). Here, we will give an informal 
account, for finite-dimensional algebras over a field K, and we give some examples 
as illustrations. Roughly speaking, two algebras A and B over the same field K are 
Morita equivalent ‘if they have the same representation theory’. That is, there should 
be a canonical correspondence between finite-dimensional A-modules and finite- 
dimensional B-modules, say M — F(M), and between module homomorphisms: 
If M and N are A-modules and f : M — N is an A-module homomorphism then 
F(f) is a B-module homomorphism F(M) — F(N), such that 


(i) it preserves (finite) direct sums, and takes indecomposable A-modules to 
indecomposable B-modules, and simple A-modules to simple B-modules, 
(ii) every B-module is isomorphic to F(M) for some A-module M, where M is 
unique up to isomorphism, 
(iii) the correspondence between homomorphisms gives a vector space isomor- 
phism 


Hom,(M, N)) = Homg(F(M), F(N)) 


for arbitrary A-modules M, N. 


Clearly, isomorphic algebras are Morita equivalent. But there are many non- 
isomorphic algebras which are Morita equivalent, and we will illustrate this by 
considering some examples which appeared in this book. 


Example 12.17. 


(1) Let A = M,,(K), the algebra of n x n-matrices over the field K. This is 
a semisimple algebra, hence every A-module is a direct sum of simple A- 
modules. Moreover, up to isomorphism there is only one simple A-module, 
namely the natural module K”. Precisely the same properties hold for K- 
modules, that is, K-vector spaces; every K-module is a direct sum of the only 
simple K-module, which is K itself. So one might ask whether A is Morita 
equivalent to the K-algebra K. This is indeed the case. 

Consider the matrix unite = EF; € A. This is an idempotent, and the algebra 
eAe is one-dimensional, spanned by £11; in particular, eAe is isomorphic to K. 
If M is an A-module, one can take 


F(M) := eM, 
which is an eAe-module, by restricting the given action. If f : M — N isan 


A-module homomorphism then F'(f) is the restriction of f to eM, and this is 
a homomorphism of eAe-modules eM —> eN. 
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If M is an A-module and M = U @ V is a direct sum of A-submodules U 
and V then one checks that eM = eU @ eV, a direct sum of eAe-submodules. 
Inductively, one can also see that F preserves arbitrary finite direct sums. If M 
is indecomposable, then, since A is semisimple, M is simple, and isomorphic 
to the natural module K”. We have e(K”) = {(x,0,...,0)' | x € K} so this 
is 1-dimensional and is indecomposable as a K-module. Hence property (i) is 
satisfied. 

One can see that (ii) holds: since an eAe-module is a vector space, and if it 
has dimension d then it is isomorphic to eM where M is the direct sum of d 
copies of the natural module K” of A. Moreover, since every finite-dimensional 
A-module is a direct sum of copies of K”, we see that such M is unique up to 
isomorphism. 

Similarly one can see that (iii) holds. 

With a precise definition one can show that Morita equivalence is an 
equivalence relation, and therefore any two matrix algebras M,,(K) and M,,(K) 
over a fixed field are Morita equivalent. 

This example also shows that dimensions of simple modules are not 
preserved by a Morita equivalence. In fact, it is an advantage for calculations to 
have smaller simple modules. 

(2) If A = M,(D) where D is a division algebra over K then similarly A is 
Morita equivalent to D, with the same correspondence as in (1). But note that if 
D ¢ K, then K and D are not Morita equivalent. The simple K-module has an 
endomorphism algebra which is 1-dimensional over K but the endomorphism 
algebra of the simple D-module, that is of D, is not 1-dimensional over K; so 
condition (iii) fails. 

(3) Consider a finite-dimensional semisimple algebra. If A = M,(K) x M,(K), 
then one can take F(M) = eM where e¢ is the idempotent 


e=e, +e, e} = (Fj1,0) and e2 = (0, £1). 


Then e Ae is Morita equivalent to A. Again, A is semisimple, so indecomposable 
modules are the same as simple modules. We can see that F' gives a bijection 
between simple modules: The algebra A has simple modules S; := K" x 0 and 
S) := 0 x K” (up to isomorphism), and eAe is isomorphic to K x K and the 
simple modules are K x 0 = F(S;) andO x K = F(S2). This generalizes to 
the product of finitely many matrix algebras, and also where the factors are of 
the form as in (2). 


Example (3) is a special case of a more general fact. Namely, if A and B are 
Morita equivalent and C and D are Morita equivalent, then A x C and B x D are 
Morita equivalent. By Lemma 3.30, an indecomposable module of a direct product 
is an indecomposable module for one of the factors, and the other factor acts as zero. 
Using this, the two given Morita equivalences can be used to construct one between 
the direct products. 
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Given any K-algebra A, we describe a method for constructing algebras Morita 
equivalent to A (without proofs). Assume that A has n simple modules S),..., Sy 
(up to isomorphism). Suppose e is an idempotent of A such that the modules eS; are 
all non-zero. Then one can show that eAe is Morita equivalent to A. (It is easy to 
check that eS; is a simple module for e Ae.) 

A special case of this method is used to construct an algebra which is Morita 
equivalent to A and is called a basic algebra of A. Namely, start with the algebra 
A := A/J(A). This is semisimple, see Theorem 4.23, so it is isomorphic to a 
product of finitely many matrix algebras. Take an idempotent ¢ of A as we have 
described in Example 12.17(3). Then Ae is a direct product of finitely many 
division algebras D;, and the modules for ¢Aé are then as vector spaces also equal 
to the D;. One can show that there is an idempotent e of A such that e + J(A) = «, 
and that the idempotent e produces such a basic algebra of A. Note that then the 
simple eAe-modules are the same as the simple ¢ Ae-modules. 

In the case when A is a direct product M,,(K) x ... x Mn, (K), then we have 
that all simple eAe-modules are 1-dimensional. This is the nicest setting, and it has 
inspired the following definition: 


Definition 12.18. A finite-dimensional K -algebra B is said to be basic if all simple 
B-modules are |-dimensional. Equivalently, the factor algebra B/J(B) (which is 
semisimple) is isomorphic to a direct product of copies of K. 


These conditions are equivalent, recall that by Theorem 4.23 the simple B- 
modules are the same as the simple B/J(B)-modules. Since B/J(B) is semisimple, 
it is a direct product of matrix algebras over K, and the simple modules are 1- 
dimensional if and only if all blocks have size 1 and are just K. 


Example 12.19. 


(1) Let A be the product of matrix algebras over division algebras. Then the basic 
algebra of A is basic in the above sense if and only if all the division algebras 
are equal to K. 

(2) Let A = K Q where Q is any quiver without oriented cycles. Then A is basic, 
see Theorem 3.26. 


To summarize, a basic algebra of an algebra is Morita equivalent to A, and in the 
nicest setting it has all simple modules 1-dimensional. There is a theorem of Gabriel 
which gives a completely general description of such algebras. This theorem might 
also give another reason why quivers play an important role. 

Recall that if Q is a quiver then K Q=' is the span of all paths of length > t. We 
call an ideal J in a path algebra K Q admissible if K Q=” C I C K Q=* for some 
m > 2. 


Theorem 12.20 (Gabriel). Assume A is a finite-dimensional K -algebra which is 
basic. Then A = K Q/I, where Q is a quiver, and I is an admissible ideal of K Q. 
Moreover, the quiver Q is unique. 
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The condition that J contains all paths of length > m for some m makes sure 
that K Q/T is finite-dimensional, and one can show that Q is unique by using that 
T is contained in the span of paths of length > 2. The ideal / in this theorem is not 
unique. 


Example 12.21. 


(1) Let A = K[X]/(X’) for r > 1. We have seen that K [X] is isomorphic to the 
path algebra K Q where Q is the quiver with one vertex and a loop a, hence A 
is isomorphic to K Q/I where I = (a’) is the ideal generated by a”. Moreover, 
A is basic, see Proposition 3.23. 

(2) Let A = KG where G is the symmetric group $3, with elements r = (1 2 3) 
and s = (1 2). 


(i) Assume that K has characteristic 3. Then by Example 8.20 we know that 
the simple A-modules are 1-dimensional. They are the trivial module and 
the sign module. Therefore A is basic. 

(ii) Now assume that K = C, then we have seen in Example 6.7 that the 
simple A-modules have dimensions 1, 1,2 and hence A is not basic. In 
Exercise 6.4 we obtained the Artin-Wedderburn decomposition of CS3, 
with orthogonal idempotents e,, e_, f and |. We can take as isomorphism 
classes of simple A-modules Ae; and Ae_ (the trivial and the sign 
representation) and in addition Af. So we can write down the basic algebra 
eAe of A by taking e =e, +e_+ f. 


Example 12.22. As before, let A = KG be the group algebra for the symmetric 
group G = $3 and assume that K has characteristic 3. We describe the quiver 
Q and a factor algebra K Q/J isomorphic to A. Note that the group algebra K (s) 
of the subgroup of order 2 is a subalgebra, and it is semisimple (by Maschke’s 
theorem). It has two orthogonal idempotents ¢;, €2 with 14 = ¢; + €2. Namely, take 
€; = —1—s and ée2 = —1+ s (use that —2 = | in K). These are also idempotents 
of A, still orthogonal. Then one checks that A as a left A-module is the direct sum 
A = Ag, @® Aéo. For the following, we leave the checking of the details as an 
exercise. 

For i = 1, 2 the vector space Ag; has a basis of the form {¢;, ré;, rej}. We can 
write Ae; = e€;Ae, © €2Ae, as vector spaces, and Aéy = &2Ae2 ® £1 Aé2. One 
checks that fori = 1,2 the space ¢; Ae; has basis {e;, (1 + r + r’)ej}. Moreover, 
€2 Ag, is 1-dimensional and spanned by é2ré1, and €) Aé2 also is 1-dimensional and 
spanned by €;ré2. Furthermore, one checks that 


(i) (eyre2)(eare1) = 1 +r +r*)e, and (eore})(e1ré2) = 1 4+r+r)er 
Gi) (e;re;)(ejre;)(eire;) = 0 for {i, 7} = {1, 2}. 


We take the quiver Q defined as 


—s 
a 
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Note that the path algebra K Q is infinite-dimensional since Q has oriented cycles. 
Then we have a surjective algebra homomorphism y : K Q — A where we let 


wei))=e, Wa) =e2re1, (PB) = e1re2 


and extend this to linear combinations of paths in K Q. Let I be the kernel of w. One 
shows, using (i) and (ii) above, that J = (aBa, Baf), the ideal generated by aba 
and Baf. Hence J is an admissible ideal of K Q, and K Q/I is isomorphic to A. 


Appendix A 
Induced Modules for Group Algebras 


In this appendix we provide the details of the construction of induced modules 
for group algebras of finite groups, as used in Sect. 8.2 for determining the 
representation type of group algebras. Readers familiar with tensor products over 
algebras can entirely skip this appendix. When defining induced modules we will 
take a hands-on approach and only develop the theory as far as we need it in this 
book to make it self-contained. For more details on induced modules for group 
algebras we refer the reader to textbooks on group representation theory. 

We start by introducing tensor products of vector spaces. For simplicity we 
restrict to finite-dimensional vector spaces (however, the construction carries over 
almost verbatim to arbitrary vector spaces). 


Definition A.1. Let K be a field and let V and W be two finite-dimensional K - 
vector spaces. We choose bases {vj,..., Un} of V and {wj,..., Wm} of W, and 
introduce new symbols v; ® w; for 1 <i <nand1 < j < m. The tensor product 
of V and W over K is the K-vector space having the symbols vu; ® wj; as a basis, 
that is, 


V @x W := span{y; @ wj|1 <i<n,1 <j <m}. 
Remark A.2. 
(1) By definition, for the dimensions we have 
dimx (V @x W) = (dimx V)(dimx W). 


(2) An arbitrary element of V @x W has the form }~"_, ae hij (vi ® w;) with 
scalars 4;; € K. To ease notation, we often abbreviate the double sum to 
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DoE j Aij(vi © wj). Addition and scalar multiplication in V @x W are given 
by | 


eS hij (Vi ® wy)) + Cy, Hij (vj @ wj)) = XCF + ij) (Uji @ wj) 
i,j i,j i,j 
and 
Oy hij (vi ® wj)) = So Adis (vi @ wy), 
ij ij 
respectively. 


The next result collects some fundamental ‘calculation rules’ for tensor products 
of vector spaces, in particular, it shows that the tensor product is bilinear. Moreover 
it makes clear that the vector space V @x W does not depend on the choice of the 
bases used in the definition. 


Proposition A.3. We keep the notation from Definition A.1. For arbitrary elements 
v € Vand w € W, expressed in the given bases as v = 0; Aju; and 
w= D1) Mjwj, we set 


v@w:= >) Apj(vj @ wy) € V @x W. (A.1) 
i,j 
Then the following holds. 


(a) Forallv€ V,we Wandide K wehavev ® (Aw) = (Av) @w =A(v @ w). 
(b) Let x1,...,X, € Vand y\,..., ys € W be arbitrary elements. Then we have 


MeO yp=VYV ey. 
i=l j=l i=] j=1 


(c) Let {bi,..., bn} and {c1,..., Cm} be arbitrary bases of V and W, respectively. 
Then {bp ®ce|1<k <n, 1 < € < mh isa basis of V @x W. In particular, the 
vector space V ®x W does not depend on the choice of the bases of V and W. 


Proof. (a) Since the scalars from the field K commute we get from (A.1) that 


V@ Aw) = (Yo Av) @ CV Anjws) = Do AAM (Vi ®@ wy) 
i 7 i,j 


= \ Adimj(r; @ wy) = (Adi) @ CD wjwy) 
i,j i J 


Completely analogously one shows that (Av) ® w = A(v ®@ w). 
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(b) We write the elements in the given bases as xj = ve Aikve € V and 
yj = op Mjewe € W. Then, again by (A.1), we have 


(Sx) @ Oy) = OO Awe) @ OO njwo) 
! j ki a. oS 
= SO AO, je) (UE ® we) 
ké i j 
= pe » Aik je(VE ® we) 


ij ke 


7 yay AikUk) ® O Mjewe)) = Lae @ yj. 
ijk t i,j 


(c) We express the elements of the given bases in the new bases as vj = ye AiKbe 
and w; = )°, “jece. Applying parts (b) and (a) we obtain 


Uj @wj = YS inbe @ wjece) = > Lik je(de ® ce). 
ke ke 


This means that {bk ® ce| 1 < k <n, 1 < & < m} isa spanning set for the vector 
space V @x W (since they generate all basis elements v; ® w;). On the other hand, 
this set contains precisely nm = dimx(V @x W) elements, so it must be a basis. 0 


Now we can start with the actual topic of this section, namely defining induced 
modules for group algebras. 

Let K be a field, G be a finite group and H C G a subgroup. Suppose we are 
given a finite-dimensional K H-module W, with basis {w1,..., Wm}. Our aim is to 
construct from W a (finite-dimensional) K G-module in a way which extends the 
given K H-action on W. 

First we can build the tensor product of the K-vector spaces K G and W, thus 


KG @x W = span{g ®@ w; |g € G,i = 1,..., m}. 
We can turn KG @x W into a K G-module by setting 
x-(g@w)=xg@u, (A.2) 
for every x,g € Gand w e€ W, and then extending linearly. (We leave it as an 
exercise to verify that the axioms for a module are indeed satisfied.) However, note 


that this is not yet what we want, since the given K H-action on W is completely 
ignored. Therefore, in KG @x W we consider the K -subspace 


H := span{fgh @w—g@hw|geG,he H,we W}. 


It is immediate from (A.2) that? C KG @x W isa K G-submodule. 
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Definition A.4. We keep the notations from above. The factor module 
KG @H W := (KG @x W)/H 
is called the K G-module induced from the K H-module W. For short we write 
gSnw:=g@wt+He KG @yx W; 
by definition we then have 
gh@uw=g 8H hwforallg eG,he AH andue W. (A.3) 


We now want to collect some elementary properties of induced modules. We do 
not aim at giving a full picture but restrict to the few facts which we use in the main 
text of the book. 


Proposition A.5. We keep the above notations. Let T C G be a system of 
representatives of the left cosets of H in G. Then the set 


{t@y wilt eT,i=1,...,m} 


is a basis of the K-vector space KG @y W. In particular, for the dimension of the 
induced module we have 


dimg (KG @y W) = |G: H|-dimg W, 


where |G : A1| is the index of the subgroup H in G (that is, the number of cosets). 


Proof. By definition, G is a disjoint union G = LU, eT tH of left cosets. So every 
g € Gcan be written as g = th for some t € T andh € H. Hence every element 
g @yH wv; 1s of the form g @y wi = th @QH wi =t@yH hwy, by (A.3). Since the 
elements g@y w; forg € G,i = 1,...,m, clearly form a spanning set of the vector 
space KG @y W, we conclude that {t @y w;|t € T,i = 1,...,m)} also forms a 
spanning set and that 


dimg (KG @y W) <|T|- dime W = |G: H|-dimg W. 


Conversely, we claim that dimx(KG @®y W) > |G : Al. dimxrW. 
Note that this is sufficient for proving the entire proposition since then 
dimk(KG @y W) = |G : AY. dimgeW and hence the spanning set 
{t @y w;|t € T,i = 1,...,m} from above must be linearly independent. 

To prove the claim, we exhibit a generating set for the subspace H. Take an 
arbitrary generating element a := gh © w — g ® hw from H. By linearity of the 
tensor product in both arguments (see Proposition A.3) we can assume that w = w; 
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is one of the basis elements of W. Again write g = th with t € T andh € H. Then 


a= gh@w—g@hw=thh@w—th®hw 
= thh®w—t@hhw+t@hhw—th®hw. 


But this implies that the set 
{ty®wi —t®yw;|teT,ye H,i=1,...,m} 


is a spanning set of the subspace H of KG @x W. Moreover, for y = | the identity 
element of the subgroup H the expression becomes 0 and hence can be left out. This 
means that the vector space can be spanned by at most |T| - (|H| — 1) - dime W 
elements. For the dimension of the induced module we thus obtain 
dimx (KG @y W) = dimx (KG @x W)/H 
= dimx (KG ®x W) — dimrH 
> |G|-dimx W — |T|- (|| — 1) - dime W 


= |G: HA|-dimgW, 
where the last equation follows from Lagrange’s theorem |G| = |G : A|- |A| 
from elementary group theory. As remarked above, this completes the proof of the 
proposition. oO 


We collect some further properties needed in the main text of the book in the 
following proposition. 


Proposition A.6. We keep the notations from above. 


(a) The mapi: W > KG ®@y W, wb 1 @yx Y, Is an injective K H-module 
homomorphism. 

(b) Identifying W with the image under the map i from part (a), the induced module 
KG @3q W has the desired property that the given K H-module action on W is 
extended. 

(c) Inthe case G = H there is an isomorphism W = KG @qG W of K G-modules. 


Proof. (a) Let w = eee Ajw j € ker(), written as a linear combination of a basis 
{w1,..., Wm} of W. Then we have 


m 
0=i(w)=1@_7uw= yoajd @uy wj). 
j=l 


We can choose our system T of coset representatives to contain the identity element, 
then Proposition A.5 in particular says that the elements 1@y wj;, for j = 1,...,m, 
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are part of a basis of KG @y W. So in the equation above we can deduce that all 
4; = 0. This implies that w = 0 and hence i is injective. 

It is easy to check that i is a K-linear map. Moreover, using (A.3), the following 
holds for every h € H andw e€ W: 


i(hw) =1 @y hw =h@y w =h(1 @y w) = hi(w). (A.4) 


Thus 7 is a K H-module homomorphism. 

(b) This follows directly from (A.4). 

(c) By part (a), the mapi : W > KG @g Wis an injective K G-module homomor- 
phism. On the other hand, dimgx (KG ®g W) = |G: G|-dimgxW = dimg W by 
Proposition A.5; so i is also surjective and hence an isomorphism. Oo 


Appendix B 
Solutions to Selected Exercises 


Usually there are many different ways to solve a problem. The following are 
possible approaches, but are not unique. 


Chapter 1 


Exercise 1.12. Let u = a+ bi+ cj + dk € H wherea, b,c,d € R. The product 
formula given in Example 1.8 yields that 


u> = (a — b? — c” — d*) + 2abi + 2acj + 2adk. 


So u is a root of X? + 1 if and only if a* — b* — c? — d* = —1 and 
2ab = 2ac = 2ad = 0. There are two cases. If a 4 0 thenb = c = d = 0 and 
hence a” = —1, contradicting a € R. If a = 0 then the only condition remaining is 


b* + c? + d* = 1. There are clearly infinitely many solutions; in fact, the solutions 
correspond bijectively to the points on the unit sphere in R?. 


Exercise 1.13. We check the three conditions in Definition 1.14. By definition all 
subsets are K-subspaces of M3(K). The first subset is not a subalgebra since it is 
not closed under multiplication, for example 


010\° /001 
001) ={o000 
000 000 


which does not lie in the first subalgebra. The fifth subset is also not a subalgebra 
since it does not contain the identity matrix, which is the identity element of M3(K). 
The other four subsets are subalgebras: they contain the identity element of M3(K), 
and one checks that they are closed under taking products. 
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Exercise 1.14. Let y = #7, so that y is a map from B to A and yy o @ = id, and 
dow = idg. 

Let b, b’ € B, then b = (a) fora unique a € A, and b’ = ¢(a’) for a unique 
a’ ¢ A, and then w(b) = a and w(b’) = a’. We check the three conditions in 
Definition 1.22. 


(i) Let A, uw € K. We must show that W(Ab + wb’) = AW(b) + uw’). In fact, 


WAb + wb’) = Wad a) + ud(@’)) = Wa + La’) 
= (Wo ¢)(Aa + pa’) = ida (Aa + pa’) 
= da + pa’ = Ap(b) + py (d’), 


where we have used in the second step that ¢ is K -linear. 
(ii) To check that yw commutes with taking products, 


W(b(a)o(a’)) = Wp (aa’)) = (Wo $)(aa’) 
ida (aa’) = aa’ = w(b)W(b’). 


v(bb’) 


In the second step we have used that ¢ commutes with taking products. 

(ili) We have ¥(1g) = W(@U1a)) = Wo (1a) = ida(la) = La. 

Exercise 1.15. (i) If a* = 0 then (a)? = ¢(a*) = $(0) = 0, using that ¢ is an 
algebra homomorphism. Conversely, if (a?) — g(a) = 0, then a” is in the kernel 
of @ which is zero since ¢ is injective. 

(ii) Let a be a (left) zero divisor, that is, there exists an a’ € A \ {0} with aa’ = 0. 
It follows that0 = 6(0) = d(aa’) = d(a)d(a’). Moreover, ¢(a') # 0 since 
¢ is injective. Hence (a) is a zero divisor. Conversely, let (a) be a (left) zero 
divisor, then there exists a b € B \ {0} such that (a)b = 0. Since ¢ is surjective 
there exists ana’ € A with b = ¢(a’); note that a’ #4 0 because b # 0. Then 
0 = d(a)b = b(a)d(a’) = ¢(aa’). This implies aa’ = 0 since ¢ is injective, and 
hence a is a (left) zero divisor. The same proof works for right zero divisors. 

(iii) Let A be commutative, and let b, b’ € B. We must show that bb’ — b'b = 0. 
Since @ is surjective, there are a,a’ € A such that b = g(a) and b’ = ¢(a’). 
Therefore 


bb’ — b'b = b(a)b(a’) — b(a')b(a) = b(aa' — a'a) = $(0) = 0 


using that @ is an algebra homomorphism, and that A is commutative. 
For the converse, interchange the roles of A and B, and use the inverse @~! of 
(which is also an algebra isomorphism, see Exercise 1.14). 


(iv) Assume A is a field, then B is commutative by part (iii). We must show that 
every non-zero element in B is invertible. Take 0 4 b € B, then b = ¢(a) for 
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a € A anda is non-zero. Since A is a field, there is an a’ € A such that aa’ = 14, 
and then 


bp(a’) = o(a)b(a’) = $(aa') = $(1a) = Ie. 


That is, b has inverse f(a’) € B. We have proved if A is a field then so is B. For the 
converse, interchange the roles of A and B, and use the inverse g7} of ¢. 


Exercise 1.16. (i) One checks that each A; is a K-subspace of M3(K), contains 
the identity matrix, and that each A; is closed under multiplication; hence it 
is a K-subalgebra of M3(K). Moreover, some direct computations show that 
A, A2, A3, As are commutative. But A4 is not commutative, for example 


100 110 110 100 
O00] [000] 41/000] | 000 
001 001 0017 \O01 


(ii) We compute A, =0, 


Oyz 00z 
Ar={{000]ly,zeK$, 43=4 [000] |zeK 
000 000 
O0yO0 00 y 
As={1000] |yeK}, As=f100z] ly,zEeK 
000 000 


(iii) By part (iii) of Exercise 1.15, Aq is not isomorphic to any of Aj, A2, A3, As. 

Note that the sets A; computed in (ii) are even K -subspaces; hence we can compare 

dimensions. By part (ii) of Exercise 1.15 we conclude that A, is not isomorphic to 

Az, A3, As, that A2 is not isomorphic to A3 and that A3 is not isomorphic to As. 
The remaining algebras Az and As are isomorphic; in fact the map 


xyz xOy 
g:Az2—2>A5, |OxOJ rR 1[0xz 
00x 00x 


is bijective by definition, and one checks that it is a K-algebra homomorphism. 


Exercise 1.18. T,,(K) has a K-basis given by matrix units {£;;|1 <i < j <n}. 
On the other hand, we denote by a; the arrow from vertex i + 1 to i (where 
1 <i <n -— 1). Then the path algebra K Q has a K-basis 


fe, | 1 <i <n} U {ajajq....aj-1J]1<i<j <n}. 
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We define a bijective K-linear map @ : 7,(K) — KQ by mapping a basis to a 
basis as follows: @(Ej;) = e; for 1 <i < n and $(E£;;) = ajaj41...aj—1 for all 
1 <i < j <n. It remains to check that ¢ is a K-algebra homomorphism. To show 
that @ preserves products, it suffices to check it on basis elements, see Remark 1.23. 
Note that ¢(£;;) is a path starting at vertex j, and @(Ex¢) is a path ending at vertex 
k. Thus, if 7 # k then 


b(Eij)b (Exe) = 0 = 6(0) = 6 (Ei; Exe). 


So suppose j = k, and we have to show that @(£;;)@(Ejc) = $(£;; Ejc). One 
checks that this formula holds if i = j or j = €. Otherwise, we have 


(Ej; )O(E je) = ojojgi ...j-1ajajz1...ae-1 = O(Eje) = b( Ej; Eje). 


Finally, to check condition (iii) of Definition 1.22, we have 


O(n cK) = ¢Q, Ev) = >) ¢(En) = Doe = Ik. 


i=1 i=1 i=1 


Exercise 1.24. Recall that in the proof of Proposition 1.29 the essential part was to 
find a basis {1, b} for which b squares to either 0 or +1. For D2(IR) we can choose 
b as a diagonal matrix with entries 1 and —1; clearly, b? is the identity matrix and 


hence D2(R) = R[X]/(X* — 1). For A choose b= & i then 6? = 0 and 


hence A = R[X]/(X?). Finally, for B we choose b= ( 0 er then b? equals the 


negative of the identity matrix and hence B = R[X]/(X? + 1). In particular, there 
are no isomorphisms between any of the three algebras. 


Exercise 1.26. One possibility is to imitate the proof of Proposition 1.29; it 
still gives the three possibilities Ag = C[X]/(X*), Ay = C[X]/(X? — 1) and 
A_; =C[X eee + 1). Furthermore, the argument that Ag # A, also works for C. 
However, the C-algebras A; and A_, are isomorphic. In fact, the map 


XV/(X? — 1) > CLXI/(X? + D, 9(X) + (K?- 1) gGX) + (7+ 1) 


is well-defined (that is, independent of the coset representatives) and a bijective C- 
algebra homomorphism. 

Alternatively, we apply Exercise 1.25. In each of (a) and (b) we get a unique 
algebra (they are A_; and Ao with the previous notation). Furthermore, we know 
that there are no irreducible polynomials of degree 2 in C[X] and therefore there is 
no C-algebra of dimension 2 in (c). 
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Exercise 1.27. We fix the basis {14,a} of A = OLX] /(X? — p) where 1, is the 
coset of 1 and q is the coset of X. That is, ~7 = p14. Similarly we fix the basis of 
B = Q[X]/(X? — q) consisting of 1g and 6 with B* = q1g. Suppose y : A > B 
is a Q-algebra isomorphism, then 


wa) = 1B, Wa) =clgt dB, 
where c,d € @ and d ¥ 0 (otherwise yf is not injective). We then have 


ple = pw(la) = W(pla) = Wa’) = Wa)? 
= (clg + dB)? =c71g +d’p? + 2cdB 
= (c? + d*q)lz + 2cdB. 


Comparing coefficients yields 2cd = 0 and p = (c* + d7q). Since d 4 0 we must 
have c = 0. Then it follows that p = d*q. Now writed = “ with coprime m,n € Z. 
Then we have n*p = mq, which forces p = q (otherwise p divides m* and then 
since p is prime, p also divides n7, contradicting m and n being coprime). But we 
assumed that p and q are different, so this shows that A and B are not isomorphic. 


00 10 01 11 
E ise 1.28. (a) The el ts of B . It is 
xercise 1.28. (a) The elements o are (? ) ¢ } € +) (; ) It is then 


easily checked that B is a Z2-subspace of M2(Z2) and that it is closed under matrix 
multiplication. Moreover, every non-zero matrix in B has determinant | and hence 
is invertible. Furthermore, B is 2-dimensional and therefore is commutative (see 
Proposition 1.28). That is, B is a field. 

(b) Let A be a 2-dimensional Z>-algebra. One can imitate the proof of Proposi- 
tion 1.29 (we will not write this down). Alternatively, we apply Exercise 1.25. For 
each of (a) and (b) we get a unique algebra, namely Z2[X]/(X (X + 1)) = Z2 x Zo 
in (a) and Zo[X]/(X7) in (b). Then to get an algebra in (c) we need to look for 
irreducible polynomials over Zz of degree 2. By inspection, we see that there is 
just one such polynomial, namely X? + X + 1. In total we have proved that every 
2-dimensional Z2-algebra is isomorphic to precisely one of 


Zo[X]/(X* + X), Zo[X]/(X?) or Zo[X]/(X?7+ X41). 


Exercise 1.29. (a) We use the axioms of a K-algebra from Definition 1.1. 
(i) For every x, y € AanddA, uw € K we have 


la(Ax + wy) = a(ax + py) = a(Ax) + a(uy) 
= A(ax) + way) = Ala(x) + Ma(y). 
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(ii) For every x € A we have 


lhatub(x) = (Aa + wb)x = A(ax) + w(bx) 
= Aa(x) + Mly(x) = (Ala + ly) (x). 


Since x € A was arbitrary it follows that Jjg+p5 = Ala + plp. 

(iii) For every x € A we have [gp(x) = (ab)x = a(bx) = tg(lp(x)), hence 
lab = Iq 0 lp. 

(b) If J, is the zero map for some a € A, then ax = /,(x) = 0 for every x € A. In 
particular, a = al, = 0, hence vy is injective. 

(c) Choosing a fixed basis of A yields an algebra isomorphism Endx (A) = M,(K), 
see Example 1.24. So from part (b) we get an injective algebra homomorphism 
w: A — M,(K), that is, A is isomorphic to the image of y, a subalgebra of 
M,,(K) (see Theorem 1.26). 


(d) We fix the basis {e;, e2,a@} of KQ. From the multiplication table of K Q in 
Example 1.13 one works out the matrices of the maps /.,, /¢, and Jy as 


100 000 000 
le, > [000 le, <= O10 la <> [000 
001 000 010 


By parts (b) and (c), the path algebra K Q is isomorphic to the subalgebra of M3(K) 
consisting of all K-linear combinations of the matrices corresponding to /.,, lz, and 
ly, that is, to the subalgebra 


ado 
ObO)]|a,b,cEK 
Oca 


Chapter 2 


Exercise 2.12. According to Theorem 2.10 the 1-dimensional A-modules are in 
bijection with scalars w € K satisfying a* = 2. 

(i) For K = Q there is no such scalar, that is, there is no 1-dimensional 
Q[X]/(X4 — 2)-module. 

(ii) For K = R there are precisely two 1|-dimensional R[X]/ (X* — 2)-modules, 
given by X - v = £/2v (where v is a basis vector of the 1-dimensional module). 
(iii) For K = C there are four 1-dimensional CLX]/ (X* — 2)-modules, given by 
X-v=+72vand X-v=+tiV2v. 
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(iv) There is no a € Z3 with a+ = 2; hence there is no 1-dimensional 
Z3[X]/(X* — 2)-module. 
(v) In Z7 = 0, 1, a 3, 4, BS 6} there are precisely two elements with fourth 


power equal to 2, namely 2 and 5. So there are precisely two 1-dimensional 
Z7[X]/(X4 — 2)-modules, given by X -v = +2v. 


Exercise 2.14. (a) Suppose that U C K” is a T,(K)-submodule. If U = 0 then 
U = Vo and we are done. If U ¥ 0 we set 


i := max{k | d(u1,..., un)’ € U with uz $ O}. 


We now show that U = V; (proving the claim in (a)). By definition of i we have 
U C Vj. Conversely, we take an element u = (u1,...,u;,0,...,0)' € U with 
uj ¥% O (which exists by definition of 7). Then for every 1 < r < i we have that 
er = u;' Eyiu € U since U is a T,(K )-submodule. So V; = span{e1,..., e:} C U. 


(b) Let @ : Vij — Vs be a T,(K)-module homomorphism. Note that we 
have V;,; = span{ej+1 + Vj,...,e + Vj} and _— similarly 
V,s = span{es41 + Vs,...,e- + Vs}. Then we consider the image of the first 
basis vector, $(ej41 + Vj) = payee Ae(ee + Vs), and we get 


b(ejsi t+ Vi) = O(Ej41, j4i(ej4i1 + Vi) = Ej41,j416(ejzi + Vs) 
: 
= > AcE j+1,j+1(ee + Vs). 
f=s+1 


Note that if 7 < s then E741, ;+1e¢ =O forall€é =s+1,...,r. Thus, if 7 < s then 
ej+1 + Vj € ker(@) and ¢ is not an isomorphism. 

Completely analogously, there can’t be an isomorphism ¢ if j > s (since then 
¢~' is not injective, by the argument just given). So we have shown that if @ is 
an isomorphism, then j = s. Moreover, if ¢ is an isomorphism, the dimensions of 
V;,; and V,,; must agree, that is, we have i — j = r —s = r — j and hence also 
i =r. This shows that the 7,(K)-modules V;,; with O < j <i <n are pairwise 
mn) 


non-isomorphic. An easy counting argument shows that there are such 


modules. 


(c) The annihilator Ann7,(x)(e;) consists precisely of those upper triangular 
matrices with i-th column equal to zero. So the factor module T,, (K)/Annz, (x) (ei) 
is spanned by the cosets Ey; + Ann7z,(x)(e;),..., Eiji + Annz,(x)(e;). Then one 
checks that the map 


w:Vi > T,(K)/Annz, (Kx) (ei) ej Ejj + Annz,(K)(éi) 


(for 1 < j <i) isa T,(K)-module isomorphism. 
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Exercise 2.16. (a) E is non-empty since (0, 0) € E. Let (m1, m2), (n1,n2) € E and 
A, uw «€ K. Then 


ay (Am, + ny) + a2 (Am2 + nz) = 01 (m1) + way (ny) + A@2 (m2) + Laz (nN2) 
= A(a@1 (m1) + @2(m2)) + (a1 (M1) + a2 (N2)) 
=1-:0+p-0=0, 

that is, A(m 1, m2) + (m1, n2) = (Am, + ny, Am2 + Nz) € E. 

(b) By definition, the map g : M; x M2 — M, (m1,m2) & ay(m)) + a2(m2) 


has kernel E, and it is surjective since M = im(a,) + im(a@2) by assumption. The 
rank-nullity theorem from linear algebra then gives 


dimx M, + dimgx Mz = dimg M, x Mo 
= dimx im(g) + dimx ker(g) 
= dimx M +dimx E, 
proving the claim. 
(c) By part (a), E is a K-subspace. Moreover, fora € A and (m1, m2) € E we have 
a (am) + @2(am2) = aay (m1) + aa2(m2) 


= a(ay(m 1) + a@2(m2)) =a-0=0, 


that is, a(m,, m2) = (am,,amz) € E and E is an A-submodule. 
Exercise 2.17. (a) Let (6; (w), B2(w)) € C and (81 (v), B2(v)) € C, with w, v € W. 
For any A, x € K we have 
A(Bi(w), Bo(w)) + (Bi (v), Bo(v)) = ABi(w) + HB1(v), ABo(w) + WB2(v)) 
= (Bi(aw + pv), Bo(Aw + bv)), 


which is in C since W is a K-vector space, that is, Aw + wu € W. Then F is the 
factor space, which is known from linear algebra to be a K -vector space. 


(b) The map wy : W > C, wr (6,(w), B2(w)) is surjective by definition of C, 
and it is injective since ker(6;) MN ker(82) = 0 by assumption. For the dimensions 
we obtain 


dimx F = dimgx M, x M2 — dimgx C = dimg M, + dimx M2 — dimx W. 


(c) By part (a), C is a K-subspace. For every a € A and (6;(w), B2(w)) € C we 
have 


a((Bi(w), B2(w)) = (aBi(w), aB2(w)) = (Bi (aw), Ba(aw)) € C, 


hence C is an A-submodule. Then F is the factor module as in Proposition 2.18. 
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Exercise 2.18. (a) By definition of the maps A; we have 
ker(B1) M ker(B2) = {(m1, m2) € E|m, = 0, mz = 0} = {(0, 0)}. 
(b) By construction 
C = {(Bi(w), B2(w)) | w = (m1, m2) € E} = {(m1, m2) | (m1, m2) € E} = E. 


(c) Let g : My, x M2 — M be the map (m1,m2) & a(m,) + a2(m2), as in 
Exercise 2.16. Since M = im(qa 1) + im(qa2), this map is surjective. The kernel is 
E, by definition of E. We have proved in part (b) that E = C and therefore by the 
isomorphism theorem of vector spaces, 


F = (M1 x Mp)/C = (Mi x Mp)/ker(g) = im(y) = M. 


Exercise 2.22. We prove part (b) (all other parts are straightforward). Let W C Ae; 
be a 1-dimensional submodule, take 0 4 w € W. We express it in terms of the basis 
of Ae,, as w = ce; +<da withc,d € K. Then ew and e2w are both scalar multiples 
of w, and eyw = ce, but exw = da. It follows that one of c, d must be zero and 
the other is non-zero. If c 4 0 then aw = ca ¥ 0 and is nota scalar multiple of w. 
Hence c = 0 and w is a non-zero scalar multiple of a. 

Now suppose we have non-zero submodules U and V of Ae, such that 
Ae; = U ® V. Then U and V must be |-dimensional. By part (b) it follows that 
U = span{a} = V and we do not have a direct sum, a contradiction. 


Exercise 2.23. We apply Example 2.22 with R = A. We have seen that a map from 
A toa module taking r € A torm for ma fixed element in a module is an A-module 
homomorphism. Hence we have the module homomorphism 


v: KIX] (9)/P), VO =Hr(et(h))=rst (hf), 


which is surjective. We have w(r) = 0 if and only if rg belongs to (f), 
that is, rg is a multiple of f = gh. This holds if and only if 7 is a multi- 
ple of h (recall that the ring K[X] is a UFD). By the isomorphism theorem, 


K[X]/(h) = K[X]/ker(y) = im(y) = (g)/(f). 


Chapter 3 


Exercise 3.3. (a) It suffices to prove one direction; the other one then follows by 
using the inverse of the isomorphism. So suppose that V is a simple A-module, and 
let U © W be an A-submodule. By Proposition 2.26 the preimage ¢~!(U) is an 
A-submodule of V. We assume V is simple, and we conclude that go! (U) = Oor 
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¢ |(U) = V. Since ¢ is surjective this implies that U = 0 or U = W. Hence W is 
a simple A-module. 

(b) For i € {0,1,...,2 — 1} let WwW : Vise — @(Vi41)/O(Vi) be the 
composition of the restriction @jy,,, : Viti — @(Vi41) with the canonical 
map onto $(V;+1)/@(V;); this is a surjective A-module homomorphism and 
ker(w) = V; (since @¢jy,,, iS an isomorphism). By the isomorphism theorem 
we have Visi/Vi = 6(Vi+1)/$(V)). Since Viz1/V; is simple, 6(Vi41)/G(Vi) is 
also a simple A-module by part (a). Hence we have a composition series of W, as 
claimed. 


Exercise 3.6. (a)/(b) The statement in (a) is a special case of the following solution 
of (b). Let V,, := span{v1,..., v,} be an n-dimensional vector space on which we 
let x and y act as follows: x - vy = 0, x- vj; = vj_-1 for2 <i <n,and y- vu; = vj41 
for! <i <n-—1,y-v, = 0. (This action is extended to a basis of K Q by letting 
products of powers of x and y act by successive action of x and y.) LetO 4 U C V, 
be a K Q-submodule, and @ = )°_, Aju; € U \ {0}. Set m = max{i|A; # O}. 
Then vy = Ae -a € U. But then for every j € {1,...,n} we also get that 
vj = y/—!v, € U, that is, U = V, and V,, is simple. 

(c) We consider an infinite-dimensional vector space Voo := span{u; |i € N} and 
make this a K Q-module by setting x - vy = 0, x - v; = vj; for alli > 2 and 
y-v; = v;+1 for alli € N. Then the argument in (b) carries over verbatim (in part 
(b) we have not used that y - v, = 0). Thus, Voo is a simple K Q-module. 


Exercise 3.10. By Example 3.25, every simple A-module S has dimension at most 2. 
If S is 1-dimensional, then the endomorphism algebra is also 1-dimensional, hence 
Endp(S) = R, by Proposition 1.28. Now let S be of dimension 2. Then for every 
v € S \ {0} we have S = span{v, Xv} (where we write X also for its coset in A); in 
fact, otherwise span{v} is a non-trivial A-submodule of S. So the action of X on S 


is given by a matrix G ‘) for some a, b € R. Writing endomorphisms as matrices 


Enda(5) = {¢ € M2(R) | 9 ({ ) = [ ) °| 


By direct calculation, g is of the form g = (° id , where a,y € R; 
yat+by 


in particular, Endp(S) has dimension 2. On the other hand, Schur’s lemma (cf. 
Theorem 3.33) implies that Endg(S) is a division algebra. In the classification of 
2-dimensional R-algebras in Proposition 1.29 there is only one division algebra, 
namely R[X]/(X? + 1) = C. 


we have 


Exercise 3.16. We use the matrix units £;; where 1 < i,j < n. Every 
element of M,,(D) can be written as Vi j=t zijEij with zi; € D. Suppose that 
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Z= Vi jal zij Ei; € Z(A). Then for every k, € € {1,...,} we have on the one 
hand 


n n 
Exez = > Zij ExeEij = Yo oj Eni 
i,j=1 j=l 


and on the other hand 


n n 
cEKe = » ij Lij Eke = yee 
gel i=) 


Note that the first matrix has the ¢-th row of z in row k, the second one has the k-th 
column of z in column £. However, the two matrices must be equal since z € Z(A). 
So we get zex = O forall € ~ k and zee = zg for all k, £. This just means that z 
is a multiple of the identity matrix by a ‘scalar’ from D. However, D need not be 
commutative so only the Z(D)-multiples of the identity matrix form the centre. 


Exercise 3.18. We apply Proposition 3.17 to the — chain 
Mo Cc Mi c... C M,_-1 C M, = M. Since all inclusions are strict we obtain for 
the lengths that 


0 < (Mo) < £(M1) <... < &(My_1) < &(M,) = &(M), 


and hence rr < €(M). 


Chapter 4 


Exercise 4.3. By the division algorithm of polynomials, since g and h/ are coprime, 
there are polynomials q, gz such that | x;x) = gq1 + hq2 and therefore we have 


lxtxy + (Sf) = (gq. + (f)) + (haz + (f)) 


and it follows that K[X]/(f) is the sum of the two submodules (g)/(f) and 
(h)/(f). We show that the intersection is zero: Suppose r is a polynomial such 
that r + (f) is in the intersection of (g)/(f) and (h)/(f). Then 


r+(f) =gpit+(f) =hpo+t (f) 


for polynomials pj, p2. Since r + (f) = gp1 + (f) there is some polynomial k 
such that r — gp; = fk = ghk and therefore r = g(p; + hk), that is, g divides r. 
Similarly h divides r. Since K[X] is a UFD, and since g, h are coprime it follows 
that gh divides r, and f = gh and therefore rr + (f) is zero in K[X]/(f). 
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Exercise 4.5. (a) This holds since v; + v2 + v3 Is fixed by every g € G. 


(b) Consider the 2-dimensional subspace C := span{vy — v2, v2 — v3}. One 
checks that for any field K this is a KS3-submodule of V. We claim that 
C is even a simple module. In fact, let Cc Cc C be a non-zero submodule, 
and c := a(vyy — v2) + B(v2 — v3) € C \ {0}, where a,B e€ K. Then 
Ca¢c= (13)c = (a+ B)(y, — v3). So ifa 4 —B then vj — v3 € C, but then also 
d 2) — v3) =v2-—U3€ C and hence C = C. So we can suppose that a = —B; 
then C 3 c— (1 2)c = 3a(v; — v2). Since K has characteristic 4 3 (anda # 0, 
otherwise c = 0) this implies that v; — v2 € C and then C = C as above. 

Finally, we show that V = U @ C. For dimension reasons it suffices to check 
that U OC = 0; let a(vy + v2 + v3) = B(vyy — v2) + (v2 — v3) € UNC, with 
a, B, y € K. Comparing coefficients yields a = B = —y = —f + y; this implies 
that 3a = 0, hence a = O (since K has characteristic different from 3) and then 
also B = y = 0. So we have shown that V = U @ C is a direct sum of simple 
K S3-submodules, that is, V is a semisimple K $3-module. 


(c) Let K _ have characteristic 3, so —2 — 1 in K. Then 
vy + v2 + v3 = (v1 — v2) — (v2 — v3) € C (recall that C is a submodule for every 
field). Hence U C C. Suppose (for a contradiction) that V is semisimple. Then the 
submodule C is also semisimple, by Corollary 4.7. But then, by Theorem 4.3, U 
must have a complement, that is, a K $3-module U such that C = U @ U; note that 
U must be 1-dimensional, say U= span{uz} where u = a(vy — v2) + B(v2 — v3) 
with a, 8 € K. Since U isa K S3-submodule we have 


i+ (12)% = By +2 +03) CUNT. 


But UN U =0,s0 B = 0. Similarly, “+ (23)u = —a(vj + v2 + v3) yields a = 0. 
So u = 0, a contradiction. Thus the K S3-module V is not semisimple if K has 
characteristic 3. 


Exercise 4.6. Let x € J, and suppose (for a contradiction) that x ¢ J(A). Since 
J (A) is the intersection over all maximal left ideals of A, there exists a maximal left 
ideal M with x ¢ M. Since M is maximal, we have M + Ax = A. In particular, we 
can write 14 = m+ ax withm € M anda € A,so la —ax =m € M. On the 
other hand, ax € J since J is a left ideal and hence (ax)” = 0 by assumption on /. 
It follows that 


(14 tax + (ax)? +...4+ (ax)"(14 -— ax) = la, 


that is, 14 — ax is invertible in A. But from above 14 — ax = m € M, so also 
1, € M and thus M = A, acontradiction since M is a maximal left ideal of A. 


Exercise 4.7. A, is isomorphic to K x K x K, hence is semisimple (see Exam- 
00 x 

ple 4.19). For Az and A3, consider the left ideal J = | 000 ]; this is nilpotent, 
000 
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namely I? = 0, and therefore J C J(Az) and I C J(A3) by Exercise 4.6. In 
particular, J(A2) 4 0 and J(A3) # 0 and then by Theorem 4.23 (g), the algebras 


*00 
Az and A3 are not semisimple. We have a map from Ay, to the algebra B = | 0 x x 
0 *« x 
aOb c00 
defined by | 0 cO}] + | 0a b |. One checks that this is an algebra isomorphism. 
d0e Ode 


The algebra B is isomorphic to K x Mz(K) which is semisimple (see Example 4.19), 
hence so is Aq. 


Exercise 4.9. (a) According to Proposition 4.14 we have to check that f is square- 
free in R[X] if and only if f is square-free in C[X]. Recall that every irreducible 
polynomial in R[X] has degree at most 2; let 


f = (X— ay)... (X — ay)(X — 21)(X — 21)... (XK — %5)(X — Zs) 


with a; € R and z; € C \ R. This is the factorisation in CL[X], the one in R[X] is 
obtained from it by taking together (X — z;)(X — Z;) € R[X] for eachi. Then / is 
square-free in R[ X] if and only if the a; and z; are pairwise different if and only if 
f is square-free in C[X]. 

(b) This is also true. It is clear that if f is square-free in R[X] then f is also square- 
free in @[X]. For the converse, let f = fi... f- be square-free with pairwise 
coprime irreducible polynomials f; € Q[X]. Let z € C be a root of some f; 
(here we use the fundamental theorem of algebra). Then the minimal polynomial 
of z (over Q) divides fj. Since fj is irreducible in Q[X] it follows that f; is the 
minimal polynomial of z (up to a non-zero scalar multiple). This means in particular 
that different f; cannot have common factors in R[X]. Moreover, since we are in 
characteristic 0, an irreducible polynomial in Q[ X] cannot have multiple roots, thus 
no f; itself can produce multiple factors in R[X]. So f is square-free in R[X]. 


Chapter 5 


Exercise 5.1. According to the Artin—Wedderburn theorem there are precisely four 
such algebras: C?, C? x M2(C), M3(C) and C x Mz(C) x M2(C). 


Exercise 5.2. Here, again by the Artin-Wedderburn theorem there are five possible 
algebras, up to isomorphism, namely: R*, M2(R),R x RxC€,C x CandH. 


Exercise 5.4. (a) By the Artin—Wedderburn theorem, A = M,, (D1) x... Mn, (D,) 
with positive integers n; and division algebras D;. For the centres we get 
Z(A) = ls Z(Mn;(D;)). We have seen in Exercise 3.16 that the centre of a 
matrix algebra M,, (D;) consists precisely of the Z(D;)-multiples of the identity 
matrix, thatis Z(M,, (D;)) = Z(D;) as K-algebras. Note that Z(D;) is by definition 
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a commutative algebra, and it is still a division algebra (the inverse of an element in 
Z(D;) also commutes with all elements in D;); thus Z(D;) is a field. Hence we get 
that Z(A) = i= Z(D;) is isomorphic to a direct product of fields. 

(b) By part (a), there are fields K,,...,K, (containing K), such that 
Z(A) = Ki x... x K;. Since fields do not contain any non-zero zero divisors, an 
element 


X= (X1,...,%,) € Ky x... x K; 


can only be nilpotent (that is, satisfy x® = 0 for some £ € N) if all x; = 0, that is, if 
x = 0. Clearly, this property is invariant under isomorphisms, so holds for Z(A) as 
well. 


Exercise 5.11. (a) By definition of ¢; we have that (X —A; +/)e¢; is a scalar multiple 
of [];_,(X — Ai) + J, which is zero in A. 


(b) The product ee; fori # j has a factor Tia X —d,) + J and hence is zero in 
A. Moreover, using part (a), we have 


e7 = (1/ci) | [(X - aj + Dei = U/ei) | [Qi — Aer = ei. 


j#i j#i 
(c) It follows from (b) that the elements ¢1,..., €- are linearly independent over 
K (Gf Aye, +... +A,e- = O then multiplication by ¢; yields A;e; = 0 and hence 
Aj; = 0). Observe that dimx A =r and hence ¢],..., €, area K-basis for A. So we 


can write 14 = bye, +...+b,e, for bi € K. Now use €; = ¢; - 14 and deduce that 
b; = 1 for alli. 


Chapter 6 


Exercise 6.5. Let U C V be a non-zero CS,-submodule. Take a non-zero element 
u € U; by a suitable permutation of the coordinates we can assume that u is of 
the form (0,...,0,u;,...,Un) where u; # 0 for all j = i,i+ 1,...,n. Since 
the coordinates must sum to zero, uv must have at least two non-zero entries; so 
there exists an index j > i such that u; # 0. Then we consider the element 
“i= u— ae J)u, which is in U (since U is a submodule). By construction, the i-th 
coordinate of u is zero, that is, 7 € U has fewer non-zero entries than u. We repeat 
the argument until we reach an element in U with precisely two non-zero entries. 


Since the coordinates sum to O, this element is of the form (0,..., 0, u,—1, —Uy_1). 
By scaling and then permuting coordinates we conclude that the n — 1 linearly 
independent vectors of the form (0,...,0, 1, —1,0,...,0) are in U. Since V has 


dimension n — | this implies that U = V and hence V is simple. 
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Exercise 6.8. (i) Since —1 commutes with every element in G, the cyclic group 
(—1) generated by —1 is a normal subgroup in G. The factor group G/(—1) is of 
order 4, hence abelian. This implies that G’ C (—1). On the other hand, as G is not 
abelian, G’ 4 1, and we get G’ = (—1). 

(ii) The number of one-dimensional simple CG-modules is equal to |G/G"| = 4. 
Then the only possible solution of 


k k 
8=|G| =) inp =14+14+1414+ 0x} 
i=l i=5 


is thatk = 5 andns = 2.So CG has five simple modules, of dimensions 1, 1, 1, 1, 2. 


(iii) By part (11), the Artin—Wedderburn decomposition of CG has the form 
CG=CxCxCxCx M(C). 


This is actually the same as for the group algebra of the dihedral group D4 of order 
8. Thus, the group algebras CG and CD, are isomorphic algebras (but, of course, 
the groups G and D4 are not isomorphic). 


Exercise 6.9. (1) No. Every group G has the 1-dimensional trivial CG-module; 
hence there is always at least one factor C in the Artin—Wedderburn decomposition 
of CG. 

(ii) No. Such a group would have order |G| = 17+27 = 5. But every group of prime 
order is cyclic (by Lagrange’s theorem from elementary group theory), and hence 
abelian. But then every simple CG-module is 1-dimensional (see Theorem 6.4), so 
a factor M2(C) cannot occur. 

(iii) Yes. G = $3 is such a group, see Example 6.7. 

(iv) No. Such a group would have order |G| = 1* + 17 + 3% = 11. On the 
other hand, the number of 1-dimensional CG-modules divides the group order (see 
Corollary 6.8). But this would give that 2 divides 11, a contradiction. 


Chapter 7 


Exercise 7.3. Let M = U,;@...@U,, and let y : M — M bean isomorphism. Then 
y(M) = M since y is surjective. We verify the conditions in Definition 2.15. (i) By 
Theorem 2.24, each y(U;) is a submodule of y (M), and then y(U;) +... + y(U;) 
is also a submodule of y(M), using Exercise 2.3 (and induction on r). To prove 
equality, take an element in y(M), that is, some y(m) with m © M. Then 
m=u,+...+u, with u; € U; and we have 


y(m) = yu) +...+yUr) € v1) +... + y(U;). 
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(ii) Now let x € y(Uj;)/N Lye y (Uj), then x = y(uj) = pare y (u;) for elements 
u; € U; andu; € U;. We have 


0=-y(ui)+ >> yj) = v(-ui + Yo u)). 
i#i i#i 


Since y is injective, it follows that —u; + Vit ,;4j = O and then uy; is in the 
intersection of Uj; and > jzi Uj- This is zero, ie the definition of a direct sum. 
Then also x = y(u;) = 0. This shows that y(M) = y(U1) ®... ® y(U,;). 


Exercise 7.4. (a) Analogous to the argument in the proof of Exercise 2.14 (b) one 
shows that for any fixed ¢ with 7 + 1 < t <i we have $(e; + Vj) = Ar (e; + Vj), 
where A, € K. If we use the action of £j+41,; similarly, we deduce that A; = Aj+1 
and hence ¢ is a scalar multiple of the identity. This gives End7,(x)(Vi,;) = K, the 
1-dimensional K -algebra. 


(b) By part (a), the endomorphism algebra of V;,; is a local algebra. Then Fitting’s 
Lemma (see Corollary 7.16) shows that each V; ; is an indecomposable T,,(K)- 
module. 


Exercise 7.6. (a) The left ideals of A = K[X]/(f) are given by (h)/(f), where h 
divides f. In particular, the maximal left ideals are given by the irreducible divisors 
h of f. By definition, A is a local algebra if and only if A has a unique maximal left 
ideal. By the previous argument this holds if and only if f has only one irreducible 
divisor (up to scalars), that is, if f = g” is a power of an irreducible polynomial. 
(b) Applying part (a) gives the following answers: (i) No; (ii) Yes (since 
XP = J — (X — 1)? in characteristic p); (iii) Yes (since 
XP = 6X? + 12¥ = 8 = (¥ = 2). 


Exercise 7.9. As a local algebra, A has a unique maximal left ideal (see Exercise 7.1) 
which then is the Jacobson radical J (A) (see Definition 4.21). Now let S be a simple 
A-module. So S = As for any non-zero s € S (see Lemma 3.3) and by Lemma 3.18 
we know that S = A/Anng(s). Then Ann,(s) is a maximal left ideal of A (by 
the submodule correspondence), thus Ann,(s) = J(A) as observed above, since 
A is local. Hence any simple A-module is isomorphic to A/J(A), which proves 
uniqueness. 


Exercise 7.12. (a) The Artin—Wedderburn theorem gives that up to isomorphism the 
semisimple algebra A has the form 


A & My, (D1) x... X Mn, (Dy) 


with division algebras D; over K. For each 1 <i <rand1 < j <n; we consider 
the left ideal 


i-1 


ij = [| | Mn (Do) x U; x I Mn, (De), 


t=1 é=i+1 
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where U; © Mn, (D;) is the left ideal of all matrices with zero entries in the j-th 
column. Clearly, each J; ; is a left ideal of A, that is, an A-submodule, with factor 
module A/Jj,; = De . The latter is a simple A-module (see Lemma 5.8, and its 
proof), and thus each /;, ; is a maximal left ideal of A. However, if A is also a local 
algebra, then it must have a unique maximal left ideal. So in the Artin—Wedderburn 
decomposition above we must have r = | and n,; = 1, thatis, A = Dj, is a division 
algebra over K. 
Conversely, any division algebra over K is a local algebra, see Example 7.15. 


(b) For the group G with one element we have KG = K, which is local and 
semisimple. So let G have at least two elements and let 1 4 g ¢€ G. If m is the 
order of g then g” = 1 in G, which implies that in KG we have 


(g—1)(g™ | +...+9° +841) =0, 


that is, g — 1 is a non-zero zero divisor. In particular, g — 1 is not invertible and 
hence KG is not a division algebra. But then part (a) implies that KG is not local. 


Chapter 8 


Exercise 8.1. (a) (i) Recall that the action of the coset of X on Vy is given by 
the linear map a, and T is a different name for this map. Since the coset of X 
commutes with every element of A, applying a commutes with the action of an 
arbitrary element in A. Hence T is an A-module homomorphism. Since T = a, 
it has minimal polynomial g‘, that is, g’'(T) = 0 and if h is a polynomial with 
h(T) = 0 then g’ divides h. 

(ii) By assumption, Vy is cyclic, so we can fix a generator w of Vy as an A-module. 
The cosets of monomials X‘ span A, and they take w to a’(w) and therefore Vy is 
spanned by elements of the form a! (w). Since Vy is finite-dimensional, there exists 
an m €N such that Vy has a K-basis of the form {a! (w) | 0 <i < m}. 

Let 6 : Vy — Vy be an A-module homomorphism, then 


¢(w) = ) aja! (w) = So ajT'(w) = (Yo ai) 
i=0 i=0 


i=0 


for unique elements aj ¢ K. But the A-module homomorphisms ¢@ and 
AT) => ti T' are both uniquely determined by the image of w since w gener- 
ates V, and it follows that 6 = h(T). (To make this explicit: an arbitrary element in 
V, is of the form zw for z € A. Then 6(zw) = z@(w) = z(A(T)(w)) = h(T) (zw) 
and therefore the two maps ¢ and h(T) are equal.) 

(iii) By Gi) we have @ = A(T), where h is a polynomial. Assume ¢? = @, then 
h(T)(A(T) — idy) is the zero map on Vy. By part (i), the map T has minimal 
polynomial g’, and therefore g’ divides the polynomial h(h — 1). We have that 
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g is irreducible and clearly h and h — | are coprime, then since K[X] is a unique 
factorisation domain, it follows that either g’ divides h or g' divides h — 1. In the 
first case, h(T) is the zero map on V, and @ = 0 and in the second case h(T) — idy 
is the zero map on Vy and @ = idy. 

We have shown that the zero map and the identity map are the only idempotents 
in the endomorphism algebra of V,. Then Lemma 7.3 implies that V, is indecom- 
posable as an A-module. 


(b) By assumption, 


1A 
Jn (a) = a 
12 
is the matrix of w with respect to some K-basis {w1,..., Wy} of V. This means that 
a(w;) = Aw; + wisi for 1 <i <n — 1 anda(wy) = Awp. Since a describes the 
action of the coset of X, this implies that Aw, contains w,..., wy, and hence Vy is 


acyclic A-module, generated by w;. The minimal polynomial of J,(A), and hence 
of a, is g”, where g = X —X. This is irreducible, so we can apply part (a) and Vy is 
indecomposable by (iii). 


Exercise 8.6. (a) Recall (from basic algebra) that the conjugacy class of an element g 
in some group G is the set {xgx~! | x € G}, and that the size of the conjugacy class 
divides the order of G. If |G| = p” then each conjugacy class has size some power 
of p. Since G is the disjoint union of conjugacy classes, the number of conjugacy 
classes of size 1 must be a multiple of p. It is non-zero since the identity element 
is in such a class. Hence there must be at least one non-identity element g with 
conjugacy class of size 1. Then g is in the centre Z(G), hence part (a) holds. 


(b) Assume Z(G) is a proper subgroup of G; it is normal, so we have the factor 
group. Assume (for a contradiction) that it is cyclic, say generated by the coset 
xZ(G) for x ¢ Z(G). So every element of G belongs to a coset x” Z(G) for some 
r. Take elements y;, y2 € G, then yj = x"z; and y2 = x*z2 for some r,s € No and 
Z1,Z2 € Z(G). We see directly that y; and y2 commute. So G is abelian, and then 
Z(G) = G, acontradiction. 


(c) Since G is not cyclic, we must have n > 2. Assume first that n = 2: Then G 
must be abelian. Indeed, otherwise the centre of G would be a subgroup of order 
p, by (a) and Lagrange’s theorem. Then the factor group G/Z(G) has order p and 
must be cyclic, and this contradicts (b). So if G of order p* is not cyclic then it is 
abelian and can only be Cy x Cy, by the structure of finite abelian groups. Thus the 
claim holds, with N = {1} the trivial normal subgroup. 

As an inductive hypothesis, we assume the claim is true for any group of order 
p” where m <n. Now take a group G of order p”*! and assume G is not cyclic. If 
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G is abelian then it is a direct product of cyclic groups with at least two factors, and 
then we can see directly that the claim holds. So assume G is not abelian. Then by 
(a) we have G/Z(G) has order p* for k < n, and the factor group is not cyclic, by 
(b). By the inductive hypothesis it has a factor group N= (G/Z(G))/(N/Z(G)) 
isomorphic to Cp x Cy. By the isomorphism theorem for groups, this group is 
isomorphic to G/N, where N is normal in G, that is, we have proved (c). 


Exercise 8.9. Let {v,,..., v-} be a basis of V and {w1,..., ws} be a basis of W as 
K-vector spaces. Then the elements (v1, 0),..., (v-, 0), (0, wi), ..., (0, ws) form 
a K-vector space basis of V © W. (Recall that we agreed in Sect. 8.2 to use the 
symbol © also for external direct sums, that is, elements of V © W are written as 
tuples, see Definition 2.17.) 

Let T be a system of representatives of the left cosets of H in G. Then we get K- 
vector space bases for the modules involved from Proposition A.5 in the appendix. 
Indeed, a basis for KG @y (V ® W) is given by the elements 


t @H (v1, 0),...,f @H (v;, 0), t @y (0, w1),...,t@H (0, Ws). 
On the other hand, a basis for (KG @y V) ® (KG @y W) is given by 
(t @xH v1, 0),...,¢¢ @H vr, 0), (0,t @xH w1),...,(0,¢ @4 Ws). 


From linear algebra it is well known that mapping a basis onto a basis and extending 
linearly yields a bijective K -linear map. If we choose to map 


t @H (;,0) (tt @H vj,0) forl <i<r 
and 
t@u (0, ws) (,t @y w;) forl<j<s 
then we obtain a bijective K -linear map of the form 
KG@n(VOW) > (KG@nV)O(KG@xW), g@u(v, w) > (g@av, S@nw) 
for all g € G,v € V and w e€ W. Since the KG-action on induced modules is 
by multiplication on the first factor and on direct sums diagonally, it is readily seen 


that the above map is also a K G-module homomorphism. So we have the desired 
isomorphism of K G-modules. 
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Chapter 9 


Exercise 9.8. Let v € M(j) be a non-zero element. Then we define a representation 
Ty of Q by setting T,(j) = span{v} and 7,(i) = 0 for all i # Jj. Moreover, for 
every arrow y of Q we set T,(y) = 0. Then 7, clearly is a subrepresentation of M 
and it is isomorphic to the simple representation S;. 

Now let VI,.-., Ud be a K-basis of M(j), that 1S, 
M(j) = span{v;} ® ... ® span{vg} is a direct sum of K-vector spaces. Then 
M=Ty, ®...08 Ty, =S; ®...6S; is a direct sum of subrepresentations. 

The last statement on the converse is clear. 


Exercise 9.9. (a) (i) To define V, take the spaces as given in the question. If y is 
any arrow of Q then, by assumption, y starts at a vertex different from j and we 
take Y(yv) = M(y). If y = a; for some i then the image of Y(y) is in Y(j/), by the 
definition of Y(j). Otherwise, if y ends at a vertex k ~ j then Y(k) = M(k) and 
Y(y) maps into Y(k). This shows that V is a subrepresentation of M. 

To construct ¥, for X(j) we choose a subspace of M(j) such that 
X(j) ® YY) = M(j). Note that this may be zero. For k ~ j we take 
X(k) = O and for each arrow y of Q we take X(y) to be the zero map. Then 
X is a subrepresentation of M. With these, for each vertex k of Q we have 
Mk) = X(k) ®@ Y(k) as vector spaces. This proves the claim. 

(ii) The representation 1 satisfies the conditions of Exercise 9.8. Hence it is 
isomorphic to a direct sum of copies of S;, the number of copies is equal to 
dimx X(j) = dimx M(j) — dimx Y(j), by basic linear algebra. 

(b) Suppose M = 2X ® S; for a subrepresentation V of M. Then for 
each i, we have Sj(a@;) = O and the map M(q@;) has image contained 
in X(j). So =, im(M(aj)) © X(j) which is a proper subspace of 
MH) =XVOSG)=XVOK. 

Exercise 9.10. (a) (i) Take Y with Y (x) as defined in the question. Let y be an arrow. 
It does not end at j, by assumption. If y : k > /andk # j thentake Y(y) = N(y), 
it maps into Y(/) = N(J). If k = 7 then we take Y(y) to be the restriction of N(yv) 
to Y(j), it maps to Y(/) = N(1). So JY is a subrepresentation of NV’. Define ¥ with 
X(j) as in the question, and X (i) = O fori ¥ j, and take X (7) to be the zero map, 
for all arrows y. This is a subrepresentation of A’, and moreover, V = X @ Y. 

(ii) This follows by applying Exercise 9.8. 


(b) Let V = U @ V, where V = Sj, then V(j) = K is contained in the kernel of 
each N(f;), so the intersection of these kernels is non-zero. 


Exercise 9.11. (i) Take the last quiver in Example 9.21, with i = 1,. Then we set 
P,(i) = span{e;}, P;(12) = span{y}, P;(2) = span{a, By}. 


For each arrow, the corresponding map in the representation is given by left 
multiplication with this arrow, for instance P;(8) is given by y + By. 
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In general, for each vertex j of Q, define P;(j) to be the span of all paths from 
i to j (which may be zero). Assume 6 : j — f is an arrow in Q. Then define 
Pi(B) : Pi(j) — P;(t) by mapping each element p in P;(j) to Bp, which lies in 
Pi (t). 

(ii) Assume Q has no oriented cycles. We give three alternative arguments for 
proving indecomposability. 

Let P} = U @ Y for subrepresentations U/ and Y. The space P;(i) = spanf{e;} 
is only 1-dimensional, by assumption, and must be equal to U(i) ® V (i), and it 
follows that one of U(i) and V (i) must be zero, and the other is spanned by e;. Say 
U(i) = span{e;} and V(i) = 0. Take some vertex t. Then P;(t) is the span of all 
paths from i to t. Suppose P;(t) is non-zero, then any path p in P;(t) is equal to 
pe;. By the definition of the maps in ?;, such a path belongs to U(t). This means 
that U(t) = P;(t), and then V(t) = 0 since by assumption P;(t) = U(t) ® V(t). 
This is true for all vertices ¢ and hence Y is the zero representation. 

Alternatively we can also show that K Qe; is an indecomposable K Q-module: 
Suppose K Qe; = U © V for submodules U and V. Then e; = u; + v; for unique 
uj; € U andy; € V. Since er = e; wehaveu;+v; = ej = er = ejujt+e;v;. Note that 
eju; € U and ev; € V since U and V are submodules. By uniqueness, ejuj = u; 
and e;v; = v;; these are elements of e; K Qe; which is 1-dimensional (since Q 
has no oriented cycles). If u; and v; were non-zero then they would be linearly 
independent (they lie in different summands), a contradiction. So say v; = 0. Then 
e; = u; belongs to U and since e; generates the module, U = K Qe; and V = 0. 


As a second alternative, we can also prove indecomposability by applying our 
previous work. By Exercise 5.9 we know that Endx g(K Qe;) is isomorphic to 
(e; K Qe;)°?. Since there are no oriented cycles, this is just the span of e;. Then 
we see directly that any endomorphism g of P; = K Qe; with y* = 9 is zero or the 
identity. Hence the module is indecomposable, by Lemma 7.3. 


Chapter 10 


Exercise 10.10. (a) Using the explicit formula for Cr in Example 10.15, we find 
that the orbit of &, is {€n, En—1,.--, €1, —@1,n}. 

(b) Using the formula for Cr (q@;,s) in Example 10.15 we see that the orbit of o;,,,, is 
given by 


{Orn Or—1jn—1s-+++>Q1n—r4+l, ~An—r+i.n, —An—rn—-1,-++5 —ay,r}. 


This has n+ 1 elements and a;,n is the unique root of the form a@;,,. Moreover, there 
are n such orbits, each containing n + 1 elements. Since in total there are n(n + 1) 
roots for Dynkin type Ay (see Example 10.8), these are all orbits and the claim 
follows. 
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(c) We have oon (€;) = e; for all i = 1,...,n (as one sees from the calculation 


for (a)). The e; form a basis for R”, and Cp is linear. It follows that C a fixes each 
element in R”. 


Exercise 10.11. In Exercise 10.10 we have seen that C a is the identity. Moreover, 


for 1 < k < n+ 1 the map ce is not the identity map, as we see from the 
computation in the previous exercise, namely all Cr-orbits have size n + 1. 


Exercise 10.14. (a) The positive roots for D4 are 


€;, (1,0, 1, 0), ©, 1, 1,0), 0,0, 1, 1), 1, 1, 1,0), ©, 1,1, 1), 0,9, 1, 1), 
(1,1,1,1), 0, 1,2, D. 


(b) The positive roots for type Ds are as follows: first, append a zero to each of the 
roots for D4. Then any other positive root for Ds has 5-th coordinate equal to 1. One 
gets 


€5, (0, 0, 0, 1, 1), ©, 0,1, 1, 1), @,1,1,1, 1, 0,0,1,1,1),0,1,1,1, 0, 
(, 1, 2,1, 1), d, 1,2, 2, 1). 


We get 20 roots in total. 


Chapter 11 


Exercise 11.2. By Exercises 9.9 and 9.10 we have that M = ¥ @ J is a direct 
sum of subrepresentations. Since M is indecomposable, one of 1 and Y must be 
the zero representation. Suppose that V is the zero representation, then M = 1, 
but as shown in Exercises 9.9 and 9.10, the representation V is isomorphic to a 
direct sum of copies of the simple representation S;. This is a contradiction to the 
assumption that M is indecomposable and not isomorphic to S;. Therefore, 4 is 
the zero representation and M = J. For part (a), by definition in Exercise 9.9 we 
then have M(j) = Y(j) = yy im(M (q;)), as claimed. For part (b), by definition 
in Exercise 9.10 we then have 0 = X(j) = oe ker(M (q;)), as claimed. 


Exercise 11.8. (a) Vertex 1 is a source, so by Exercise 9.10 we can write 
M = * @®Y where X(1) = ker(M(q1)) and ¥ is a direct sum of copies of 
the simple representation Sj. We assume M is indecomposable and not simple. 
It follows that Y = 0, that is, M(q,) is injective. Similarly M(az) is injective. 
The vertex 2 is a sink, so by Exercise 9.9 we can write M = XY @® Y where 
Y(2) = im(M(q@1)) + im(M(a@2)), and where *¥ is isomorphic to a direct sum of 
copies of S2. Since M is indecomposable and not simple, it follows that 7 = 0, 
and therefore M(2) = Y(2) = im(M(q1)) + im(M (a2)). 
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(b) An indecomposable representation M with M(1) = 0 is the extension by zero 
of an indecomposable representation of the subquiver of Dynkin type A2 obtained 
by removing vertex 1. The indecomposable representations of a quiver of type A2 
are the simple representations and one other with dimension vector (1, 1). Therefore 
the indecomposable representations M of Q with M(1) = 0 are 


S2, S3 and ae aus 


Similarly the indecomposable representations M of Q with M(3) = 0 are 


S,, S2 and aE a8: 


(c) This follows directly from part (a). 


Exercise 11.10. Exercise 11.8 describes the indecomposable representations with 
M(1) = 0 or M(3) = 0; moreover, we have seen that if M(1) and M(3) are 
both non-zero then M(2) must also be non-zero. In Exercise 11.9 we see that up to 
isomorphism there is only one indecomposable representation of Q with M(i) 4 0 
fori = 1, 2,3. In total we have six indecomposable representations, and their 
dimension vectors are in fact the positive roots of the Dynkin diagram of type A3 
(which we have computed in Example 10.8). 


Exercise 11.13. (i) = (ii): This holds by Proposition 11.22. 

(ii) => (G): We show that if (i) does not hold, then also (ii) does not hold. 
Assume ae im(M(q;)) is a proper subspace of M(j). By Exercise 9.9 we 
have M = #* ® Y, where 4 is isomorphic to a direct sum of copies of Sj, 
and Y(j) = ae im(M(q;)). By our assumption, ¥ is non-zero, and since 
M is indecomposable, it follows that M = Sj. But then x7 (M) = 0 (by 
Proposition 11.12) and x, at (M) =0 ¥ M, so (ii) does not hold. 

(i) => (iii): This holds by Proposition 11.37. 

(iii) = (iv): Assume that (iv) does not hold, that is, M = S;. Then we have 
sj(dimM) = s;(dimS;) = —e;; on the other hand, uy (M) = 0 and therefore 
dim= (M) = 0 4 —¢;. So (iii) does not hold. 

(iv) = (v): This is Theorem 11.25 part (a) (use that M is indecomposable by 
assumption). 

(v) => (iv): Assume xy (M) is indecomposable. Suppose we had M = Sj, then 
oH (M) = 0, a contradiction. So M is not isomorphic to S;. 

(iv) => (i): This holds by Exercise 9.9. 

Exercise 11.14. We only formulate the analogue; the proof is very similar to the 
proof of Exercise 11.13 and is left to the reader. 


Let Q’ be a quiver and j a source in Q’. We denote by f,..., 8; the arrows of 
Q’ starting at j. Let V be an indecomposable representation of Q’. Show that the 
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following statements are equivalent: 


G) Mai ker(N (Bi) = 0. 

(ii) SPUN) EN. 

Gii) dimE> WW) = 5; (dimN). 

(iv) N is not isomorphic to the simple representation S;. 
(v) ZF (MN) is indecomposable. 


Exercise 11.18. If one of conditions (i) or (ii) of Exercise 11.16 does not hold then 
the representation is decomposable, by Exercise 11.16. So assume now that both 
(i) and (11) hold. We only have to show that the hypotheses of Exercise 11.17 are 
satisfied. By (i) we know 

dimx ker(M (a 1)) + dimg ker(M(a2)) < dimx M(1) = 4 
and by rank-nullity 
4 — dimx ker(M(a;)) = dimx M(1) — dimx ker(M(q;)) = dimx im(M(q;)) < 2 
fori = 1,2. Hence 2 < dimgx ker(M(q;)) fori = 1, 2. These force 


2 = dimx ker(M(q;)) = dimx im(M (a;)) 


and also M(1) = ker(M(a1)) ® ker(M (a2)). 


Exercise 11.19. (a) We observe that 020; Q = Q, and the statements follow from 
Theorem 11.25, and Proposition 11.37; note that the properties of LF hold not just 
for Dynkin quivers, but also for the Kronecker quiver Q as well. 


(b) Since M is not simple, it is not isomorphic to S; and hence X} (M) is not 
zero. So X, 4} (M) is zero precisely for X} (M) = Sp. Let (a, b) = dimM. The 
dimension vector of &; (M) is s;(dimM) = (—a + 2b, b) and this is equal to 
(0, 1) precisely for (a, b) = (2, 1). Explicitly, we can take M to have M(1) = kK? 
and M(2) = K, and for x = (x1,x2) € K? the maps are M(a1)(x) = x; and 
M (a2)(x) = x2, that is, the projections onto the first and second coordinate. 


Exercise 11.20. (a) Recall from Exercise 10.9 that Cp has matrix © ). with 


respect to the standard basis of R?. Then aj = —a + 2b and by = —2a + 3b and 
therefore we have a, — b} = a — b > O. Furthermore, a — a, = 2(a — b) > 0. 


(b) This follows by iterating the argument in (a). 
(c) This follows by applying Exercise 11.19. 
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(d) Clearly, either W = Sj, or otherwise Xy (NV) = Sz. By Theorem 11.25 we can 
apply (ay xy )’ to N and get M, that is, we see that such a representation exists. 
Then 


dimM = dim(Z7Z7)' WV) = (s152)"dimN 


by Proposition 11.37. Note that sys, = (s2s,)7! = ce and this is given by the 
matrix € =) Then one checks that the dimension vector of M is of the form 


(a,a — 1); indeed, if MW = S; then dimM = (751) and if UP(W) = Sb then 
: 2r+2 
dimM = (5777). 
Finally, we get uniqueness by using the argument as in Proposition 11.46. 
Exercise 11.22. (a) This is straightforward. 


(b) Let g : Vay — Vy be an A-module homomorphism such that y? = 9; 
according to Lemma 7.3 we must show that ¢ is the zero map or the identity. Write 
gy as a matrix, in block form, as 


so that 7; is the matrix of a linear transformation of M(i), and we may view T’ as a 
linear map M(2) — M(1). This is an A-module endomorphism of Vj, if and only 
if T commutes with x and y, equivalently, if and only if fori = 1, 2 we have 


(i) T'M(a;) = 0 and M(a;)T’ = 0 
Gi) 72M (a;) = M(a;)T}. 


Assuming these, we claim that T’ = 0. Say M(q1) is surjective, then 
T'(M (2)) = T'(M(a@1)(M(1))) = T’M(a1)(M(1)) = 0 


by (i), that is, 7’ = 0. Recall that y* = , since T’ = 0 we deduce from this that 
‘eg = T; and eg = T. Let t := (7), Tz), by (ii) this defines a homomorphism of 
representations MM —> M and we have t? = t. We assume M is indecomposable, 
so by Lemma 9.11 it follows that t is zero or the identity. If t = 0 then we see that 
T? = 0. But we should have T” = T since y* = g and therefore T = 0 and y = 0. 
If tc = id,y then T* = T implies that 27” = T” and therefore T” = 0 and then 
gy = idy,,. We have proved that V4 is indecomposable. 


(c) Assume g : Vay — Vy is an isomorphism and write it as a matrix in block 


form, as 
T= T, T’ 
> " a 
T" To 
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We write x,, and y,, for the matrices describing the action of X and Y on Vy, and 
similarly x,y and yyy for the action on Var. Since g is an A-module homomorphism 
we have xT = Tx yy, and yyT = Tyyy. That is, the following two conditions 
are satisfied fori = 1, 2: 


(i) N(a@)T’ = Oand T’M(a;) = 0 
Gi) N(@;)T| = T2M (qa). 


Say M(q1) is surjective, then it follows by the argument as in part (b) that T’ = 0. 
Using this, we see that since T is invertible, we must have that both 7; and 7 
are invertible. Therefore t = (7|, 72) gives an isomorphism of representations 
t:M — N. This proves part (c). 


Exercise 11.24. (a) An A-module M can be viewed as a module of K Q, by inflation. 
So we get from this a representation M of Q as usual. That is, M(i) = e; M and the 
maps are given by multiplication with the arrows. Since By is zero in A we have 
M(B) o M(y) is zero, similarly for ay and dy. 


(b) G@) Vertex 5 is a source, so we can apply Exercise 9.10, which shows that 
M = X ® Y where X(5) = ker(M(y)), and ¥ is isomorphic to a direct sum 
of copies of the simple representation Ss. 

(ii) Let U/ be the subrepresentation with U(5) = M(5) and U(3) = im(M(y)), 
and where U(y) = M(y). This is a subrepresentation of M since M(a), M(B) 
and M (6) map the image of M(y) to zero, by part (a). The dimension vector of this 
subrepresentation is (0,0, d,0,d) since M(y) is injective. From the construction 
it is clear that 74 decomposes as a direct sum of d copies of a representation with 
dimension vector (0, 0, 1, 0, 1), and that this representation is indecomposable (it is 
the extension by zero of an indecomposable representation for a quiver of type A2). 

Now choose a subspace C of M(3) such that C @ U(3) = M(3), and then we 
have a subrepresentation V of M with V(i) = M(i) fori = 1,2,4 and V(3) = C, 
V(5) = 0 and where V(w) = M(w) forw =a, 6,5. ThenM =U@Y. 

(c) Let M be an indecomposable A-module, and let M be the corresponding 
indecomposable representation of Q, satisfying the relations as in (a). 

Suppose first that M(5) = 0. Then M is the extension by zero of an 
indecomposable representation of a quiver of Dynkin type D4, so there are finitely 
many of these, by Gabriel’s theorem. 

Suppose now that M(5) 4 0. If M(y) is not injective then M = Ss, by part 
(b) (i) (and since M is indecomposable by assumption). So we can assume now that 
M(y) is injective. Then by part (b) (ii) (and because M is indecomposable), M has 
dimension vector (0, 0, 1, 0, 1), and hence is unique up to isomorphism. 

In total we have finitely many indecomposable representations of Q satisfying 
the relations in A, and hence we have finitely many indecomposable A-modules. 


(d) Gabriel’s theorem is a result about path algebras of quivers; it does not make any 
statement about representations of a quiver where the arrows satisfy relations. 
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